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This book is designed as a text for an undergraduate course in signals and systems. 
While such courses are frequently found in electrical engineering curricula, the 
concepts and techniques that form the core of the subject are of fundamental impor¬ 
tance in all engineering disciplines. In fact the scope of potential and actual applica¬ 
tions of the methods of signal and system analysis continues to expand as engineers 
are confronted with new challenges involving the synthesis or analysis of complex 
processes. For these reasons we feel that a course in signals and systems not only is an 
essential element in an engineering program but also can be one of the most rewarding, 
exciting, and useful courses that engineering students take during their undergraduate 
education. 

Our treatment of the subject of signals and systems is based on lecture notes that 
were developed in teaching a first course on this topic in the Department of Electrical 
Engineering and Computer Science at M.I.T. Our overall approach to the topic has 
been guided by the fact that with the recent and anticipated developments in tech¬ 
nologies for signal and system design and implementation, the importance of having 
equal familiarity with techniques suitable for analyzing and synthesizing both con¬ 
tinuous-time and discrete-time systems has increased dramatically. To achieve this 
goal we have chosen to develop in parallel the methods of analysis for continuous-time 
and discrete-time signals and systems. This approach also offers a distinct and 
extremely important pedagogical advantage. Specifically, we are able 10 draw on the 
similarities between continuous- and discrete-time methods in order to share insights 
and intuition developed in each domain. Similarly, we can exploit the differences 
between them to sharpen an understanding of the distinct properties of each. 

In organizing the material, we have also considered it essential to introduce the 
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student to some of the important uses of the basic methods that are developed in the 
book. Not only docs this provide the student with an appreciation for the range of 
applications of the techniques being learned and for directions of further study, but 
it also helps to deepen understanding of the subject. To achieve this goal we have 
included introductory treatments on the subjects of filtering, modulation, sampling, 
discrete-time processing of continuous-time signals, and feedback. In addition, we 
have included a bibliography at the end of the book in order to assist the student who 
is interested in pursuing additional and more advanced studies of the methods and 
applications of signal and system analysis. 

The book’s organization also reflects our conviction that full mastery of a subject 
of this nature cannot be accomplished without a significant amount of practice in 
using and applying the basic tools that are developed. Consequently, we have included 
a collection of more than 350 end-of-chapter homework problems of several types. 
Many, of course, provide drill on the basic methods developed in the chapter. There 
are also numerous problems that require the student to apply these methods to 
problems of practical importance. Others require the student to delve into extensions 
of the concepts developed in the text. This variety and quantity will hopefully provide 
instructors with considerable flexibility in putting together homework sets that are 
tailored to the specific needs of their students. Solutions to the problems are available 
to instructors through the publisher. In addition, a self-study course consisting of a 
set of video-tape lectures and a study guide will be available to accompany this text. 

Students using this book arc assumed to have a basic background in calculus 
as well as some experience in manipulating complex numbers and some exposure to 
differential equations. With this background, the book is self-contained. In particular, 
no prior experience with system analysis, convolution, Fourier analysis, or Laplace 
and z-transforms is assumed. Prior to learning the subject of signals and systems 
most students will have had a course such as basic circuit theory for electrical 
engineers or fundamentals of dynamics for mechanical engineers. Such subjects touch 
on some of the basic ideas that are developed more fully in this text. This background 
can clearly be of great value to students in providing additional perspective as they 
proceed through the book. 

A brief introductory chapter provides motivation and perspective for the subject 
of signals and systems in general and our treatment of it in particular. We begin Chap¬ 
ter 2 by introducing some of the elementary ideas related to the mathematical repre¬ 
sentation of signals and systems. In particular we discuss transformations (such as 
time shifts and scaling) of the independent variable of a signal. We also introduce some 
of the most important and basic continuous-time and discrete-time signals, namely real 
and complex exponentials and the continuous-time and discrete-time unit step and unit 
impulse. Chapter 2 also introduces block diagram representations of interconnections 
of systems and discusses several basic system properties ranging from causality to 
linearity and time-invariance. In Chapter 3 we build on these last two properties, 
together with the sifting property of unit impulses to develop the convolution sum 
representation for discrete-time linear, time-invariant (LT1) systems and the convolu¬ 
tion integral representation for continuous-time LTI systems. In this treatment we 
use the intuition gained from our development of the discrete-time case as an aid in 
deriving and understanding its continuous-time counterpart. We then turn to a dis- 
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cussion of systems characterized by linear constant-coefficient differential and differ¬ 
ence equations. In this introductory discussion we review the basic ideas involved in 
solving linear differential equations (to which most students will have had some 
previous exposure), and we also provide a discussion of analogous methods for linear 
difference equations. However, the primary focus of our development in Chapter 3 
is not on methods of solution, since more convenient approaches are developed later 
using transform methods. Instead, in this first look, our intent is to provide the student 
with some appreciation for these extremely important classes of systems, which will 
be encountered often in subsequent chapters. Included in this discussion is the 
introduction of block diagram representations of LTI systems described by difference 
equations and differential equations using adders, coefficient multipliers, and delay 
elements (discrete-time) or integrators (continuous-time). In later chapters we return 
to this theme in developing cascade and parallel structures with the aid of transform 
methods. The inclusion of these representations provides the student not only with a 
way in which to visualize these systems but also with a concrete example of the 
implications (in terms of suggesting alternative and distinctly different structures for 
implementation) of some of the mathematical properties of LTI systems. Finally, 
Chapter 3 concludes with a brief discussion of singularity functions—steps, impulses, 
doublets, and so forth—in the context of their role in the description and analysis of 
continuous-time LTI systems. In particular, we stress the interpretation of these 
signals in terms of how they are defined under convolution—for example, in terms of 
the responses of LTI systems to these idealized signals. 

Chapter 4 contains a thorough and self-contained development of Fourier analy¬ 
sis for continuous-time signals and systems, while Chapter 5 deals in a parallel fashion 
with the discrete-time case. We have included some historical information about the 
development of Fourier analysis at the beginning of Chapters 4 and 5, and at several 
points in their development to provide the student with a feel for the range of dis¬ 
ciplines in which these tools have been used and to provide perspective on some of 
the mathematics of Fourier analysis. We begin the technical discussions in both 
chapters by emphasizing and illustrating the two fundamental reasons for the impor¬ 
tant role Fourier analysis plays in the study of signals and systems: (1) extremely 
broad classes of signals can be represented as weighted sums or integrals of complex 
exponentials; and (2) the response of an LTI system to a complex exponential input is 
simply the same exponential multiplied by a complex number characteristic of the sys¬ 
tem. Following this, in each chapter we first develop the Fourier series representation 
of periodic signals and then derive the Fourier transform representation of aperiodic 
signals as the limit of the Fourier series for a signal whose period becomes arbitrarily 
large. This perspective emphasizes the close relationship between Fourier series and 
transforms, which we develop further in subsequent sections. In both chapters we have 
included a discussion of the many important properties of Fourier transforms and 
series, with special emphasis placed on the convolution and modulation properties. 
These two specific properties, of course, form the basis for filtering, modulation, and 
sampling, topics that are developed in detail in later chapters. The last two sections in 
Chapters 4 and 5 deal with the use of transform methods to analyze LTI systems 
characterized by differential and difference equations. To supplement these discussions 
(and later treatments of Laplace and z-transforms) we have included an Appendix 
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at the end of the book that contains a description of the method of partial fraction 
expansion. We use this method in several examples in Chapters 4 and 5 to illustrate 
how the response of LTI systems described by differential and difference equations 
can be calculated with relative ease. We also introduce the cascade and parallel-form 
realizations of such systems and use this as a natural lead-in to an examination of the 
basic building blocks for these systems—namely, first- and second-order systems. 

Our treatment of Fourier analysis in these two chapters is characteristic of the 
nature of the parallel treatment we have developed. Specifically, in our discussion in 
Chapter 5, we are able to build on much of the insight developed in Chapter 4 for the 
continuous-time case, and toward the end of Chapter 5, we emphasize the complete 
duality in continuous-time and discrete-time Fourier representations. In addition, 
we bring the special nature of each domain into sharper focus by contrasting the differ¬ 
ences between continuous- and discrete-time Fourier analysis. 

Chapters 6, 7, and 8 deal with the topics of filtering, modulation, and sampling, 
respectively. The treatments of these subjects are intended not only to introduce the 
student to some of the important uses of the techniques of Fourier analysis but also 
to help reinforce the understanding of and intuition about frequency domain methods. 
In Chapter 6 we present an introduction to filtering in both continuous-time and 
discrete-time. Included in this chapter are a discussion of ideal frequency-selective 
filters, examples of filters described by differential and difference equations, and an 
introduction, through examples such as an automobile suspension system and the 
class of Butterworth filters, to a number of the qualitative and quantitative issues and 
tradeoffs that arise in filter design. Numerous other aspects of filtering are explored 
in the problems at the end of the chapter. 

Our treatment of modulation in Chapter 7 includes an in-depth discussion of 
continuous-time sinusoidal amplitude modulation (AM), which begins with the most 
straightforward application of the modulation property to describe the effect of 
modulation in the frequency domain and to suggest how the original modulating 
signal can be recovered. Following this, we develop a number of additional issues and 
applications based on the modulation property such as: synchronous and asynchro¬ 
nous demodulation, implementation of frequency-selective filters with variable center 
frequencies, frequency-division multiplexing, and single-sideband modulation. Many 
other examples and applications are described in the problems. Three additional 
topics are covered in Chapter 7. The first of these is pulse-amplitude modulation and 
time-division multiplexing, which forms a natural bridge to the topic of sampling in 
Chapter 8. The second topic, discrete-time amplitude modulation, is readily developed 
based on our previous treatment of the continuous-time case. A variety of other dis¬ 
crete-time applications of modulation are developed in the problems. The third and 
final topic, frequency modulation (FM), provides the reader with a look at a non¬ 
linear modulation problem. Although the analysis of FM systems is not as straight¬ 
forward as for the AM case, our introductory treatment indicates how frequency 
domain methods can be used to gain a significant amount of insight into the charac¬ 
teristics of FM signals and systems. 

Our treatment of sampling in Chapter 8 is concerned primarily with the sampling 
theorem and its implications. However, to place this subject in perspective we begin 
by discussing the general concepts of representing a continuous-time signal in terms 


of its samples and the reconstruction of signals using interpolation. After having used 
frequency domain methods to derive the sampling theorem, we use both the frequency 
and time domains to provide intuition concerning the phenomenon of aliasing 
resulting from undersampling. One of the very important uses of sampling is in the 
discrete-time processing of continuous-time signals, a topic that we explore at some 
length in this chapter. We conclude our discussion of continuous-time sampling with 
the dual problem of sampling in the frequency domain. Following this, we turn to the 
sampling of discrete-time signals. The basic result underlying diserete-time sampling 
is developed in a manner that exactly parallels that used in continuous time, and the 
application of this result to problems of decimation, interpolation, and transmodula¬ 
tion are described. Again a variety of other applications, in both continuous- and 
discrete-time, are addressed in the problems. 

Chapters 9 and 10 treat the Laplace and z-transforms, respectively. For the most 
part, we focus on the bilateral versions of these transforms, although we briefly discuss 
unilateral transforms and their use in solving differential and difference equations 
with nonzero initial conditions. Both chapters include discussions on: the close rela¬ 
tionship between these transforms and Fourier transforms; the class of rational trans¬ 
forms and the notion of poles and zeroes; the region of convergence of a Laplace or 
z-transform and its relationship to properties of the signal with which it is associated; 
inverse transforms using partial fraction expansion; the geometric evaluation of system 
functions and frequency responses from pole-zero plots; and basic transform prop¬ 
erties. In addition, in each chapter we examine the properties and uses of system 
functions for LTI systems. Included in these discussions are the determination of sys¬ 
tem functions for systems characterized by differential and difference equations, and 
the use of system function algebra for interconnections of LTI systems. Finally, 
Chapter 10 uses the techniques of Laplace and z-transforms to discuss transformations 
for mapping continuous-time systems with rational system functions into discrete¬ 
time systems with rational system functions. Three important examples of such trans¬ 
formations are described and their utility and properties are investigated. 

The tools of Laplace and z-transforms form the basis for our examination of 
linear feedback systems in Chapter 11. We begin in this chapter by describing a number 
of the important uses and properties of feedback systems, including stabilizing unstable 
systems, designing tracking systems, and reducing system sensitivity. In subsequent 
sections we use the tools that we have developed in previous chapters to examine three 
topics that are of importance for both continuous-time and discrete-time feedback 
systems. These are root locus analysis, Nyquist plots and the Nyquist criterion, and 
log magnitude/phase plots and the concepts of phase and gain margins for stable 
feedback systems. 

The subject of signals and systems is an extraordinarily rich one, and a variety 
of approaches can be taken in designing an introductory course. We have written 
this book in order to provide instructors with a great deal of flexibility in structuring 
their presentations of the subject. To obtain this flexibility and to maximize the use¬ 
fulness of this book for instructors, we have chosen to present thorough, in-depth 
treatments of a cohesive set of topics that forms the core of most introductory courses 
on signals and systems. In achieving this depth we have of necessity omitted the intro¬ 
ductions to topics such as descriptions of random signals and state space models that 


xvi 


Preface 


Preface 


xvii 



are sometimes included in first courses on signals and systems. Traditionally, at many 
schools, including such topics are not included in introductory courses but 

rather are developed in far more depth in courses explicitly devoted to their investiga¬ 
tion. For example, thorough treatments of state space methods are usually carried out 
in the more general context of multi-input/multi-output and time-varying systems, 
and this generality is often best treated after a firm foundation is developed in the 
topics in this book. However, whereas we have not included an introduction to state 
space in the book, instructors of introductory courses can easily incorporate it into the 
treatments of differential and difference equations in Chapters 2-5. 

A typical one-semester course at the sophomore-junior level using this book 
would cover Chapters 2, 3, 4, and 5 in reasonable depth (although various topics in 
each chapter can be omitted at the discretion of the instructor) with selected topics 
chosen from the remaining chapters. For example, one possibility is to present several 
of the basic topics in Chapters 6, 7, and 8 together with a treatment of Laplace and 
z-transforms and perhaps a brief introduction to the use of system function concepts 
to analyze feedback systems. A variety of alternate formats are possible, including one 
that incorporates an introduction to state space or one in which more focus is 
placed on continuous-time systems (by deemphasizing Chapters 5 and 10 and the 
discrete-time topics in Chapters 6, 7, 8, and 11). We have also found it useful to intro¬ 
duce some of the applications described in Chapters 6, 7, and 8 during our development 
of the basic material on Fourier analysis. This can be of great value in helping to 
build the student's intuition and appreciation for the subject at an earlier stage of the 
course. 

In addition to these course formats this book can be used as the basic text for a 
thorough, two-semester sequence on linear systems. Alternatively, the portions of the 
book not used in a first course on signals and systems, together with other sources 
can form the basis for a senior elective course. For example, much of the material in 
this book forms a direct bridge to the subject of digital signal processing as treated in 
the book by Oppenheim and Schafer.t Consequently, a senior course can be con¬ 
structed that uses the advanced material on discrete-time systems as a lead-in to a 
course on digital signal processing. In addition to or in place of such a focus is one 
that leads into state space methods for describing and analyzing linear systems. 

As we developed the material that comprises this book, we have been fortunate 
to have received assistance, suggestions, and support from numerous colleagues, 
students, and friends. The ideas and perspectives that form the heart of this book 
were formulated and developed over a period of ten years while teaching our M.I.T. 
course on signals and systems, and the many colleagues and students who taught the 
course with us had a significant influence on the evolution of the course notes on which 
this book is based. We also wish to thank Jon Delatizky and Thomas Slezak for their 
help in generating many of the figure sketches, Hamid Nawab and Naveed Malik for 
preparing the problem solutions that accompany the text, and Carey Bunks and David 
Rossi for helping us to assemble the bibliography included at the end if the book. 

In addition the assistance of the many students who devoted a significant number of 

fA. V. Oppenheim and R.W. Schafer, Digital Signal Processing (Englewood Cliffs, N.J. 
Prentice-Hall, Inc., 1975). 


hours to the reading and checking of the galley and page proofs is gratefully 
acknowledged. 

We wish to thank M.I.T. for providing support and an invigorating environment 
in which we could develop our ideas. In addition, some of the original course notes 
and subsequent drafts of parts of this book were written by A.V.O. while holding a 
chair provided to M.I.T. by Cecil H. Green; by A.S.W. first at Imperial College of 
Science and Technology under a Senior Visiting Fellowship from the United 
Kingdom’s Science Research Council and subsequently at Le Laboratoire des Sig- 
naux et Systemes, Gif-sur-Yvette, France, and L’Universit6 de Paris-Sud; and by 
I.T.Y. at the Technical University Delft, The Netherlands under fellowships from the 
Cornelius Geldermanfonds and the Nederlandse organisatie voor zuiver-wetenschap- 
pelijk onderzoek (Z.W.O.). We would like to express our thanks to Ms. Monica Edel- 
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SUPPLEMENTARY MATERIALS: 

The following supplementary materials were developed to accompany Signals and Sys¬ 
tems. Further information about them can be obtained by filling in and mailing the card 
included at the back of this book. 

Videocourse —A set of 26 videocassettes closely integrated with the Signals and Sys¬ 
tems text and including a large number of demonstrations is available. The videotapes 
were produced by MIT in a professional studio on high quality video masters, and are 
available in all standard videotape formats. A videocourse manual and workbook accom¬ 
pany the tapes. 

Workbook —A workbook with over 250 problems and solutions is available either for 
use with the videocourse or separately as an independent study aid. The workbook 
includes both recommended and optional problems. 
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research directed at gaining an understanding of the human auditory system. Another 
example is the development of an understanding and a characterization of the eco¬ 
nomic system in a particular geographical area in order to be better able to predict 
what its response will be to potential or unanticipated inputs, such as crop failures, 


new oil discoveries, and so on. 

In other c ontexts of signal and system analysis , rather than analyzing existing 
systems, our interest may be focused on the problem of designing systems to process 
signals in particular ways. Econ omic forecasting represents one very common example 
of such a situation. We may, for example, have the history of an economic time series, 
such as a set of stock market averages, and it would be clearly advantageous to be 


able to predict the future behavior based on the past history of the signal. Many 
systems, typically in the form of computer programs, have been developed and refined 
to carry out detailed analysis of stock market averages and to carry out other kinds of 
economic forecasting. Although most such signals are not totally predictable, it is an 
interesting and important fact that from the past history of many of these signals. 


their future behavior is somewhat predictable; in other words, they can at least be 


approximately extrapolated. 

A second very common set of applications is in the restoration of signals that 
have been degraded i n some way . One situation in which this often arises is in speech 
co mmunication when a significant amount of background noise is present. For exam¬ 
ple, when a pilot is communicating with an air traffic control tower, the communica¬ 
tion can be degraded by the high level of background noise in the cockpit. In this and 
many similar cases, it is possible to design systems that will retain the desired signal, in 
this case the pilot’s voice, and reject (at least approximately) the unwanted signal, i.e. 


the noise. Another example in which it has been useful to design a system for restora¬ 
tion of a degraded signal is in restoring old recordings . In acoustic recording a system 
is used to produce a pattern of grooves on a record from an input signal that is the 
recording artist’s voice. In the early days of acoustic recording a mechanical recording 
horn was typically used and the resulting system introduced considerable distortion in 
the result. Given a set of old recordings, it is of interest to restore these to a quality 


that might be consistent with modern recording techniques. With the appropriate 
design of a signal processing system, it is possible to significantly enhance old 


recordings. 

A third application in which it is of interest to design a system to process signals 
in a certain way is the general area of image restoration and image enhancement,. In 
receiving images from deep space probes, the image is typically a degraded version of 
the scene being photographed because of limitations on the imaging equipment, 
possible atmospheric effects, and perhaps errors in signal transmission in returning the 
images to earth. Consequently, images returned from space are routinely processed by 
a system to compensate for some of these degradations. In addition, such images are 
usually processed to enhance certain features, such as lines (corresponding, for exam¬ 
ple, to river beds or faults) or regional boundaries in which there arc sharp contrasts 
in color or darkness. The development of systems to perform this processing then 


becomes an issue of system design. 

A nother very important class of applications . in which the concepts and tech¬ 
niques of signal and system analysis arise are those in which we wish to modify the 
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or by combining the system with other systems . Illustrative of this kind of application 
is the control of chemical plants, a general area typically referred to as process control. 
In this class of applications, sensors might typically measure physical signals, such as 
temperature, humidity, chemical ratios, and so on, and on the basis of these measure¬ 
ment signals, a regulating system would generate control signals to regulate the 
ongoing chemical process. A second example is related to the fact that some very high 
performance aircraft represent inherently unstable physical systems, in other words, 
their aerodynamic characteristics are such that in the absence of carefully designed 
control signals, they would be unflyable. In both this case and in the previous example 
of process control, an important concept, referred to as feedback, plays a major role, 
and this concept is one of the important topics treated in this text. 

The examples described above are only a few of an extraordinarily wide variety 
of applications for the concepts of signals and systems. The importance of these con¬ 
cepts stems not only from the diversity of phenomena and processes in which they 
arise, but also from the collection of ideas, analytical techniques, and methodologies 
that have been and are being developed and used to solve problems involving signals 
and systems. The history of this development extends back over many centuries, and 
although most of this work was motivated by specific problems, many of these ideas 
have proven to be of central importance to problems in a far larger variety of applica¬ 
tions than those for which they were originally intended. For example, the tools of 
Fourier analysis, which form the basis for the frequency-domain analysis of signals 
and systems, and which we will develop in some detail in this book, can be traced from 
problems of astronomy studied by the ancient Babylonians to the development of 
mathematical physics in the eighteenth and nineteenth centuries. More recently, these 
concepts and techniques have been applied to problems ranging from the design of 
AM and FM transmitters and receivers to the computer-aided restoration of images. 
From work on problems such as these has emerged a framework and some extremely 
powerful mathematical tools for the representation, analysis, and synthesis of signals 
and systems. 

In some of the examples that we have mentioned, the signals vary continuously 
in time, whereas in others, their evolution is described only at discrete points in time. 
For example, in the restoration of old recordings we are concerned with audio signals 
that vary continuously. On the other hand, the daily closing stock market average is 
by its very nature a signal that evolves at discrete points in time (i.e., at the close of 
each day). Rather than a curve as a function of a continuous variable, then, the closing 
stock average is a sequence of numbers associated with the discrete time instants at 
which it is specified. This distinction in the basic description of the evolution of signals 
and of the systems that respond to or process these signals leads naturally to two par¬ 
allel frameworks for signal and system analysis, one for phenomena and processes, 
that are describ ed in_continuous time and one for those that are described in discrete 
time. The concepts and techniques associated both with continuous-time signals and 
systems and with discrete-time signals and systems have a rich history and are concep¬ 
tually closely related. Historically, however, because their applications have in the past 
been sufficiently different, they have for the most part been studied and developed 
somewhat separately. Continuous-time signals and systems have very strong roots in 
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oroblems associated with physics and, i n the more recent past, with ele ctrical circuits 
^^communications . The techniques of discrete-time signals and systems have strong 
roots in numerical an alysis, statistics, and time-series analysis as sociated with such 
applications as the analysis of economic and demographic data. Over the past several 
decades the disciplines of continuous-time and discrete-time signals and systems have 
become increasingly entwined and the applications have become highly interrelated. A 
strong motivation for this interrelationship has been the dramatic advances in technol¬ 
ogy for the implementation of systems and for the generation of signals. Specifically, 
the incredibly rapid development of high -speed digital computers, integrated circuits, 
and sophisticated high-density device fabrication techniques has made it increasingly 
a dvantageous to consider processing continuous-time signals by re presenting them 
by equally spaced time samples (i.e., by converting them to discrete-time signals). As 
we develop "in detail in Chapter 8, it is a remarkable fact that under relatively mild 
rest ri ctions a continuous-time signal can he represented totally bv such a set of 
samples. 

Because of the growing interrelationship between continuous-time signals and 
systems and discrete-time signals and systems and because of the close relationship 
among the concepts and techniques associated with each, we have c hosen in this text 
to develo p the concepts of continuous-time and discrete-time sign als and systems in 
parallel . Because many of the concepts are similar (but not identical) , by treating them 
in parallel, insight and intuition can be shared and both the similarities and differences 
become better focused. Furthermore, as will be evident as we proceed through the 
material, there are some concepts that ar e inherently easier to unde rstand in one frame¬ 
work than the other and, once understood, the insight is easily transferable. 

As we have so far described them, the notions o f signals and systems are ex- 
tremeiy~general concepts. At this level of generality, however, only the most sweeping 
statements can be made about the nature of signals and systems, and their properties 
can be discussed only in the most elementary terms. On the other hand, an important, 
and fundamental notion in dealing with signals and syst e ms is that by carefully choos- 
‘ing subclas ses of each with particular properties that can then be exploited, we can 
analyze and characterize these signals and systems in g reat depth. The principal focus 
in this book is a particular class of systems which we will refer to as linear time-invari¬ 
ant systems. The properties of linearity and time invariance that define this c lass lead 
to a remarkable set of concepts and techniques which are not only of major practical 
importance, but also intellectually satisfying. 

£ s we have indicated in this introduction, signal and system analysis has a long 
history out of which have emerged some basic techniques and fundamental principles 
which have extremely broad areas of application. Also, as exemplified by the continu¬ 
ing development of integrated-circuit technology and its applications, signal and sys¬ 
tem analysis is constantly evolving and developing in response to new problems, 
techniques, and opportunities. We fully expect this development to accelerate in pace 
as improved technology makes possible the implementation of increasingly complex 
systems and signal processing techniques. In the future we will see the tools and con¬ 
cepts of signal and system analysis applied to an expanding scope of applications. 
In some of these areas the techniques of signal and system analysis are proving to have 
direct and immediate application, whereas in other fields that extend far beyond those 
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that areclassically considered to bewithin the domain of science and engineering, it is the 
set of ideas embodied in these techniques more than the specific techniques themselves 
that are proving to be of value in approaching and analyzing complex problems. For 
these reasons, we feel that the topic of signal and system analysis represents a body of 
knowledge that is of essential concern to the scientist and engineer. We have chosen 
the set of topics presented in this book, the organization of the presentation, and the 
problems in each chapter in a way that we feel will most help the reader to obtain a 
solid foundation in the fundamentals of signal and system analysis; to gain an under¬ 
standing of some of the very important and basic applications of these fundamentals 
to problems in filtering, modulation, sampling, and feedback system analysis; and to 
develop some perspective into an extremely powerful approach to formulating and 
solving problems as well as some appreciation of the wide variety of actual and 
potential applications of this approach. 
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Figure 2.1 Example of a recording of speech. [Adapted from Applications of 
Digital Signal Processing, A. V. Oppenheim, ed. (Englewood Cliffs, N.J.: 
Prentice-Hall, Inc., 1978), p. 121.] The signal represents acoustic pressure varia¬ 
tions as a function of time for the spoken words "should we chase.” The top 
line of the figure corresponds to the word "should, the second line to the word 
“we,” and the last two to the word “chase” (we have indicated the approximate 
beginnings and endings of each successive sound in each word). 

Signals are represented mathematically as functions of one or more independent 
variables. For example, a speech signal would be represented mathematically by 
acoustic pressure as a function of time, and a picture is represented as a brightness 
function of two spatial variables. In this book we focus attention on sign als involving 
' ‘ ' For convenience we will generally refer to the indepen- 
it may not in fact represent time in specific applications. 
For example, signals representing variations with depth of physical quantities such as 
density, porosity, and electrical resistivity are used m geophysics to study the structure 
of the earth. Also, knowledge of the variations of air pressure, temperature, and wind 
speed with altitude are extremely important in meteorological investigations. Figure 
2.3 depicts a typical example of annual average vertical wind profile as a function of 
height. The measured variations of wind speed with height are used in examining 


a single in dependent variable. 
dent variable as time, although 
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Figure 2.3 Typical annual average vertical wind profile. (Adapteu from 
Crawford and Hudson, National Severe Storms Laboratory Report, ESSA 
ERLTM-NSSL 48, August 1970.) 

weather patterns as well as wind conditions that may affect an aircraft during final 
approach and landing. 

In Chapter 1 we indicated that there are two basic types of signals, continuous¬ 
time signals and discrete-time signals. In the case of continuous-time signals the 
independent variable is continuous, and thus these signals are defined for a continuum 
of values of the independent variable. On the other hand, discrete-time signals are 
only defined at discrete times, and consequently for these signals the independent 
variable takes on only a discrete set of values. A speech signal as a function of time 
and atmospheric pressure as a function of altitude are examples of continuous-time 
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signals. The weekly Dow Jones stock market index is an example of a discrete-time 
signal and is illustrated in Figure 2.4. Other examples of discrete-time signals can be 
found in demographic studies of population in which various attributes, such as 
average income, crime rate, or pounds of fish caught, are tabulated versus such 
discrete variables as years of schooling, total population, or type of fishing vessel, 
respectively. In Figure 2.5 we have illustrated another discrete-time signal, which in 
this case is an example of the type of species-abundance relation used in ecological 
studies. Here the independent variable is the number of individuals corresponding to 
any particular species, and the dependent variable is the number of species in the 
ecological community under investigation that have a particular number of individuals. 



Figure 2.4 An example of a discrete-time signal: the weekly Dow-Jones stock 
market index from January 5, 1929 to January 4, 1930. 



Figure 2.5 Signal representing the species-abundance relation of an ecological 
community. [Adapted from E. C. Pielou, An Introduction to Mathematical Ecol¬ 
ogy (New York: Wiley, 1969).! 


x|0 



la) 

x(n| 



Figure 2.6 Graphical representations of (a) continuous-time and (b) discrete¬ 
time signals. 


The nature of the signal shown in Figure 2.5 is quite typical in that th.re are several 
abundant species and many rare ones with only a few representatives. 

To distinguis h between continuous-time and discrete-time signals we will use the 
symbol! to denote the continuous-time variable and n for the discrete-time variable. 
In addition, for continuous-time signals we will enclose the independent variable in 
parentheses ( • ), whereas for discrete-time signals we will use bra;kets [ • 1 to enclose 
the independent variable . We will also have frequent occasions when it win be useful 
to represent signals graphically. Illustrations of a continuous-time signal *(/) and of a 
discrete-time signal x[n] are shown in Figure 2.6. It is important to note that the dis¬ 
crete-time signal x[n] is defined only for integer values of the independent variable. 
Our choice of graphical representation for x[n] emphasizes this fact, and for further 
emphasis we will on occasion refer to x[/t] as a discrete-time sequence. 

A discrete-time signal x[/j] may represent a phenomenon for which the indepen¬ 
dent variable is inherently discrete. Signals such as species-abundance relations or 
demographic data such as those mentioned previously are examples of this. On the 
other hand, a discrete-time signal x[n] may represent successive samples of an 
underlying phenomenon for which the independent variable is continuous. For 
example, the processing of speech on a digital computer requires the use of a discrete¬ 
time sequence representing the values of the continuous-time speech signal at discrete 
points in time. Also, pictures in newspapers, or in this book for that matter, actually 
consist of a very fine grid of points, and each of these points represents a sample of 
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the brightness of the corresponding point in the original image. No matter what the 
origin of the data, however, the signal .v[n] is defined only for integer values of n. It 
makes no more sense to refer to the 3^th sample of a digital speech signal than it does 
to refer to the number of species having 4^ representatives. 

Throughout most of this book we will treat discrete-time signals and continuous¬ 
time signals separately but in parallel so that we can draw on insights developed in one 
setting to aid our understanding of the other. In Chapter 8 we return to the question 
of sampling, and in that context we will bring continuous-time and discrete-time 
concepts together in order to examine the relationship between a continuous-time 
signal and a discrete-time signal obtained from it by sampling. 

2 TRANSFORMATIONS OF THE INDEPENDENT VARIABLE 

In many situations it is important to consider signals related by a modification of the 
independent variable. For example, as illustrated in Figure 2.7, the signal x[—n] is 
obtained from the signal x[n] by a reflection about n = 0 (i.e. by reversing the signal). 
Similarly, as depicted in Figure 2.8, x( — t) is obtained from the signal x(l) by a reflec¬ 
tion about t = 0. Thus, if x(l) represents an audio signal on a tape recorder, then 
x(—t) is the same tape recording played backward. As a second example, in Figure 
2.9 we have illustrated three signals, x(t), x(2/), and x(l/ 2), that are related by linear 
scale changes in the independent variable. If we again think of the example of x(t) as 
a tape recording, then x(21) is that recording played at twice the speed, and x(l/2) is 
the recording played at half-speed. 


x(n] 



lb) 


Figure 2.7 (a) A discrete-lime signal x[n]; (b) its reflection, .»[-«), about 
n = 0. 
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A third example of a transformation of the independent variable is illustrated in 
Figure 2.10, in which we have two signals x[n] and x[n - n 0 ] that are identical in shape 
but that are displaced or shifted relative to each other. Similarly, x(t — r 0 ) represents 
a time-shifted version of *(/). Signals that are related in this fashion arise in applica¬ 
tions such as sonar, seismic signal processing, and radar, in which several receivers 
at different locations observe a signal being transmitted through a medium (water, 
rock, air, etc.). In this case the difference in propagation time from the point of origin 
of the transmitted signal to any two receivers results in a time shift between the signals 
measured by the two receivers. 


xfn] 



x[n - n 0 ] 



Figure 2.10 Discrete-time signals related by a time shift. 


In addition to their use in representing physical phenomena such as the time shift 
in a sonar signal and the reversal of an audio tape, transformations of the independent 
variable are extremely useful in examining some of the important properties that 
signals may possess. In the remainder of this section we discuss these properties, and 
later in this chapter and in Chapter 3 we use transformations of the independent 
variable as we analyze the properties of systems. 

A signal x(t) or x[n] is referred to as an even signal if it is identical with its 
reflection about the origin, that is, in continuous time if 


or in discrete time if 
A signal is referred to as odd if 


x(-i) = 

x(t) 

(2.1a) 

*[-«) = 


(2.1b) 

-*(-') = 

-.v(r) 

(2.2a) 

*[-»] = 


(2.2b) 
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Note that an odd signal must necessarily be 0 at t = 0 or n — 0. Examples of even and 
odd continuous-time signals are shown in Figure 2.11. 




An important fact is that any signal can be broken into a sum of two signals, one 
of which is even and one of which is odd. To see this, consider the signal 

Et/W0) = 1W0 + *(-<)] ( 2 - 3 ) 

which is referred to as the even part of x(l). Similarly, the odd part of x(l) is given by 
ed{x(t)} = #x(t) - *(-/)] (2-4) 

It is a simple exercise to check that the even part is in fact even, that the odd part is 
odd, and that x(r) is the sum of the two. Exactly analogous definitions hold in the dis¬ 
crete-time case, and an example of the even-odd decomposition of a discrete-time 
signal is given in Figure 2.12. 

Throughout our discussion of signals and systems we will have occasion to refer 
{aperiodic signals, both in continuous time and in discrete time. A periodic continuous¬ 
time signal x(t) has the property that there is a positive value of T for which 

x{t) = x(t + 7”) for all t (2.5) 

In this case we say that x(t) is periodic with period T. An example of such a signal 
is given in Figure 2.13. From the figure or from eq. (2.5) we can readily deduce that 
if x(t) is periodic with period T, then x(t) = x(t + mT) for all t and for any integer 
m. Thus, x(t) is also periodic with pe iod 2 T, 3 T, AT ,.... The fundamental period T 0 
of x(t) is the smallest positive value of T for which eq. (2.5) holds. Note that this 
definition of the fundamental period works except if x(t) is a constant. In this case 
the fundamental period is undefined since x(t) is periodic for any choice of T (so 
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Figure 2.12 The even-odd decomposition of a discrele-lime signal. 



-2T -T 0 T 2T t 

Figure 2.13 Continuous-time periodic signal. 


there is no smallest positive value). Finally, a signal x(f) that is not periodic will be 
referred to as an aperiodic signal. 

Periodic signals are defined analogously in discrete time. Specifically, a discrete¬ 
time signal x[rt] is periodic with period N, where N is a positive integer, if 

x[n] = x[n + N] for all n (2.6) 

If eq. (2.6) holds, then x[n] is also periodic with period IN, 3 N, . . . , and the. funda¬ 
mental period N 0 is the smallest positive value of N for which eq. (2.6) holds. 
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2.3 BASIC CONTINUOUS-TIME SIGNALS 



In this section we introduce several particularly important continuous-time signals. 
Not only do these signals occur frequently in nature, but they also serve as basic 
building blocks from which we can construct many other signals. In this and sub¬ 
sequent chapters we will find that constructing signals in this way will allow us to 
examine and understand more deeply the properties of both signals and systems. 


2.3.1 Continuous-Time Complex 

Exponential and Sinusoidal Signals 


The continuous-time complex exponential signal is of the form 

x(r) = Ce“ (2.7) 

where C and a are, in general, complex numbers. Depending upon the values of these 
parameters, the complex exponential can take on several different characteristics. As 
illustrated in Figure 2.14, if C and a are real [in'which case x(f) is called a real expo¬ 
nential], there are basically two types of behavior. If a is positive, then as if increases 
x(r) is a growing exponential, a form that is used in describing a wide variety of phe- 


x(t) 



(b) 


Figure 2.14 Continuous-time real exponential x(t) — Ce u : (a) a > 0; 
(b) a < 0. 



Sec. 2.3 Basic Continuous-Time Signals 


17 




nomena, including chain reactions in atomic explosions or complex chemical reactions 
and the uninhibited growth of populations such as in bacterial cultures. If a is nega¬ 
tive, then x{t) is a decaying exponential. Such signals also find wide use in describing 
radioactive decay, the responses of RC circuits and damped mechanical systems, and 
many other physical processes. Finally, we note that for a = 0, x(t) is constant. 

A second important class of complex exponentials is obtained by constraining a 
to be purely imaginary. Specifically, consider 

x(t) = e** (2.8) 

An important property of this signal is that it is periodic. To verify this, we recall 
from eq. (2.5) that x(t) will be periodic with period 7Tf 

= e*- (l +P ( 2 . 9 ) 

or, since 1 

gJ-ntt+T) _ e M., e )v,T 

we must have that 

e’°* T =1 ( 2 . 10 ) 

If co a = 0, then x(t) = 1, which is periodic for any value of T. If w a 0, then the 
fundamental period T a of x(/), that is, the smallest positive value of T for which eq. 
(2.10) holds, is given by 

Thus, the signals e ,a, “ and e~ l °“' both have the same fundamental period. 

A signal closely related to the periodic complex exponential is the sinusoidal 

signal 

x{t) = A cos {w 0 t + <f>) (2.12) 

as shown in Figure 2.15. With the units of i as seconds, the units of <j> and w a are radians 
and radians per second, respectively. It is also common to write co 0 = 2nf 0 , where/„ 
has the units of cycles per second or Hertz (Hz). The sinusoidal signal is also periodic 
with fundamental period T 0 given by eq. (2.11). Sinusoidal and periodic complex 

x(t) * A cos (cj 0 t + 



Figure 2.15 Continuous-time sinusoidal signal. 


18 


Signals and Systems Chap. 2 


■« Liid : -..ic; I iAh'j ! .. 1 :zj 

exponential signals are also used to describe the characteristics of many physical 
processes. The response of an LC circuit is sinusoidal, as is the simple harmonic motion 
of a mechanical system consisting of a mass connected by a spring to a stationary 
support. The acoustic pressure variations corresponding to a single musical note are 
also sinusoidal. 

By using Euler’s relation,t the complex exponential in eq. (2.8) can be written 
in terms of sinusoidal signals with the same fundamental period: 

e‘““ = cos co 0 t + j sin co a t (2. ] 3) 

Similarly, the sinusoidal signal of eq. (2.12) can be written in terms of periodic complex 
exponentials, again with the same fundamental period: 

A cos (&V + 4>) = ~e J *e ,a “‘ + 4-e' , *e' , “‘ l , , (2.14) 

Note that the two exponentials in eq. (2.14) have complex amplitudes. Alternatively, 
we can express a sinusoid in terms of the complex exponential signal as 

A cos (&v + <f>) = A (2.) 5) 

where if c is a complex number, dt«{c} denotes its real part. We will also use the 
notation im{c] for the imaginary part of c. 

From eq. (2.11) we see that the fundamental period T c of a continuous-time 
sinusoidal signal or a periodic complex exponential is inversely proportional to|w 0 |, 
which we will refer to as the fundamental frequency. From Figure 2.16 we see graph¬ 
ically what this means. If we decrease theimagnitude of co 0 , we slow down the rate of 
oscillation and therefore increase the period. Exactly the opposite effects occur if we 
increase the magnitude of w 0 . Consider now the case co 0 = 0. In this case, as we 
mentioned earlier, x (/) is constant and therefore is periodic with period T for any 
positive value of T. Thus, the fundamental period of a constant signal is undefined. 
On the other hand, there is no ambiguity in defining the fundamental frequency of a 
constant signal to be zero. That is, a constant signal has a zero rate of oscillation. 

Periodic complex exponentials will play a central role in a substantial part of our 
treatment of signals and systems. On several occasions we will find it useful to consider 
the notion of harmonically related complex exponentials, that is, sets of periodic 
exponentials with fundamental frequencies that are all multipies of a single positive 
frequency co 0 : 

4> k (t) = e' w , * = 0, ±l,±2 _ (2.16) 

For k = 0, <f> k (t) is a constant, while for any other value of £, <j> k (t) is periodic with 
fundamental period 2n/Qk\m a ) or fundamental frequency |A|a> 0 . Since a signal that 
is periodic with period T is also periodic with period mT for any positive integer m, 
we see that all of the <j> k (t) have a common period of 2rr/w 0 . Our use of the term 
“harmonic” is c:. isistent with its use in music, where it refers to tones resulting from 
variations in acoustic pressure at frequencies which are harmonically related. 

tF.ulcr's relation and other basic ideas related to the manipulation of complex numbers and 
exponentials are reviewed in the first few problems at the end of the chapter. 
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(a) 


Xj(t)-COS Ujt 



x 3 (t) * cos Ojl 



Figure 2.16 Relationship between the fundamental frequency and period for 
continuous-time sinusoidal signals; here coi > C 02 > <oj, which implies that 
T, < Tj < Tj. 

The most general case of a complex exponential can be expressed and interpreted 
in terms of the two cases we have examined so far; the real exponential and the periodic 
complex exponential. Specifically, consider a complex exponential Ce ", where C is 
expressed in polar form and a in rectangular form. That is, 

C = | C\e J> 
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Ce“' = \ C\e J, e ( '* , °“' 1 ' = | C | 

Using Euler’s relation we can expand this further as 

Ce“ = \C\e" cos (co„t + 9) + j \ C| e" sin (co 0 t + 9) 

= | C\e" cos (&>„/ + 9)+ j | C| e" cos (co.t + 9 - (2.17b) 

Thus, for r = 0 the real and imaginary parts of a complex exponential are sinusoidal. 
For r > 0 they correspond to sinusoidal signals multiplied by a growing exponential, 
and for r < 0 they correspond to sinusoidal signals multiplied by a decaying expo¬ 
nential. These two cases are shown in Figure 2.17. The dashed lines in Figure 2.17 
correspond to the functions ±|C|e". From eq. (2.17a) we see that|C|e" is the 
magnitude of the complex exponential. Thus, the dashed curves act as an envelope 
for the oscillatory curve in Figure 2.17 in that the peaks of the oscillations just reach 
these curves, and in this way the envelope provides us with a convenient way in which 
to visualize the general trend in the amplitude of the oscillations. Sinusoidal signals 
multiplied by decaying exponentials are commonly referred to as damped sinusoids. 
Examples of such signals arise in the response of RLC circuits and in mechanical 
systems containing both damping and restoring forces, such as automotive suspension 
systems. 




Figure 2.17 (a) Growing sinusoidal signal x(i) = Ce' cos (mat + 6), r > 0; 
(b) decaying sinusoid x(l) = Ce" cos (cool + $), r < 0. 
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2.3.2 The Continuous-Time Unit Step 
and Unit Impulse Functions 

Another basic continuous-time signal is the unit step function 


-It-: 


which is shown in Figure 2.18. Note that it is discontinuous at / = 0. As with the 

ult) 



_|_ Figure 2.18 Conlinuous-time unit step 

™ 0 t function. 

complex exponential, the unit step function will be very important in our examination 
of the properties of systems. Another signal that we will find to be quite useful is the 
continuous-time unit impulse function 5(t), which is related to the unit step by the 
equation 

u(t) = | <5(t) dx (2.19) 

That is, u(t) is the running integral of the unit impulse function. This suggests that 


There is obviously some formal difficulty with this as a definition of the unit impulse 
function since u(l) is discontinuous at t — 0 and consequently is formally not differ¬ 
entiable. We can, however, interpret eq. (2.20) by considering u(t) as the limit of a 
continuous function. Thus, let us define uft) as indicated in Figure 2.19, so that u(t) 
equals the limit of uft) as A —> 0, and let us define 5 ft) as 

< 5.(0 = ( 2 . 21 ) 

as shown in Figure 2.20. 

We observe that 5 ft) has unity area for any value of A and is zero outside the 
interval 0 <[ t < A. As A —> 0, 5ft) becomes narrower and higher, as it maintains 



o a t o a i 


Figure 2.19 Continuous approximation to Figure 2.20 Derivative of uft). 
the unit step. 
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its unit area. Its limiting form, 


<5(r) = lim 5ft) (2.22) 

A—0 

will be depicted as shown in Figure 2.21. More generally, a scaled impulse k5(t) will 
have an area k and thus 

j k5(x) dx — ku(t) 

A scaled impulse is shown in Figure 2.22. Although the “value” at t = 0 is infinite, 
the height of the arrow used to depict the scaled impulse will be chosen to be represen¬ 
tative of its area. 


sit) 85{t) 



0 t o t 

Figure 2.21 Unit impulse. Figure 2.22 Scaled impulse. 


The graphical interpretation of the running integral of eq. (2.19) is illustrated 
in Figure 2.23. Since the area of the continuous-time unit impulse <5(t) is concentrated 
at t = 0, we see that the running integral is 0 for /< 0 and 1 for t > 0. Also, we note 
that the relationship in eq. (2.19) between the continuous-time unit step and impulse 
can be rewritten in a different form by changing the variable of integration from t to 
o — t — X, 

u(t) — J 5(c) dx = J 5(t — a)(—do) 



t o 

(a) 


Interval of integration 



0 t r 

(b) 


Figure 2.23 Running integral given in cq. (2.19): (a) / < 0; (b) / > 0. 
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or, equivalently. 


“(0 = J o 5{t - a) da (2.23) 

The interpretation of this form of the relationship between u(t) and <5(f) is given 
in Figure 2.24. Since in this case the area of 5(t — a) is concentrated at the point 
a = t, we again see that the integral in eq. (2.23) is 0 for t < 0 and 1 for / > 0. This 
type of graphical interpretation of the behavior of the unit impulse under integration 
will be extremely useful in Chapter 3. 



o i 


Figure 2.24 Relationship given in eq. 
(b) (2.23): (a) / < 0; (b) / > 

Although the preceding discussion of the unit impulse is somewhat informal, it 
is adequate for our present purposes and does provide us with some important intuition 
into the behavior of this signal. For example, it will be important on occasion to 
consider the product of an impulse and a more well-behaved continuous-time function. 
The interpretation of this quantity is most readily developed using the definition of 
<5(f) according to eq. (2.22). Thus, let us consider .v,(f) given by 

x,(t) = x(t) S„(t) 

In Figure 2.25(a) we have depicted the two time functions x{l) and J 4 (/), and in Figure 
2.25(b) we see an enlarged view of the nonzero portion of their product. By construc¬ 
tion, jr,(f) is zero outside the interval 0 < t < A. For A sufficiently small so that x(t) 
is approximately constant over this interval, 

*(') <5*(0 — *(0) <5 a (/) 
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Figure 2.25 The product Jr(/)<5 4 (f): (a) graphs of both functiors; (b) enlarged 
view of the nonzero portion of their product. 

Since (5(f) is the limit as A —► 0 of (5 A (f), it follows that 

x{t) 5(t) = x(0) <5(r) (2.24) 

By the same argument we have an analogous expression for an impulse concentrated 
at an arbitrary point, say, That is, 

x(r)<5(r - /„) = x(r„)<5(r - f„) 

In Chapter 3 we provide another interpretation of the unit impulse using some 
of the concepts that we will develop for our study of systems. The interpr.tation of 5{t) 
that we have given in the present section, combined with this later discussion, will 
provide us with the insight that we require in order to use the impulse in our study of 
signals and systems.! 

fThe unit impulse and other related functions (which are often collectively referred to as 
singularity functions) have been thoroughly studied in the field of mathematics under the alternative 
names of generalized functions and the theory of distributions. For a discussion of this subject see the 
book Distribution Theory and Transform Analysis , by A. H. Zemanian (New York: McGraw-Hill 
Hook Company, 1965) or the more advanced text Fourier Analysis and Generalized Functions, by 
M. J. Lighthill (New York: Cambridge University Press, 1958). For brief introductions to the subject, 
see The Fourier Integral and Its Applications, by A. Papoulis (New York: McGraw-Hill Book Com¬ 
pany, 1962), or Linear Systems Analysis, by C. L. Liu and J. W. S. Liu (New York: McGraw-Hill 
Book Company, 1975). Our discussion of singularity functions in Section 3.7 is closely related in 
spirit to the mathematical theory described in these texts and thus provides an informal introduction 
to concepts that underlie this topic in mathematics as well as a discussion of the basic properties of 
these functions that we will use in our treatment of signals and systems. 
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4 BASIC DISCRETE-TIME SIGNALS 

For the discrete-time case, there are also a number of basic signals that play an impor¬ 
tant role in the analysis of signals and systems. These signals are direct counterparts 
of the continuous-time signals described in Section 2.3, and, as we will see, many of 
the characteristics of basic discrete-time signals are directly analogous to properties 
of basic continuous-time signals. There are, however, several important differences in 
discrete time, and we will point these out as we examine the properties of these signals. 

2.4.1 The Discrete-Time Unit Step 
and Unit Impulse Sequences 


The counterpart of the continuous-time step function is the discrete-time unit step, 
denoted by u[n ] and defined by 



n < 0 
n ^ 0 


(2.25) 


The unit step sequence is shown in Figure 2.26. As we discussed in Section 2.3, a second 




very important continuous-time signal is the unit impulse. In discrete time we define 
the unit impulse (or unit sample ) as 



n =£ 0 
n = 0 


(2.26) 


which is shown in Figure 2.27. Throughout the book we will refer to <5[n] interchange¬ 
ably as the unit sample or unit impulse. Note that unlike its continuous-time counter¬ 
part, there are no analytical difficulties in defining 5[n], 


Sin] 



0 n 


Figure 2.27 Unit sample (impulse). 

The discrete-time unit sample possesses many properties that closely para/lel 
the characteristics of the continuous-time unit impulse. For example, since 5[n] is 
nonzero (and equal to 1) only for n = 0, it is immediately seen that 

x[«] <5M = x[0] <5[n] (2.27) 
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which is the discrete-time counterpart of eq. (2.24). In addition, while the continuous¬ 
time impulse is formally the first derivative of the continuous-time unit step, the 
discrete-time unit impulse is the first difference of the discrete-time step 

5[n] — u[n] — u[n — I] (2.28) 

Similarly, while the continuous-time unit step is the running integral of 5(t), the 
discrete-time unit step is the running sum of the unit sample. That is, 

u[n] = £ S[m] (2.29) 

which is illustrated in Figure 2.28. Since the only nonzero value of the unit sample is 


Interval of summation 



0 

(a) 


Interval of summation 



0 n 

lb) 


Figure 2.28 Running sum of eq. (2.29): (a) n < 0; (b) n > 0. 

at the point at which its argument is zero, we see from the figure that the running sum 
in eq. (2.29) is 0 for n < 0 and 1 for n >. 0. Also, in analogy with the alternative form 
of eq. (2.23) for the relationship between the continuous-time unit step and impulse, 
the discrete-time unit step can also be written in terms of the unit sample as 

u[/t] = £ S[n - k) (2.30) 

k-0 

which can be obtained from eq. (2.29) by changing the variable of summation from m 
to k = n - m. Equation (2.30) is illustrated in Figure 2.29, which is the discrete-time 
counterpart of Figure 2.24. 

2.4.2 Discrete-Time Complex 

Exponential and Sinusoidal Signals 

As in continuous time, an important signal in discrete time is the complex exponential 
signal or sequence, defined by 

x[n] — Ca’ (2-31) 
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Interval of summation 


Sln-kl ] 

" I 

I 

I 

n 0 

(a) 


k 


Interval of summation 


| Mn-kl 

I 

I 

I 

-.. »>« ! ., ,«« — 

0 n k 

lb) 

Figure 2.29 Relationship given in eq. (2.30): (a) n < 0; (b) n > 0. 

where C and a are in general complex numbers. This could alternatively be expressed 
in the form 

,v[n] = Ce” (2.32) 

where 

a = e f 

Although the discrete-time complex exponential sequence in the form of eq. (2.32) 
is more analogous to the form of the continuous-time complex exponential, it is 
often more convenient to express the discrete-time complex exponential sequence itf 
the form of eq. (2.31). 

If C and a are real, we can have one of several types of behavior, as illustrated 
in Figure 2.30. Basically if |a|> 1, the signal grows exponentially with n, while if 
|a| < 1, we have a decaying exponential. Furthermore, if a is positive, all the values 
of Ca" are of the same sign, but if a is negative, then the sign of x[n] alternates. 
Note also that if a = 1, then x[n] is a constant, whereas if a = — 1 , x[n] alternates 
in value between -f-C and — C. Real discrete-time exponentials are often used to 
describe population growth as a function of generation and return on investment as a 
function of day, month, or quarter. 

Another important complex exponential is obtained by using the form given in 
eq. (2.32) and by constraining /? to be purely imaginary. Specifically, consider 

,x[«] = e in -' (2.33) 

As in the continuous-time case, this signal is closely related to the sinusoidal signal 
a pi] = A cos (fi 0 n + $) (2.34) 

If we take n to be dimensionless, then both fi 0 and <j> have units of radians. Three 
examples of sinusoidal sequences are shown in Figure 2.31. As before, Euler’s relation 
allows us to relate eomplex exponentials and sinusoids: 





• • • • • t ♦ tT T T I 1 



••“ “ 4 * ‘V] 1 ] 


r 


Id) 


Figure 2.30 x[n] = Ca": (a) a > 1; (b) 0 < a < 1; (c) -t < a < 0 
(d) a < -1. 
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i{n] = cos (2jrn/12) 



x(nl a cos (8jrn/31) 



(b) 


x(n) = cos (n/6) 



(c) 

Figure 231 Discrete-time sinusoidal signals. 


and 


•.'■Jlliiij fe’4sl 

e JCU " — cos O 0 n + j sin Cl„n (2.35) 

A cos (O 0 n + <f>) = y e'V Ql * + y (2.36) 

Similarly, a general complex exponential can be written and interpreted in terms of 
real exponentials and sinusoidal signals. Specifically, if we write C and a in polar form 
C = \C\e" 
a = j a | e jeh 

then 

Ca" = | C|| a |" cos (Ci 0 n + 6) + j\ C ||a|" sin ( Cl 0 n + 0) (2.37) 

Thus for |a| = I, the real and imaginary parts of a complex exponential sequence are 
sinusoidal. For [ a| < 1, they correspond to sinusoidal sequences multiplied by a 
decaying exponential, and for |a| > 1, they correspond to sinusoidal sequences mul¬ 
tiplied by a growing exponential. Examples of these signals are depicted in Figure 
2.32. 



Figure 2.32 (a) Growing djscrete-time sinusoidal signal; (b) decaying discrete-time sinusoid. 
2.4.3 Periodicity Properties of Discrete-Time Complex Exponentials 
Let us now continue our examination of the signal e JO Recali first the following two 
properties of its continuous-time counterpart e IM : (1) the larger the magnitude of a> 0 , 
the higher the rate of oscillation in the signal; and (2) e ,a ”‘ is p:riodic for any value of 
a> 0 . In this secrion we describe the discrete-time versions of both of these properties, 
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and as we will see, there are definite differences between each of these and its con¬ 
tinuous-time counterpart. 

The fact that the discrete-time version of the first property is different from the 
continuous-time property is a direct consequence of another extremely important 
distinction between discrete-time and continuous-time complex exponentials. To see 
what this difference is, consider the complex exponential with frequency (fl 0 -f- 2n): 

e' ( “* +2 *>” = e' 2 'V°‘" = e in ‘" (2.38) 

From eq. (2.38) we see that the exponential at frequency (ft 0 + 2k) is the same as that 
at frequency O 0 . Thus, we have a very different situation from the continuous-time 
case, in which the signals e>“* are all distinct for distinct values of cu 0 . In discrete time, 
these signals are not distinct, as the signal with frequency ft 0 is identical to the signals 
with frequencies (I2 0 ± 2n), (O 0 ± 4rt), and so on. Therefore, in considering discrete¬ 
time exponentials, we need only consider an interval of length 2 n in which to choose 
n„- Although, according to eq. (2.38), any 2 n interval will do, on most occasions we 
will use the interval 0 <; Q 0 < 2n or the interval — n <; < rt. 

Because of the periodicity implied by eq. (2.38), the signal e in ‘" does not have a 
continually increasing rate of oscillation as is increased in magnitude. Rather, 
as we increase Q 0 from 0, we obtain signals with increasing rates of oscillation until 
we reach ft 0 = n. Then, however, as we continue to increase ft 0 , we decrease the 
rate of oscillation until we reach fl 0 = 2 n, which is the same as O 0 = 0. We have 
illustrated this point in Figure 2.33. Therefore, the low-frequency (that is, slowly 
varying) discrete-time exponentials have values of fl 0 near 0, 2 n, or any other even 
multiple of n, while the high frequencies (corresponding to rapid variations) are located 
near fi 0 = rfcrt and other odd multiples of n. 

The second property we wish to consider concerns the periodicity of the discrete¬ 
time complex exponential. In order for the signal e' a ” to be periodic with period 
jV > 0 we must have that 

e jn,(n*N) _ e m.» (2.39) 

or, equivalently, 

e= I (2.40) 

For eq. (2.40) to hold, Q 0 N must be a multiple of 2n. That is, there must be an 
integer m so that 


Q 0 N — 2nm 

or, equivalently, 

fl 0 m 
2n~ N 


(2.41) 

(2.42) 


According to eq. (2.42), the signal e ,n •" is not periodic for arbitrary values of 
It is periodic only if ClJ2n is a rational number, as in eq. (2.42). Clearly, these same 
observations also hold for discrete-time sinusoidal signals. For example, the sequence 
in Figure 2.31(a) is periodic with period 12, the signal in Figure 2.31(b) is periodic 
with period 31, and the signal in Figure 2.31(c) is not periodic. 

Using the calculations that we have just made, we can now examine the funda¬ 
mental period and frequency of discrete-time complex exponentials, where we define 
the fundamental frequency of a discrete-time periodic signal as we did in continuous 
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Figure 2.33 Discrete-time sinusoidal sequences for several different frequencies. 



time. That is, if x[n] is periodic with fundamental period N, its fundamental frequency 
is 2n/N. Consider, then, a periodic complex exponential x[n] = e m ‘" with 0. 
As we have just seen, ft 0 must satisfy eq. (2.42) for some pair of integers m and N, with 
N > 0. In Problem 2.17 it is shown that if f) 0 0, and if N and m have no factors in 

common, then the fundamental period of x[n] is N. Assuming that this is the case and 
using eq. (2.42), we find that the fundamental frequency of the periodic signal e‘ a " is 


Note that the fundamental period can also be written as 




These last two expressions again differ from their continuous-time counterparts as can 
be seen in Table 2.1 in which we have summarized some of the differences between the 
continuous-time signal e l “” and the discrete-time signal e ,a “. Note that as in the con¬ 
tinuous-time case, the constant discrete-time signal resulting from setting Ci 0 = 0 
has a fundamental frequency of 0 and its fundamental period is undefined. For more 
discussion of the properties of periodic discrete-time exponentials, see Problems 2.17 
and 2.18. 




TABLE 2.1 DIFFERENCES BETWEEN THE SIGNALS «/•>•» AND 


Distinct signals for distinct 
values of a> 0 


Periodic for any choice of a> 0 


Fundamental frequency 


Identical signals for exponentials 
at frequencies separated by In 

Periodic only if 
o - 2nm 

n °~ir 

for some integers N > 0 and m. 
Fundamental frequency! 


Fundamental period 
coo = 0: undefined 


Fundamental periodf 
flo = 0: undefined 


fThese statements assume that m and N do not have any factors in 


As in continuous time, we will find it useful on occasion to consider sets of 
harmonically related periodic exponentials, that is, periodic exponentials that are all 
periodic with period N. From eq. (2.42) we know that these are precisely the signals 
that are at frequencies that are multiples of 2 n/N. That is, 
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$*[«] = k = 0, ± 1,... (2.45) 

In the continuous-time case all of the harmonically related complex exponentials, 
e r*( 2 ,/r)i > = 0, ± I, ±2, ... are distinct. However, because of eq. (2.38), this is not 

the case in discrete time. Specifically, 

fk r„i _ P nk+N)ti*/N)* 

* + " (2.46) 

This implies that there are only N distinct periodic exponentials in the set given in 
eq. (2.45). For example, <f> 0 [n], $,[n], . . . , are all distinct, and any other 

is identical to one of these (e.g., $„[n] = <f> 0 [n] and $_,[n] = 0 A ,_,[n]). 

Finally, in order to gain some additional insight into the issue of periodicity for 
discrete-time complex exponentials, consider a discrete-time sequence obtained by 
taking samples of a continuous-time exponential, e' m ' at equally spaced points in time: 

= e'"” r = e n “‘ T) " (2.47) 

From eq. (2.47) we see that x[n] is itself a discrete-time exponential with = co 0 T. 
Therefore, according to our preceding analysis, x[/t] will be periodic only if to„TI2n 
is a rational number. Identical statements can be made for discrete-time sequences 
obtained by taking equally spaced samples of continuous-time periodic sinusoidal 
signals. For example, if 

x(t ) = cos 2nt (2.48) 

then the three discrete-time signals in Figure 2.31 can be thought of as being defined 
by 

x[n] = x{nT) = cos 2nnT (2.49) 

for different choices of T. Specifically, T —-fa for Figure 2.31(a), T= ft for Figure 
2.31(b), and T = xbt f° r Figure 2.31(c). If we think of discrete-time sinusoidal 
sequences as being obtained as in eq. (2.47), then we see that although the sequence 
x[n] may not be periodic, its envelope x(t) is periodic. This can be directly seen in Figure 
2.31(c), where the eye provides the visual interpolation between the discrete sequence 
values to produce the continuous-time periodic envelope. The use of the concept of 
sampling to gain insight into the periodicity of discrete-time sinusoidal sequences is 
explored further in Problem 2.18. 


2.5 SYSTEMS 


A system can be viewed as any process that results in the tiansformation of signals. 
Thus, a system has an input signal and an output signal which is related to the input 
through the system transformation . For example, a high-fidelity system takes a 
recorded audio signal and generates a reproduction of that signal. If the hi-fi system 
has tone controls, we can change the characteristics of the system, that is, the tonal 
quality of the reproduced signal, by adjusting the controls. An automobile can also be 
viewed as a system in which the input is the depression of the accelerator pedal and 
the output is the motion of the vehicle. An image-enhancement system transforms an 
input image into an output image which has some desired properties, such as improved 
contrast. 
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u. interested in both continuous-time and 
As we have stated earlier, we w Qne in wh ; c h continuous-time input 

discrete-time systems. A continuous- t ( signals. Such a system will be 

signals are transformed into con inu ° h *(/) is the input and XO “ the 

-- 

time system by the notation ^^ ^ (2.50) 

symbolically as x[ „]—> y [ n ] ( 2 - 51 ^ 

, n „os, of this book we will treat 'J ?Z 

separately but in parallel. As we av derstan ding of the other. In Chapter 8 

insights gained in one setting to aid in together through the concept 

we will bring continuous-time and d.screte-t me sy sUmsi g systems (0 

of d.mplihg and will develop some «h, »“ £ remainder of this sec 

CriSlSS: .ee.ion P , we develop some o f the basis 
concepts for both continuous-time and discrete-time sys 



(a) 


figure 2.34 (a) Continuous-time 

system; (b) discrete-time system. 

, • reant idea that we will use throughout this book is that of an 

One extremely important idea t Connection of two systems is illus- 

intcrconnection , refer to diagrams such as this as block diagrams. 

trated in Figure 2.35(a). We wi . „,e v< . tem 2 and the overall system transforms 

H ere .h.o».p«.or ? ,««m l,..h«^O i ^^^ eini s f mi|> „ ;i0ntc>n 

an input by processing it fir y y c systems. A parallel interconnection of 

define a series interconnection o Her/the same input signal is applied to 

two systems is illustrated in Figu, ^ den0(es addition , so that the output of 

Systems 1 and 2. The symbol © ® . . 0 f Svstems 1 and 2. We can also 

the parallel interconnection is t e sum o P and w£ can combin e both 

2«^x:rrr^ain 

An example of such an ,nt * r ^ nl J^I“ “ to Construct new systems out of 

Interconnections such as these can 
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(a) 




(c) 


r„\ (cascade) interconnection; 

Figure 2.35 STJallel interconnection. 

(b) parallel interconnection, (c) serrcs/i 


existing ones. For example in FigUre 
expressions by interconnecting basic 5 

2.36 for the calculation of f r = , 2 x[n] - x[nP) 1 .' . 

. „ to the “©” symbol indicate that the signal 

In this figure the “ + " and signs "«»° ^Jtion, if no “+” or signs 

is to be subuacted fronuhej.gn^ ^ ^ ^ ^ ccrreSpon d,ng signals a - 
are present next to a fcfc) y 

‘“^I^addition to providing a mechan ^ st ^ at sy a l°raran1n^l^ti^ of its 

ssr ~ m ” wt i—,ion! 



Figure 2.36 System for the calculation of M » 
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circuit elements (resistors, capacitors, inductors). Similarly, the operation of an auto¬ 
mobile can be broken down into the interconnected operation of the carburetor, 
pistons, crankshaft, and so on. Viewing a complex system in this manner is often useful 
in facilitating the analysis of the properties of the system. For example, the response 
characteristics of an RLC circuit can be directly determined from the characteristics 
of its components and the specification of how they are interconnected. 

Another important type of system interconnection is a feedback interconnection, 
an example of which is illustrated in Figure 2.37. Here the output of System I is the 
input to System 2, while the output of System 2 is fed back and added to the external 
input to produce the actual input to System 1. Feedback systems arise in a wide variety 
of applications. For example, a speed governor on an automobile senses vehicle veloc¬ 
ity and adjusts the input from the driver in order to keep the speed at a safe level. 
Also, electrical circuits are often usefully viewed as containing feedback interconnec¬ 
tions. As an example, consider the circuit depicted in Figure 2.38(a). As indicated in 

Output 


Figure 2.37 Feedback interconnection. 





lb) 

Figure 2.38 (a) Simple electrical circuit; (b) block diagram in which the circuit 
is depicted as the feedback interconnection of the two circuit elements. 
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Figure 2.38(b), this system can be viewed as the feedback interconnection of the two 
circuit elements. In Section 3.6 we use feedback interconnections in our description of 
the structure of a particularly important class of systems, and Chapter 11 is devoted to 
a detailed analysis of the properties of feedback systems. 

2.6 PROPERTIES OF SYSTEMS 

In this section we introduce and discuss a number of basic properties of continuous¬ 
time and discrete-time systems. These properties have both physical and mathematical 
interpretations, and thus by examining them we will also develop some insights into 
and facility with the mathematical representation that we have described for signals 
and systems. 

2.6.1 Systems with and without Memory 

A system is said to be memoryless if its output for each value of the independent vari¬ 
able is dependent only on the input at that same time. For example, the system in eq. 
(2.52) and illustrated in Figure 2.36 is memoryless, as the value of y[ri\ at any par¬ 
ticular time n 0 depends only on the value of x[n] at that time. Similarly, a resistor is 
a memoryless system; with the input x(t) taken as the current and with the voltage 
taken as the output y(t), the input-output relationship of a resistor is 

y(t) = Rx{t) (2.53) 

where R is the resistance. One particularly simple memoryless system is the identity 
system, whose output is identical to its input. That is, 
y(t) = x(t) 

is the input-output relationship for the continuous-time identity system, and 
y[n] = x[n] 

is the corresponding relationship in discrete time. 

An example of a system with memory is 

( ? ~ 54 ) 

and a second example is 

y(t) = x(t - 1) (2-55) 

A capacitor is another example of a system with memory, since if the input is taken to 
be the current and voltage is the output, then 

y(t) = — J x(t) dx (2-56) 

where C is the capacitance. 

2.6.2 Invertibility and Inverse Systems 

A system is said to be invertible if distinct inputs lead to distinct outputs. Said another 
way, a system is invertible if by observing its output, we can determine its input. 
That is, as illustrated in Figure 2.39(a) for the discrete-time case, we can construct an 
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inverse system which when cascaded with the original system yields an output z[/i] 
equal to the input x[/i] to the first system. Thus, the series interconnection in Figure 
2.39(a) has an overall input-output relationship that is the same as that for the identity 
system. 

An example of an invertible continuous-time system is 

y(t) = 2x(t) (2-57) 

for which the inverse system is 

z(r) = \y0) (2.58) 

This example is illustrated in Figure 2.39(b). Another example of an invertible system 
is that defined by eq. (2.54). For this system the difference between two successive 
values of the output is precisely the last input value. Therefore, in this case the inverse 
system is 

z[n] = y'W — y[n — 1] (2-59) 

as illustrated in Figure 2.39(c). Examples of noninvertible systems are 

y[n] = 0 (2.60) 

that is, the system that produces the zero output sequence for any input sequence, and 

AO = xHO (2.61) 



(a) 



(b) 


yin] - Z x[kl 

Yin] 

z[n] - y[n] 




h- 





(c) 


Figure 2.39 Concept of an inverse system for: (a) a general invertible system; 
(b) the invertible system described by eq. (2.57); (c) the invertible system defined 
in eq. (2.54). 


2.6.3 Causality 



A system is causal if the output at any time depends only on values of the input at 
the present time and in the past. Such a system is often referred to as being nonantici- 
pative, as the system output does not anticipate future values of the input. Conse¬ 
quently, if two inputs to a causal system are identical up to some time f 0 or /?„, the 
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corresponding outputs must also be equal up to this same time. The motion of an auto¬ 
mobile is causal since it does not anticipate future actions of the driver. Similarly, the 
systems described by eqs. (2.55) and (2.56) are causal, but the systems defined by 

y[/i] = x[/i] - A'[n + 1] (2.62) 

and 

y0) = x0 + 1) (2.63) 

are not. Note also that all memoryless systems are causal. 

Although causal systems are of great importance, they do not by any means 
constitute the only systems that are of practical significance. For example, causality 
is not of fundamental importance in applications, such as image processing, in which 
the independent variable is not time. Furthermore, in processing data for which time 
is the independent variable but which have already been recorded, as often happens 
with speech, geophysical, or meteorological signals, to name a few, we are by no means 
constrained to process those data causally. As another example, in many applications, 
including stock market analysis and demographic studies, we may be interested in 
determining a slowly varying trend in data that also contain high-frequency fluctua¬ 
tions about this trend. In this case, a possible approach is to average data over an 
interval in order to smooth out the fluctuations and keep only the trend. An example 
of a noncausal averaging system is 


kM = 


1 

2 M + 1 


*£ x[n-k) 

k-~M 


(2.64) 


2.6.4 Stability 

Stability is another important system property. Intuitively, a strble system is one in 
which small inputs lead to responses that do not diverge. Suppose that we consider the 
situation depicted in Figure 2.40. Here we have a ball resting on a surface. In Figure 
2.40(a) that surface is a hill with the ball at the crest, while in Figure 2.40(b) the surface 
is a valley, with the ball at the base. If we imagine a system whose input is a horizontal 
acceleration applied to the ball and whose output is the ball's vertical position, then the 
system depicted in Figure 2.40(a) is unstable, because an arbitrarily small perturbation 
in the horizontal position of the ball leads to the ball rolling down the hill. On the 
other hand, the system of Figure 2.40(b) is stable, because small horizontal accelera¬ 
tions lead to small perturbations in vertical position. Similarly, any of the phenomena 
mentioned in preceding sections, such as chain reactions and population growth, that 
can be represented by growing exponentials are examples of the lesponses of unstable 
systems, while phenomena, such as the response of a passive RC circuit, that lead to 
decaying exponentials are examples of the responses of stable systems. 

x(t) 

Figure 2.40 Examples of (a) an un¬ 
stable system; and (b) a stable system. 
Here, the input is a horizontal accelera¬ 
tion applied to the ball, and the output 
is its vertical position. 
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The preceding paragraph provides us with an intuitive understanding of the 
concept of stability. Basically, if the input to a stable system is bounded (i.e., if its 
magnitude does not grow without bound), then the output must also be bounded and 
therefore cannot diverge. This is the definition of stability that we will use throughout 
this book. To illustrate the use of this definition, consider the system defined by eq. 
(2.64). Suppose that the input x[n] is bounded in magnitude by some number, say, B, 
for all values of n. Then it is easy to see that the largest possible magnitude for y[ri\ is 
also B, because y[n) is the average of a finite set of values of the input. Therefore, 
y[n] is bounded and the system is stable. On the other hand, consider the system 
described by eq. (2.54). Unlike the system in eq. (2.64), this system sums all of the past 
values of the input rather than just a finite set of values, and the system is unstable, 
as this sum can grow continually even if x[n] is bounded. For example, suppose that 
x[n] = u[n], the unit step, which is obviously a bounded input since its largest value 
is 1. In this case the output of the system of eq. (2.54) is 

y[n] = *#] = (» + 1 M«] (2.65) 

That is, y[0] = 1, y[l] = 2, y[ 2] = 3, and so on, and y[n] grows without bound. 

The properties and concepts that we have examined so far in this section are of 
great importance, and we examine some of these in far greater detail later in the book. 
There remain, however, two additional properties—time invariance and linearity— 
that play a central role in the subsequent chapters of this book, and in the remainder 
of this section we introduce and provide initial discussions of these two very important 
concepts. 

2.6.5 Time Invariance 

A system is lime-invariant if a time shift in the input signal causes a time shift in the 
output signal. Specifically, if y[n] is the output of a discrete-time, time-invariant system 
when x[n] is the input, then y[n — n 0 ] is the output when x[n — « 0 ] is applied. In con¬ 
tinuous time with >'(r) the output corresponding to the input x(i), a time-invariant 
system will have y(i — r 0 ) as the output when x(t — t 0 ) is the input. 

To illustrate the procedure for checking whether a system is time-invariant or 
not and at the same time to gain some insight into this property, let us consider the 
continuous-time system defined by 

y(l) = sin [x(r)] (2.66) 

To check if this system is time-invariant or time-varying, we proceed as follows. Let 
x,(t) be any input to this system, and let 

yM = sin [x,(t)J (2.67) 

be the corresponding output. Then consider a second input obtained by shifting x,(t): 

* 2 (0 = *.(' - t „) (2.68) 

The output corresponding to this input is 

yi(l) = sin [*,(!)] = sin [x,(t - r 0 )] (2.69) 
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Similarly, from eq. (2.67), 

y,(> ~ ' 0 ) = sin [x,(t - /„)] (2.70) 

Comparing eqs. (2.69) and (2.70), we see that y 2 {t) = >q(f — t 0 ), and therefore this 
system is time-invariant. 

As a second example, consider the discrete-time system 

y[n] = nx[n] (2.71) 

and consider the responses to two inputs *,[«] and x 2 [n], where x 2 [n] = x t [n — n 0 ]: 

y l [^] = nx 1 [n] (2.72) 

y 2 [n] = nx 2 [n\ = nx t [n — n 0 ] (2.73) 

However, if we shift the output y t [n], we obtain 

yA n ~ "ol = iP — Ho)*!I” — Hq] # y 2 [n] (2.74) 


Thus we conclude that this system is time-varying. Equation (2.71) represents a system 
with a time-varying gain. Therefore, shifting the input will result in different values of 
the gain multiplying values of the shifted input. Note that if the gain is constant, as 
in eq. (2.57), then the system is time-invariant. Other examples of time-invariant 
systems are given by eqs. (2.53)—(2.64). 

2.6.6 Linearity 

A linear system, in continuous time or discrete time, is one that pcssesses the important 
property of superposition: If an input consists of the weighted sum of several signals, 
then the output is simply the superposition, that is, the weighted sum, of the responses 
of the system to each of those signals. Mathematically, iet >>,(r) be the response of a 
continuous-time system to x,(r) and let y 2 (t) be the output corresponding to the input 
x 2 (r). Then the system is linear if: 

1 . The response to x,(t) + x 2 (t) is y 2 (t) + y 2 (t). 

2. The response to ax,(t) is ay,(r), where a is any complex constant. 

The first of these two properties is referred to as the additivity property of a linear 
system; the second is referred to as the scaling or homogeneity pioperty. Although we 
have written this definition using continuous-time signals, the same definition holds 
in discrete time. The systems specified by eqs. (2.53)-(2.60), (2.C2)-(2.64), and (2.71) 
are linear, while those defined by eqs. (2.61) and (2.66) are nonlinear. Note that a 
system can be linear without being time-invariant, as in eq. (2.71), and it can be time- 
invariant without being linear, as in eqs. (2.61) and (2.66).t 

The two properties defining a linear system can be combined into a single 
statement which is written below for the discrete-time case: 

ax x [n] + hx 2 [n] —>■ ay,[n] + by 2 [n] (2.75) 

■fit is also possible for a system to be additive but not homogeneous or homogeneous but 
not additive. In cither case the system is nonlinear, as it violates one of the tw o properties of linearity. 
We will not be particularly concerned with such systems, but we have included several examples in 
Problem 2.27. 
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where a and b are any complex constants. Furthermore, it is straightforward to show 

from the definition of linearity that if x k [n), k = 1,2, 3.are a set of inputs to a 

discrete-time linear system with corresponding outputs y k [n], k = 1,2,3.then 

the response to a linear combination of these inputs given by 

= 2 a k x k M = a iX t [n] + u 2 x 2 [n] + OjXjln] + . . . (2.76) 

is 

I'M = 2 ^i[/i] + a 2 y 2 [/i] + a 2 y 2 [n] + . . . (2.77) 

This very important fact is known as the superposition property , which holds for linear 
systems in both continuous time and discrete time. 

Linear systems possess another important property, which is that zero input 
yields zero output. For example, if x[n) —> y[n], then the scaling property tells us that 

0 = 0- x[n] —► 0 • y[n) = 0 (2.78) 

Consider then the system 

y[n] = 2x[n) -f- 3 (2.79) 

From eq. (2.78) we see that this system is not linear, since y[n] = 3 if x[/i] = 0. This 
may seem surprising, since eq. (2.79) is a linear equation, but this system does violate 
the zero-in/zero-out property of linear systems. On the other hand, this system falls 
into the class of incrementally linear systems described in the next paragraph. 

An incrementally linear system in continuous or discrete time is one that 
responds linearly to changes in the input. That is, the difference in the responses to any 
two inputs to an incrementally linear system is a linear (i.e., additive and homogene¬ 
ous) function of the difference between the two inputs. For example, if x,[n] and jc 2 [n] 
are two inputs to the system specified by eq. (2.79), and if y,[n] and y 2 [n) are the 
corresponding outputs, then 

T.W - ydn] = 2x,[n] + 3 - [2x 2 [n] + 3) = 2{x,[n] - x 2 [n]j (2.80) 

It is straightforward to verify (Problem 2.33) that any incrementally linear system 
can be visualized as shown in Figure 2.41 for the continuous-time case. That is, the 


Figure 2.41 Structure of an incremen¬ 
tally linear system. 



response of such a system equals the sum of the response of a linear system and of 
another signal that is unaffected by the input. Since the output of the linear system is 
zero if the input is zero, we see that this added signal is precisely the zero-input 
response of the overall system. For example, for the system specified by eq. (2.79) the 
output consists of the sum of the response of the linear system 


and the zero-input response 


x[n] —>■ 2x[n] 
ToM = 3 
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Because of the structure of incrementally linear systems suggested by Figure 2.41 many 
of the characteristics of such systems can be analyzed using the techniques we will 
develop for linear systems. In this book we analyze one particularly important class of 
incrementally linear systems which we introduce in Section 3.5. 


2.7 SUMMARY 


In this chapter we have developed a number of basic concepts related to continuous- 
and discrete-time signals and systems. In particular we introduced a graphical repre¬ 
sentation of signals and used this representation in performing transformations of the 
independent variable. We also defined and examined several basic signals both in 
continuous time and in discrete time, and we investigated the concept of periodicity 
for continuous- and discrete-time signals. 

In developing some of the elementary ideas related to systems, we introduced 
block diagrams to facilitate our discussions concerning the interconnection of systems, 
and we defined a number of important properties of systems, including causality, 
stability, time invariance, and linearity. The primary focus in this book will be on 
systems possessing the last two of these properties, that is, on the class of linear, time- 


invariant (LTI) systems, both in continuous time and in discrete time. These systems 
play a particularly important role i n system analysis and design, in part due to the fact 
that many systems encountered in nature can be successfully modeled as linear and 
time-invariant. Furthermore, as we shall see, the properties of linearity and time 
Invariance allow us to analyze in detail the characteristics of LTI systems. In Chapter 3 


we develop a fundamental representation for this class of systems that will be of great 


use in developing many of the important tools of signal and system analysis. 


PROBLEMS 

The first seven problems for this chapter serve as a review of the topic of complex 
numbers, their representation, and several of their basic properties. As we will use complex 
numbers extensively in this book, it is important that readers familiarize themselves with the 
fundamental ideas considered and used in these problems. 

The complex number z can be expressed in several ways. The Cartesian or rectangular 
form for z is given by 

z = x +jy 

where j = V—1 and x and y are real numbers referred to respecti vely as the real part and 
the imaginary part of z. As we indicated in the chapter, we will often use the notation 
x = Site jz), y — tlrti (z) 

The complex number z can also be represented in polar form as 
z = ref 

where r > 0 is the magnitude of z and 0 is the angle or phase of z. These quantities will often 
be written as 

r = |z|, 0 = <£z 
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The relationship between these two representations of complex numbers can be deter¬ 
mined either from Euler’s relation 

e“ = cos 9 + / sin 9 (P2.0-1) 

or by plotting z in the complex plane, as shown in Figure P2.0. Here the coordinate axes are 
(R« {z} along the horizontal axis and 3m {z} along the vertical axis. With respect to this 
graphical representation, x and y are the Cartesian coordinates of z, and r and 9 are its polar 
coordinates. 

3m 


Figure P2.0 

2.1. (a) Using Euler’s relation or Figure P2.0, determine expressions for x and y in terms 

of r and 9. 

(b) Determine expressions for r and 9 in terms of x and y. 

(c) If we are given only r and tan 9, can we uniquely determine x and yl Explain your 
answer. 

2.2. Using Euler’s relation, derive the following relationships. 

(a) cos 9 = \ (e ia -f e~ ,r ) 

(b) sin 9 = ~(e J * - e-!>) 

(c) cos 2 9 = J(1 + cos 29) 

(d) (sin 0)(sin $) = | cos (9 - <f>) - { cos (9 + <j>) 

(e) sin ( 9 + <j >) = sin 9 cos $ + cos 9 sin ^ 

2.3. Let z 0 be a complex number with polar coordinates r 0 , 9 0 and Cartesian coordinates 
Xo.yo- Determine expressions for the Cartesian coordinates of the following complex 
numbers in terms of x 0 and y 0 . Plot the points z 0 , z,, z 2 , z,, z 4 , and z, in the complex 
plane when r 0 — 2, 9 0 — 7t/4 and when r 0 = 2, 9 0 = 7t/2. Indicate on your plots the 
real and imaginary parts of each point. 

(a) z, = r 0 e-'*- (b) z 2 = r 0 (c) z 3 = r 0 e7<"' + *> 

(d) z 4 — r 0 e7(-*>+«) (e) z 3 = r 0 e Jia, + 1 ’ > 

2.4. Let z denote a complex variable 

z = X + jy — re‘ s 

The complex conjugate of z is denoted by z* and is given by 
z* = x — jy — re~t a 

Derive each of the following relations, where z, z,, and z 2 are arbitrary complex 
numbers. 

(a) zz* = r 1 

(b) ~ = el 2e 

(c) z + z* = 2 (R€ {z} 
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(d) z — z* = 2 j 3m (z) 

(e) (z, + z 2 )* = zf + zf 

(f) (rtZiz 2 )* = ozfz^, where a is any real number 

2.5. Express each of the following complex numbers in Cartesian form and plot them in 
the complex plane, indicating the real and imaginary parts of each number. 

(a) l±M 

W j _ 2 j 

(b) _ /p +/)—. 

W (1 +j)(2-j) 

(c) 2 ,(i ±m 

W 1 (3 -j) 

(d) 4e'<” /s > 

(e) JTj e'< 2J * /4 > 

(0 ;W <11 * /4 ' 

(g) 3e ;4 « + 2e lln 

(h) The complex number z whose magnitude is |z| = ar.J whose angle is 
<z = -71/4 

(>) (1 -))* 

6e~ J * n 

0) T=1 

2.6. Express each of the following complex numbers in polar form and plot them in the 

complex plane, indicating the magnitude and angle of each number. 

(a) 1 -FyVT (b) -5 (c) —5 — 5/ 

(d) 3 + 4 j (e) (1 -;VT) 2 (f) (1 + ;) 5 

(g) U/T+/>)(. -j) 00 (0 

„ , , ^ ^ ... el ’' 2 - I 


0) /(I +j)el'i‘ 


(k) + /) 2^/~T e 


2.7. Derive the following relations, where z, z 2 , and z 2 are arbitrary complex numbers. 

(a) (e')* - ■ £•'* 

(b) z,zf + z*z 2 = 2 <R* (z,zf) = 2 <R* {ztz 2 } 

(c) |z| = |z*| 

(d) |z,z 2 | = |zi||z 2 | 

(e) dhe{z} 5 S|z|, 3m{z)<,\z\ 

(0 Uiz* + zfzzl ^ 2|z,z 2 j 

(g) (U.I-UzD^lz, +z i | 2 ^(|z 1 |+|z 2 |) 2 

2.8. The relations considered in this problem are used on many occasions throughout this 
book. 

(a) Prove the validity of the following expression: 


N- 1 

S «■“ i 


(b) Show that if ] ce | < 1, then 


for any complex number Ct 1 
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-(c) Show also if fa| '< 1, then 


assuming that |a] < 1. 

2.9. (a) A continuous-time signal x(t) is shown in Figure P2.9(a). Sketch and label carefully 
each of the following signals. 

<(i) *(/- 2) 


*(ii) at(1 - ,) 

v (iii) x(21 + 2) 

< (tv) x(2 - 1 / 3) 
i (v) MO + x(2 - 
/ (vi) x(t)lS(t + 3) 


i (V) MO + *(2 - 0M1 - 0 
/ (vi) jc(/)[J(/ + j) - 5(1 - ^)] 

(b) For the signal h(l) depicted in Figure P2.9(b), sketch and label carefully each of the 
following signals. 

V (i) h(t + 3) 
ic (ii) h(,/2 - 2) 
f (iii) h(\ - 2/) 
f (iv) 4A(//4) 

' (v) ih(lHD + h(—t)u(r) 
y- (vi) hU!2) 5(1 + 1) 

•f (vii) h(t)[u(t + 1) - u(t - 1)] 

(c) Consider again the signals x(t) and hit) shown in Figure P2.9(a) and (b), respectively. 
Sketch and label carefully each of the following signals. 

X (i) x(t)h(i + 1) 
jt (ii) *m -0 
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/ (iii) x(t - 1)A(1 - 0 
(iv) jc(1 — l)h(l — 1) 

yt (v) x(2 - Il2)h(, + A) |v 

(a) A discrete-time signal jt[/i] is shown in Figure P2.10(a). Sketch and label carefully 

each of the following signals. Ii 

f (i) x(n - 2] gf 

f (ii) jc[ 4 - n] K|; 

* (iii) *[2/1] II 

j ( (iv) x[2n + 1] I 

y (v) x[n]u[2 — n\ ''J| 

y (vi) x[n — 1]<5[/i ~ 3] 

v (vii) i*[n] + i(—1 )"*[«] 

(viii) jr[n a ] sS,; 

(b) For the signal A[n] depicted in Figure P2.10(b), sketch and label carefully each of jyjj 

the following signals. [|j 

(i) h[2 - n] ; ( 

(ii) h[n + 2] M 

(iii) A[ —n]u[n] + A[n] FJ 

(iv) h[n + 2] + h[— 1 — n] 

(v) A[3/i] <5[/i - 1] 

(vi) A[n + l][u[/i + 3] — »[—«]] ijk 

( i' 

»(n] 


-2-1 0 1 2 3 4 5 
(a) 


h[n) 



(b) 

Figure P2.10 
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(c) Consider the signals x [«] and h[n] used in parts (a) and (b). Sketch and label care¬ 
fully each of the following signals. 

(i) h[n}x[— n] (ii) x[n + 2]/i[l — 2n] 

(iii) 41 - n]h[n + 4] (iv) x[n - 1 }h[n - 3] 

2.11. Although, as mentioned in the text, we will focus our attention on signals with one 
independent variable, on occasion it will be instructive to consider signals with two 
independent variables in order to illustrate particular concepts involving signals and 
systems. A two-dimensional signal d(x, y) can often be usefully visualized as a picture 
where the brightness of the picture at any point is used to represent the value of d(x, y ) 
at that point. For example, in Figure P.2.11(a) we have depicted a picture representing 
the signal d(x,y) which takes on the value 1 in the shaded portion of the (x, y)-plane 
and zero elsewhere. 


y 



tb| Figure P2.ll 

(a) Consider the signal d(x, y) depicted in Figure P2.11(a). Sketch each of the following, 
(i) d(x + \,y - 2) (ii) d(x/2, 2y) 

(iii) d(y, 3a) (iv) d(x — y, x -|- y) 

(v) d(\/x, I ly) 

(l>) For the signal f(x, y) illustrated in Figure P2.11(b), sketch each of the following. 

(i) /(a — 3,y -| 2) 

(ii) /(a, -y) 

(iii) f(-{y,2x) 

(iv) /(2-jr,-1 -y) 

(v) f(2y- l.jr/3 + 2) 

(vi) f{x cos 0 — y sin 0, x sin 9 + y cos 6), 0 — njA 

(vii) f(x, y)«(J - y) 
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2.13. In this problem we explore several of the properties of even and odd signals. 

Y (a) Show that if x[/r] is an odd signal, then 

E *[«] = o 

/ (b) Show that if x,[/i] is an odd signal and x 2 [rr] is an even signal, then x,[«]jr 2 [n] is an 
odd signal. 

y (c) Let x[n] be an arbitrary signal with even and odd parts denoted by 
x,[n] = tv { a [/ j ]} 

x 0 [n] = 0 d (a[»]| 


E xl M — E >J[«) + E *»[«] 

(d) Although parts (a)-(c) have been stated in terms of discrete-time signals, the 
analogous properties are also valid in continuous time. To demonstrate this, show 
that 


J + “ r>(l) d! = J *" x](t) dt + f" xl(l), 


where x,(r) and x „(r) are, respectively, the even and odd parts of x(l). 

.14. (a) Let x,[/i] shown in Figure P2.14(a) be the even part of a signal x[n]. Given that 
a[«] = 0 for n < 0, determine and carefully sketch .v[«] for all n. 
y (b) Let .v»[h] shown in Figure P2.14(b) be the odd part of a signal *[«]. Given that 
jr[«] = 0 for n < 0 and x[0] — 1, determine and carefully sketch x(n], 
y (c) Let x,(r) shown in Figure P2.14(c) be the even part of a signal x(t). Also, in Figure 
P2.14(d) we have depicted the signal x(l -|- 1 )u( — l — 1). Determine and carefully 
a, sketch the odd part of x(l). 

.15. If x(i) is a continuous-time signal, we have seen that x(2t) is a “speeded-up” version 
Jo f *(/), in the sense that the duration of the signal is cut in half. Similarly, x(i/2) 
represents a “slowed-down” version of x(i), with the time scale of the signal spread 
out to twice its original scale. The concepts of "slowing down” or “speeding up” a 
signal are somewhat different in discrete time, as we will see in this problem. 

To begin, consider a discrete-time signal at[«], and define two related signals, 
which in some sense represent, respectively, “speeded-up” and “slowed-down” versions 
of *[»]: 

>’,[«) = x[2n] 

, -I = |x[n/2], n even 
> 2 " 10, /i odd 

-f (a) For the signal x["] depicted in Figure P2.15, plot yj/t] and y 2 [n] as defined above. 
^ (b) Let x(t) be a continuous-time signal, and let yi(r) = x(2i), y 2 (r) = x(t/2). Consider 
the following statements: 

(1) If .v(r) is periodic, then >»,(r) is periodic. 

(2) If y,(r) is periodic, then x(r) is periodic. 

(3) If x(i) is periodic, then y 2 (i) is periodic. 

(4) If >’ 2 (r) is periodic, then x(i) is periodic. 

Determine if each of these statements is true, and if so, determine the relationship 
between the fundamental periods of the two signals considered in the statement. If 
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(cl 

xlt + t)u(-t- 1) 



-2 -1 0 ' * 
(d) 

Figure P2.14 
xln] 



Figure P2.15 

the statement is not true, produce a counterexample. Do the same for the following 
statements. 

(i) If x[n] is periodic, then y t [n] is periodic. 
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{ ..I . V . t. . »V; 

(ll) If >,[«] is periodic, then 44 is periodic. 

(iii) If 4«] is periodic, then >> 2 [n] is periodic. 

0 V ) If J>44 is periodic, then j<r[/i] is periodic. 

2.16. Determine whether or not each of the following signals is periodic. If a signal is peri 
odic, determine its fundamental period. 

(a) x(t) = 2 cos (3f + tt/4) 

(b) jr(0 = e-to-D 

(c) 44 = cos (8jin/l + 2) 

(d) cc[/?] = */(»/»-«) 

(e) 40 = [sin (/ - tt/6)] 2 

(f) 44 = cos (7T/I 2 /8) 

(g) 44 = 2^ [<5[/> - 3 m] - d[n - I - 3m]) 

(h) 40 = [cos 2nt]u(,t) 

(i) x(t) = SV {[cos (2^0140} 

O’) 40 = {[cos (271/ + 71/4)140) 

(k) x[ri\ - cos (n/4) cos (nn/4) 

(l) x[n) = 2 cos (tln/4) + sin ( 71 / 7 / 8 ) - 2 cos (nn/2 + n/6) 

(m) 40 = 2 

2.17. (a) Consider the periodic discrete-time exponential signal 

x[n] = 

Show that the fundamental period N 0 of this signal is given by 

A'o = N/gcd (m, N) (P2.17-I) 

where gcd (m, N) is the greatest common divisor of m and N, that is, the largest 
integer that divides both m and N an integral number of times. For example, 

gcd (2, 3) = 1, gcd (2, 4) = 2, gcd (8, 12) = 4 
Note that N 0 = N if m and N have no factors in common. 

(I.) Consider the following set of harmonically related periodic exponential signals 
0*[/;] = e'*< 2 */7>» 

Find the fundamental period and/or frequency for these signals for all integer values 
of k. 

(c) Repeat part (b) for 

0* [r/] = e Jk ^ lnli ' iK 

2.18. Let 40 he the continuous-time complex exponential signal 

40 = 

with fundamental frequency co 0 and fundamental period T 0 = 2n/a>o- Consider the 
discrete-time signal obtained by taking equally spaced samples of ,v(f). That is, 

x[n] — x(nT) = 

(a) Show that 4«] is periodic if and only if T/T 0 is a rational number, that is, if and 
only if some multiple of the sampling interval exactly equals a multinle of the period 
of 4/). 

(b) Suppose that 4«] is periodic, that is, that 

T 0 = f (P2.18-1) 
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where p and q are integers. What are the fundamental period and fundamental 
frequency of x[rt]? Express the fundamental frequency as a fraction of <W 0 3'. 

(c) Again assuming that T/T 0 satisfies eq. (P2.18-1), determine precisely how many 
periods of 4r) are needed to obtain the samples that form a single period of x[n]- 

2.19. (a) Let 4/) and y(() be periodic signals with fundamental periods T, and T 2 , respec¬ 

tively. Under what conditions is the sum 

x(t ) + y(t) 

periodic, and what is the fundamental period of this signal if it is periodic? 

(b) Let 44 and y[n] be periodic signals with fundamental periods W, and Af 2 , respec¬ 
tively. Under what conditions is the sum 

4 «) + 

periodic, and what is the fundamental period of this signal if it is periodic? 

(c) Consider the signals 

x(/) = cos -j—h 2 sin —y 
y(t) = sin nt 

Show that 

40 = 4040 

is periodic, and write /(/) as a linear combination of harmonically related complex 
exponentials. That is, find a number T and complex numbers /> so that 
z(0 = S c k e‘ k ^‘ 

2.20. (a) Consider a system with input x(t) and with output y(t) given by 

40 = S 40 <4/ -- »T) 

(i) Is this system linear? 

(ii) Is this system time-invariant? 

For each part, if your answer is yes, show why this is so. If your answer is no, 
produce a counterexample. 

(b) Suppose that the input to this system is 

4/) == cos 271/ 

Sketch and label carefully the output y(t) for each of the following values of T. 

T = Iii> i> i-T 1 ! 

All of your sketches should have the same horizontal and vertical scales. 

(c) Repeat part (b) for 

40 — ? cos 271/ 

2.21. In this problem we examine a few of the properties of the unit impulse function. 

(a) Show that 

<5(2/) = i 5«) 

Hint: Examine <5 4 (2/) (sec Figure 2.20). 

(b) What is t5[24? 

(c) In Section 2.3 we defined the continuous-time unit impulse as the limit of the 
signal 5 4 (/). More precisely, we defined several of the properties of <5(0 by examinin g 
the corresponding properties of Sx(t). For example, since the signal »a(0 defined by 


n a ( /) = J < 5 a ( t ) dr 
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(P2.21-1) 


converges lo me unit step ' 

"(0 = lim u A (r) 

A-G 

we could then interpret <5(0 through the equation 

"( i ) = J 5(r) dr 

or by viewing <5(0 as the formal derivative of //(;). 

This type of discussion is important, as we are in effect trying to define <5(0 
through its properties rather than by specifying its value for each /, which is not 
possible. In Chapter 3 we provide a very simple characterization of the behavior of 
the unit impulse that is extremely useful in the study of linear, time-invariant sys¬ 
tems. For the present, however, we concentrate on demonstrating that the impor¬ 
tant concept in using the unit impulse is to understand how it behaves To do this 
consider the six signals depicted in Figure P2.21. Show that each “behaves like an 


ri,tl r*h) 



te) (tl 


Figure P2.21 
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impulse” as A —* 0 in that, if we let 


u' 4 (0 = J r'Jt) dx 

then 

lim u 4 (0 = u(t) 

A-0 

In each case sketch and label carefully the signal (/). Note that 
ri(0) = ri( 0) = 0 for all A 

Therefore, it is not enough to define or to think of <5(0 as being zero for / ^ 0 and 
infinite for t — 0. Rather, it is properties such as eq. (P2.21-1) that define the 
impulse. In Section 3.7 we will define a whole class of signals known as singularity 
functions which are related to the unit impulse and which are also defined in terms 
of their properties rather than their values. 

(d) The role played by u(t), <5(0, and other singularity functions in the study of linear, 
time-invariant systems is that of idealizations of physical phenomena, and, as we 
will see, the use of these idealizations allows us to obtain an exceedingly impor¬ 
tant and very simple representation of such systems. In using s.ngularity functions 
we need, however, to be careful. In particular we must remember that they are 
idealizations, and thus whenever we perform a calculation using them we are 
implicitly assuming that this calculation represents an accurate description of the 
behavior of the signals that they are intended to idealize. To illustrate this consider 
the equation 

40 5(t ) = 40) <5(0 (P2.21-2) 

This equation is based on the observation that 

40 <5 4 (0 — 40) <5a(0 (F2.21-3) 

Taking the limit of this relationship then yields the idealized one given by eq. 
(P2.21-2). However, a more careful examination of our derivation of eq. (P2.21-3) 
shows that the approximate equality (P2.21-3) really only mrkes sense if 40 ts 
continuous at / = 0. If it is not, then we wili not have 40 ~ 40) for t small. 

To make this point clearer, consider the' unit step signal u(t). Recall from eq. 
(2.18) that u(t) = 0 for / < 0 and u(t) = 1 for / > 0, but that ts value at t = 0 is 
not defined [note, for example, that u 4 (0) «= 0 for all A while u 4 (0) — \ (from 
part (c))]. The fact that u(0) is not defined is not particularly bothersome, as long as 
the calculations we perform using u(0 do not rely on a specific choice for «(0). For 
example, if f(t) is a signal that is continuous at t = 0, then the value of 

J* f(ty)u(o) do 

does not depend upon a choice for </(0). On the other hand, the fact that u(0) is 
undefined is significant in that it means that certain calculations involving singu¬ 
larity functions are undefined. Consider trying to define a va’ue for the product 
<<(/) <5(f). To see that this cannot be defined, show that 

lim Mr) <5(01 = 0 

A-0 

but 

lim [u 4 (0 <5 a( 01 = i<5(0 

A—0 

In general, we can define the product of two signals without any di'ficulty as 
long as the signals do not contain singularities (discontinuities, impulses or the other 
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singularities introuuced in Section 3.7) whose locations coincide. When the locations 
do coincide, the product is undefined. As an example, show that the signal 


g(0 = J" u(x) 5(i — z) i lx 


is identical to MO; that is, it is 0 for / < 0, it equals 1 for t > 0, and it is undefined 
for t = 0. 

f' Z22 ~ In this chap,er we introduced a number of general properties of systems. In particular 
a system may or may not be ’ 

(1) Memoryless 

(2) Time-invariant 

(3) Linear 

(4) Causal 

(5) Stable 

Determine which of these properties hold and which do not hold for each of the fol low¬ 
ing systems. Justify your answers. In each example yU) or y[n) denotes the system out¬ 
put, and x(t) or x[n] is the system input. 

V (a) y(t) = e* u ' 
t (b) y[n] = x[n]x[n - I] 

* («) yU) = ^ 

•f (4) y[>'] - x[-rt] 
f (e) >M = x[n - 2] - 2a[;i - 17] 

+ (0 At) = x(t - 1) - ,r(l - t) 
f (g) y(t) = [sin (6r)]x(r) 

i (h) An] = t M*] 

\ 2 
~f (0 An] = nx[n] 

f 0 ) At) = | Ar) dx 
1 (k) An] = CV {x[n]) 


u(0 + x (r - 100), i > 0 


1 (m) y(t) ^ j ’ < 0 

T U(r) + x(t - 100), ,v(r) ^ 0 


W4 n > 1 

■f (n) yin] = 1 0 , n - 0 

(-'[«+ 1], n< -1 

W»], n > 1 

i («) A»] = 10, n = 0 

t.v[/i], n < - 1 

-f (p) yU) = x(t/ 2) 

4 (q) y[n] = x[2n] 

2-23. An important concept in many communications applications is the correlation between 
wo signals. In the problems at the end of Chapter 3 we will have more to say about 
this topic and will provide some indication of how it is used in practice. For now we 
content ourselves with a brief introduction to correlation functions and some of their 
properties. 

Let x(t) and ><r) be two signals; then the correlation function is defined 
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as 

= J* x{t + x)y(x)dz 

The function <j> x A>) is usually referred to as the autocorrelation function of the signal 
x(r), while <f> x ,(t) is often called a cross-correlation function. 

(a) What is the relationship between <f> x ,(t) and <f>, x (t)l 

(b) Compute the odd part of <f> xx (t). 

(c) Suppose that y(t) = x(t + T). Express <f> x ,U) and <f>„(t) in terms of <j> xx (t). 

(d) It is often important in practice to compute the correlation function $*,0), where 
Mr) is a fixed given signal but where x(r) may be any of a wide variety of signals. 
In this case what is done is to design a system with input x(t) and output <j> Xx (t). 
Is this system linear? Is it time-invariant? Is it causal? Explain your answers. 

(e) Do any of your answers to part (d) change if we take as the output <f> xh (t) rather 
than $**(r)? 

2.24. Consider the system shown in Figure P2.24-I. Here the square root operation produces 
the positive square root. 



Figure P2.24-1 


V (a) Find an explicit relationship between y{t) and x{t). 
f (b) Is this system linear? 
f (c) Is it time-invariant? 

- 7 c. (d) What is the response y(t ) when the input is as shown in Figure P2.24-2? 



Y 2.25. (a) Is the following statement true or false? 

y The series interconnection of two linear, time-invariant systems is itself a linear, 
time-invaiiant system. 

Justify your answer. 
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t (b) ijffk^llow. ^Utemeit {iasor&fe V: 

Justify yourTnTwe'r 0 " ^ ' W ° n ° nlinear syslems is itself nonlinear. 

Y (C) C ° nSidCr "’ rCC SyS ‘ CmS Wi,h ,he fol '°win e input-output relationships: 


j/Mcm 1 y [ n j = l ' ■ 

Q . ~ i0 * ^Odd 

System 2 y[n ] = 4n] + , v[ „ _ (] + _ 2] 

System 3 y[„] = 424 


system linear? Is it time-invariant 7 interconnected system. Is this 



Figure P2.2S 


System I y[«] = 4 _«] 

System 2 y [„] = a . v( „ j] + bx[n] + „ [f) + ,j 

System 3 4 „] = 4 _„j 


r » — “• «- - 

U t .’ L ° Verjl1 sys,em ,s ,lnea r and time-invariant 

S 1 '”" r "“"" ,hip ° r «»*" •«- » i*»bi , ta , or 

(iii) The overall system is causal 

2 - 2s - sr , ir„ ,r u“i« ,r -«• ~«. — 

■f <■> Ar> - - 4 ) ' 1,1 ' “ «»■ tave ihe same ouipui. 

, f ( b ) At) = cos [4/)l 

Y (c) y[ n ] = „. v [„] ,, 

M d ) y(,) = f X(T) dx 

( X P‘ — i], „>i 

* (,) M -fc 1 I'm 

V (8) y[»] = .v[l - „] r, 

' __ f C‘) y(i) = J e~ {, -’K\(x) dx 

f (i) (j) y(t) ..Mt) 

„ n '* 


(k) y[n] = 


j'pi + I], 

I'M, 


"<. -1 


C) y(/) = -v(2t) 


(m) y[n] = 42 ,,] 


(n) y[n] 


|-vI«/2], 

10, 


n even 
n odd 
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2.27. In the text we discussed the fact that the properly of linearity for a system is equivalent 
to the system possessing both the additivity properly and the homogeneity property. 

For convenience we repeat these two properties here: 

1. Let x,(t) and x 2 (t) be any two inputs to a system with corresponding outputs 
y 1 M and y 2 (t). Then the system is additive if 

*i(0 + x 2 (t) —>- yM + y 2 (t) 

2. Let x(t) be any input to a system with corresponding output y(t). Then the 
system is homogeneous if 

exit) ->- cy(t) (P2.27-1) 

where c is an arbitrary complex constant. 


The analogous definitions can be staled for discrete-time systems. 
f (a) Determine if each of the systems defined in parts (iHiv) is additive and/or homo¬ 
geneous. Justify your answers by providing a proof if one of these two properties 
holds, or a counterexample if it does not hold. 

X (i) y[n] = {jr[n]) 

f <“> *>-*)[¥]’ 

/ (iii) M«] = { ''I"' ■ I] ]> 

(0, x[n — 1] = 0 

3 / (iv) The continuous-time system whose output y(t) is zero for all times at which 
the input x(t) is not zero. At each point at which x(t) = 0 the output is an 
impulse of area equal to the derivative of x(t) at that instant. Assume that all 
inputs permitted for this system have continuous derivatives. 

K (b) A system is called real-linear if it is additive and if equation (P2.27-1) holds for c 
an arbitrary real number. One or the systems considered in part (a) is not linear but 
is real-linear. Which one is it? 

A (c) Show that if a system is either additive or homogeneous, it has the property that 
if the input is identically zero, then the output is also identically zero. 

K (d) Determine a system (either in continuous or in discrete time) that is neither additive 
nor homogeneous but which has a zero output if the input is identically zero. 

K. (e) From part (c) can you conclude that if the input to a linear system is zero between 
times/, and / 2 in continuous time or between times n, and n 2 in discrete time, then 
its output must also be zero between these same times? Explain your answer. 

2.28. Consider the discrete-time system that performs the following operation. At each time 
n, it computes 

e,(n] = I -»[/:] - ,v(u - 1 ]| 

f 0 [«] “ 14" + 1] - x[n - I]| 

'•-["] =■ \x[n + 1] — x[n] | 

It then determines the largest of these. Then the system output y[n] is given by 
yin] = x[n + 1 ] it r + [n] = max (r + [n], r 0 [n], r,[n ]) 

An] = x[ri\ if r 0 [n] = max (r + [n], r 0 [n], r.[n]) 
yin] = x[n — 1 ] if r_[n] = max (r t [n], r 0 [n], r_[n]) 
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U. I howL,.., ‘ jdn]: . valiJ J" . ' Si, ... •) 

three numbers x[n - 1], x [n] and'tf/+ t lT Cn °° SeS lhe middle value of the 

ous values that represent distortion of the r conlains occasional large, spuri- 
example, in deep-space com"" on teT'T™ the For 

short bursts of erratic behavior, resulting fronfsn ° n earth may con ' a ‘n 

filtering represents one method for partiallv re ^ yPe k ° f mterferenc e. Median 

-mod, for .,SXT T ;—»*"» 

is 

<o 1 '.r™ 5“,' “ * ddi “™' 

a system to process a receiv-d signal i n h pr ° b em 0 filterln g, that is, of using 
present. As we will £££ .ha, may be 
of such a system. In the remainder of ,h' m mUS ^ consldered in ‘he design 

System 1: A median filter 

System 2 : An averaging system: 

y[n] = ${x[n — I] + Jr[n] + x[n — ]]} 

System 3: An averager tha, places more weigh, on the signal 

value at the present time: 

y[n] — \x[n — 1] + ]4«] + \x [n + 1] 

% consis,s of ihe sum ° f a -- *w 

x[n] = x d [n ] -f- x t [n ] 

systems with x d [n] 'taken LTasTnT^ ° f <he ,hree 

P2.28(b). As can be seen each nf th 8 2 28(a) - and lhen as in Figure 

: « r o, 

(ti) Consider next the case in which xfn] is the sum of r r«l • • . 

P2.28(a) and x M as depicted in Figure P2 28(T) Detel T" Fl8Ure 
each of the three systems As c»n Determine the outputs of 

of removing the sporadic burs, of liise a^d 5“^“" d ° eS 3 be,,er job 
that this filter distorted the signal of Figure P2 28^7^^ ' h ?“ rCaS ° n 
suppresses sporadic peaks and whether nn h Th ' S ' medlan filterin g 
depends on the character^f both ,h ‘ a a Ch °° SCS ‘° use such a Alter 
desired signal is expected to hav ' \ de * tred lmd 'nterfering signals: if the 

hu, if the^esir^^; mS ^ 

of occasional bursts th<»n np. i • terfcrencc consists only 

Will help in removing the interf^e^""'" 8 ° f media " 

" l) 5"] S = C 5(-^ a r in WhiCh ^" J iS again given by F 'S" rc P2.28(a), but where 


Signals and Systems Chap. 2 


liaitw SEsfcii 1-Mi .iftiie. Vi 


’^*'*8 .. .... . .-i kiii-.'s: '&:*&>$ i-shfc i tc . i &22U 



(a) 

x a (nl 


3 3 



tb) 


xjnl 

5 5 



-1 0 1 2 3 4 5 6 


(c) 

Figure P2.28 

(iv) Note that Systems 2 and 3 are linear, and therefore a scaling of the amplitude 
of the interfering signal simply scales that portion of the output due to the 
interference. On the other hand, System 1 is not linear, and thus one might 
expect a very different-looking response to the inputs x d {n] + xln] and x<ln] 
+ kx,{n]. To illustrate this point, calculate the outputs of Systems 1 and 3 
when x d [n] is as in Figure P2.28(a) and x,[n] = |( — 1)”. Compare these 
responses to those you determined in part (Hi): 

2.29. (a) Consider a time-invariant system with input x(t ) and output y(t). Show that if 
x (/) is periodic with period T, then so is y(t). Show that the analogous result also 
holds in discrete time. 

(b) Consider the system 

An] = x*[n] 

Find a periodic input so that the fundamental period of the output is smaller than 
the fundamental period of xln]. Find a second periodic input where the fundamental 
periods of x[n] and An] are the same. 

(c) Provide an example (either in continuous time or in discrete time) of a linear 
time-varying system and a periodic input to this system for which the corresponding 
output is not periodic. 
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24 fng^atemenTT i "' ear **<«" * equivalent to the follow- 

F ° r any time and an y input x(t) so that x(i) = 0 for / < the corre¬ 
sponding output y(t) must also be zero for t < i 0 . 

p he . anal ° 8 , 0US s,atemen ' ean be made for discrete-time linear systems, 
b) Find a nonlinear system that satisfies this condition but is not causal 
m 11 a " 0nl,near sys,em ,hat is eausa! but does not satisfy this condition 

statement tmVer,lbll ' ,y ** “ disCre,e - ,ime linear sys,em equivalent to the following 

The only input that produces the output y[„] = 0 for all /, is x[n] = 0 for all n 
The analogous statement is also true for continuous-time linear systems 
< e) Flnd a nonl ‘near system that satisfies the condition of part (d) but is no. invertible 
2.31. In this problem we illustrate one of the most important consequences of the properties 
cj hneanty and .ime invariance. Specifically, once we know the response of a linear 

several ZoLl we"" (LT,) SyS ‘ em ‘° 3 single in P ut or the responses to 

several inputs, we can directly compute the responses to many other input signals 

orde C r to d 6 ° f b00k dea ' S W '' h 3 ,horough exploitation of this fact in 

° develop results and techniques for analyzing and synthesizing LTI systems 

(a) Consider an LTI system whose response to the signal in Figure P2.3M(T) is 


’' ,l ° Vi It) 



o r i 

(e) 


Figure P2.31-] 
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the signal y,(r) illustrated in Figure P2.31-l(b). Determine and sketch carefully 
the response of the system to the input **(/) depicted in Figure P2.31-l(c). 

(b) Determine and sketch the response of the system considered in part (a) to the 
input x,(t) shown in Figure P2.31-l(d). 

(c) Suppose that a second LTI system has the following output y{t) when the input 
is the unit step x(t) = «(/): 

y(t) = e-'u(t) + «(— 1 — 0 

Determine and sketch the response of this system to the input x(l) shown in Figure 
P2.31-l(e). 

(d) Suppose that a particular discrete-time linear (but possibly not time-invariant) 
system has the responses ;’iM, yj[n], and [n] to the input signals *i[n], -XjM. and 
a-jW, respectively, as illustrated in Figure P2.31-2(a). If the input to this system is 
x[n] as illustrated in Figure P2.31-2(b), what is the output y[n]7 

(e) If an LTI system has the response y,W to the input *,[/i] as in Figure P2.31-2(a), 
what would its responses be to **[n] and Xjl/i]? 

(f) A particular linear system has the property that the response to /* is cos kl. 
What is the response of this system to the input 

jt|(r) = n + 61 1 — 47 t s + \/T/ s ? 



Figure P2.31-2 
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2.32. Consider the feedback system of Figure P2 32 , r , 

(a) Sketch the output when x[n) = | W . ' ' ha ‘ Mn) = 0 for " < 

(b) Sketch the output when x[n] = u[n]. 



Figure P2.32 


2.33. (a) Let S denote an incrementally linear system and let , u l. , , . 

s.gnal to 5 with corresponding output v M rl J arb.trary mput 
Figure P2 n l Qhr» #u ^ Consider the system illustrated in 

y I n| 

*' |n| y,Ini 

Figure P2.33-1 



“ Pm “ !b0W s ™ r„™ !h „ w „ ln 

Sr »,.H on ron «. 

(i) y{n] = n + x[n] -f 2*[n + 4] 

, . |”^ 2 * n even 

(n) y[n] = I (,_i )/2 


(iii) y[n] = X ^ n ~ I" 3 if a[0] > 0 

,. , I'M - x\n - 1J - 3 if a[0) < 0 

(ivj the system depicted in Figure P2.33-2(a). 
i V) lhe system depicted in Figure P2.33-2(b). 

,,ncar Sys,cm a representation as in 

Show that 5 is time-invariant Ifand'^nly^Tis^im? reS P° nse ' 

is constant. y L S a ,lme ->nvariant system and y „[n] 
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'As we will see in the next section, one of the important characteristics of the unit 
impulse, both in discrete and in continuous time, is that it can be used as a building 
block to represent very general signals. This fact, together with the properties of super¬ 
position and time invariance, will allow us to develop a complete characterization of 
any LTI system in terms of its response to a unit impulse. This representation, referred 
to as the convolution sum in the discrete-time case and the convolution integral in 
continuous time, provides considerable analytical convenience in dealing with LTI 
systems. Following our development of the convolution sum in Section 3.2 and the 
convolution integral in Section 3.3, we use these characterizations in Section 3.4 to 
examine some of the other properties of LTI systems. In Sections 3.5 and 3.6 we intro¬ 
duce the class of continuous-time systems described by linear constant-coefficient 
differential equations and its discrete-time counterpart, the class of systems described 
by linear constant-coefficient difference equations. We will return to examine these 
two very important classes of systems on numerous occasions in subsequent chapters 
as we continue our development of the techniques for analyzing signals and LTI 
systems. 


THE REPRESENTATION OF SIGNALS 
IN TERMS OF IMPULSES 

As mentioned in Section 3.0, the continuous-time unit impulse and the discrete-time 
unit impulse can each be used as the basic signal from which we can construct an 
extremely broad class of signals. To see how this construction is developed, let us 
first examine the discrete-time case. Consider the signal v[«] depicted in Figure 3.1(a). 
In the remaining parts of this figure we have depicted five time-shifted, scaled unit 
impulse sequences, where the scaling on each impulse equals the value of x[n] at the 
particular time instant at which the unit sample is located. For example. 


4-1]%+ !] = \ X[ l] ’ 

n = — 

lo, 

« += - 

40]%] = f* [0] ’ 

n = 0 

lo, 

nttO 

4']% - 1] = {* [1] ’ 

n = 1 

( 0 , 

n*= 1 


Therefore, the sum of the five sequences, in the figure, that is 

4~2]% -|- 2] -|- x[- I] 6[n -I- I] + *[0]<5[n] + *[IJ 6[n - IJ -|- ,v[2)<5[/i — 2] (3.3) 

equals 44 for -2 < n < 2. More generally, by including additional shifted, scaled 
impulses, we can write that 

•*["] = • • ■ + 4-3] % + 3) + 4~2] % + 2] -I- x[ -1] d[n + I] -| a[0] %i] 

-I- 41] S[n - I] + *[2] <5[„ - 2] + *[3] <5 [n - 3] + . .. (3.4) 

l or any value of n only one of the terms on the right-hand side of eq. (3.4) is nonzero, 
and the scaling on that term is precisely x[n]. Writing this summation in a more 
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(f) 


Figure 3.1 Decomposition of a discrete-time signal into a weighted sum of 
shifted impulses. 
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‘ compact Iorm, we have ‘ ^ ^ 

- Y W = *M<5[« - k] ( 3 5 } 

This corresponds to the representation of an arbitrary sequence as a linear combina- 

‘rT,r°/l S A Un,t ? PU ' SeS . f ln ~ k] ’ Where the wei 8 hts in this linear combination 
are x[k]. As an example, consider Ar[n] = u[n], the unit step. In this case since „[*] = 0 
for k < 0 and u[k) = 1 for k > 0, eq. (3.5) becomes 


u[n] = £ S[n - k) 

* = 0 

which is identical to the expression we derived in Section 2.4 [see eq. (2.30)]. Equation 
(3.0) is called the sijtmg property of the discrete-time unit impulse. 

For the continuous-time case a corresponding representation can be developed 
again m terms of the unit impulse. Specifically, consider the pulse or “staircase” 
approximation, x{t), to a continuous-time signal *(/), as illustrated in Figure 3 2(a) 
In a manner similar to the discrete-time case, this approximation can be expressed as 
a linear combination of delayed pulses as illustrated in Figure 3.2(a)-(e). If we define 


<5a(/) 


fi- 0 < 1 < A 

lo, otherwise 


(3.6) 


then, since A<5 a (/) has unit amplitude, we have the expression 


*(0 ~ 4 S x(kA) S A (t — kA)A (3 7 ) 

From Figure 3.2 we see that, as in the discrete-time case, for any value of t exactlv 
one term in the summation on the right-hand side of eq. ( 3 . 7 ) is nonzero. 

As we let A approach 0, the approximation x(t) becomes better and better and 
in the limit equals *(/). Therefore, 

x (0 ~ ^2 x(kA) (5 a (/ — kA)A ^3 

Also as A 0, the summation in eq. (3.8) approaches an integral. This can be seen 
most easily by considering the graphical interpretation of eq. ( 3 . 8 ) illustrated in 
Figure 3.3. Here we have illustrated the signals x(r), S A (t - t), and their product 
e have also indicated a shaded region whose area approaches the area under 
*(t)< 5 4 (/ t ) as A ► 0. Note that the shaded region has an area equal to x(mA) 
where / A < mA < t. Furthermore, for this value of / only the term with k = m is 
nonzero in the sum,nation m eq. (3.8), and thus the right-hand side of this equation 
also equals x(mA). Consequently, we have from cq. ( 3 . 8 ) and from the preceding 
argument that x(t) equals the limit as A 0 of the area under x(x)8M - T ) Moreover 
from eq. (2.22), we know that the limit as A 0 of <5 4 (,) is the unit impulse function 
o(t). Consequently, 

x(0 = x(t) S(t - T) clx (3.9) 

, A mn,;is d e iS W te time ; e ‘° Cq - (39) 35 the MW Proper,, of the continuous-time 
pulse. We note that for the specific example of x(t) = „(/), eq. ( 3 . 9 ) becomes 
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-a o a 2 a ka t 

(a) 



r 


xl-a)5 A (t + a)a 



xio)6 A tua 



le) 


Figure 3.2 Staircase approximation to a continuous-lime signal. 
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S i»ce «„ . 0 fo, ,“<0 P"’''' f *' - *> * (3.10) 

expression derived in Section 2J {see Lp'^")] 0 EqUat '° n (3 ' ,0) is identical to the 
Note that we could have derived en ('x a• 

impulse discussed in Section 2.3.2, Specifically' I! f U , S,n8 Pf 0perties of ,he unit 
signal S(t - T ) (for , fi xed) is ^ y ’ as ll,ustrated in Figure 3.4(b) the 

Figure 3.4(c). , hi signal^) S f" ■' ^ ^ 

at t — / with area equal to the value of rffil rJ l-C- ’ " IS 3 scaled ‘mpulse 

rrom ' » — » t - +„ Cq ;»L U '(°S ■*«* sl 'final 

L *w«< - .>*. /;>)«. _ _ r)Jr _ , (;) 

derivation given in 4'l Mh09) wtTra 1 !™,— 1 “''”• 2 ' 3 ' 2, *' h " e ind “ d ' d U» 
*- d in — - 


signal x(r) as a “sum” (i.e., an integral) of weighted, shifted impulses. In the next two 
sections we use this representation of signals in discrete and continuous time to help 
us obtain an important characterization of the response of LTI systems. 


3.2 DISCRETE-TIME LTI SYSTEMS: THE CONVOLUTION SUM 

Consider a discrete-time linear system and an arbitrary input x[n) to that system. As 
we saw in Section 3.1, we can express x[n] as a linear combination of shifted unit 
samples, in the form of eq. (3.5), which we repeat here for convenience. 


[eq. (3.5)] 


= E x[k] 3[n 


Using the superposition property of linear systems [eqs. (2.75) and (2.76)], the output 
y[n] can be expressed as a linear combination of the responses of the system to shifted 
unit samples. Specifically, if we let h k [n] denote the response of a linear system to the 
shifted unit sample 3[n — k], then the response of the system to an arbitrary input 
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(3.11) 


L . ;a n l ., resse__ !..... . 

yM = Y,jlk}h k [n] 

displacedVmtlamp'll!,^ we^a^construcMh^r ° f * S> ' Stem t0 the set of 

interpretation ofeq (3 11) is illustrated in F' ‘° 30 arbltrar y >nput. An 

is applied as the input to a linear svstem y 1, 0, and I. This signal 

%], and S[n - 1] are depicted in F.We3 TbTVur^T ^ + 'l* 

combination of 8[n + I] Sin] and Sin n * ” ^ b& wntten as a llnea r 

response to as a hnear combfnaUon'o V p Uperp0S,,10n a "° WS U$ *° Write the 
impulses. The individual shifted and i i ■ C res P onses t0 tbe individual shifted 

» «K feft-h.*SF 8UK 3 W * «'Zfr ,h *' “T“ XM "‘ ’" USIrale d 

actual input xln] which is the sum ^’ gUre we have depicted the 

«.pu, M, It,’t „ C Fi ^' S and the 

h k [n) = h 0 [n-k] n 

Vclic.ll,, since % - *) is . .im.-shif.ed version of Ihe response j. , 


x(n] 



,S“ "S'" ■«» 
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Figure 3.5 (cont.) 
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tiinc-siiifted Version of hoM . For 1 notational convenience we will drop the subscript 
on and define the unit impulse {sample) response , h[n], as 

%] = /»»[«] (3, 3) 

( i e > — %])• Then for an LTI system, eq. (3.11) becomes 

yM= Y,^x[k)h[n- k] (314) 

This result is referred to as the convolution sum or superposition sum, and the operation 
on the nght-hand s.de of eq. (3.,4) is known as the convolution of the sequences 

e!" H m " r W rePreSen ‘ s y mbolical| y ** An] = An] * /,[„]. Note that 
eq. (3.14) expresses the response of an LTI system to an arbitrary input in terms o 

' rcs P° nse t0 the unlt lm P d '^ From this fact we immediately see that an Ln 

ontnir’r y r Ch H araC L en ' Zed by itS impU,Se resp0nse - We wi " tlevel °P a numbl 

of the imphcat.ons of this observation in this and in the following chapters 

The interpretation of eq. (3.14) is similar to that given previously for eq (3 1 n 
where ,n this case the response due to the input x [k] applied at time k l S V- k ’ 
which .s simply a shifted and scaled version of /,[„]. As before, the actual iutput is the 
superposition of a 1 these responses. Thus at any fixed time n, the output y[n] consists 

3 6 thfsTnte Ver ? ° f *,° f ^ nUmberS ^ ~ ^ As illustrated 

3.6, this interpretation of eq. (3.14) leads directly to a very useful way in which to 

visualize the calculation of y[n) using the convolution sum. Specifically consider the 
eva nation of the output for some specific value of n. In Figure 3.6(a) we have depicted 

No ;rV,"r FlgU ;f 3 - 6(b) WC haV£ $hOWn - A 'l as ■“unction o^ wTh „ fixld 
2 7 J 15 ° btained fronl A M b y reflection about the origin followed by a 

shift to the right by n if n is positive and to the left by Ini if,, j s neeative Finally ^ 

fS' 3 ed <? we “r " tai, T" d m Tte r »' 

that i h y rf tln8 each Value ° f ^ by the corres Ponding value of h[n - k 1 
that is by multiplying the corresponding points in Figure 3 6(b) and fc) and then 
summing proves. To this pmnedum, ’’ 


h[k] 



la) 


wir; fi 3 x tn' n ::r ,at r of n eq - (3,4) - The signai a ^,,0,, or* 

, j(A , ) ,S 0b,a, " c , d by rcflcc,l0n and s tubing from the unit sample response 

in M a T ° nS : 7" IS ° b ' a,ned by mul,, PLing the signals a[At] and h[n - k] 
n (b) and (c) and Ihcn by summing the products over all values of k 
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0 k 

(c) 


Figure 3.6 cont. 

Example 3.1 

Let us consider an input xf/i] and unit sample response h[n] given by 
x[n] = «”</[„] 
h[n\ = «W 

with 0 < a < 1. In Figure 3.7 we have shown h[k], h[—k], h[— 1 — k ], and A[1 — k], 
that is, h[n — k] for n = 0, —1, and +1, and h[n — A] for an arbitrary positive value 
of n and an arbitrary negative value of n. Finally, x[A] is illustrated in Figure 3.7(g). 
From this figure we note that for n < 0 there is no overlap between the nonzero points 
in x[k] and h[n — A:]. Thus, for n < 0, x[k]h[n — k] — 0 for all values of k, and hence 
y[n] = 0, n < 0. For n ;> 0, x[k]h[n — k ] is given by 

fa*, 0 <, k <,n 

x[k]h[n — k] = | 

(0, otherwise 

Thus, for n ;> 0, 

A»] = £ a* 

*-0 

and using the result of Problem 2.8, we can write this as 
A"] — j ^ — for ,,^0 
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Thus, for all n, y[n] is given by 


&£*& Ki :'-ii 




and is sketched in Figure 3.8. 



Figure 3.8 Output for Example 3.1. 


Example 3.2 

As a second example, consider the two sequences x[n] and h[n) given by 
fl, 0 <; n <; 4 

x[n] = 

(0, otherwise 

fa", 0 <.n<.6 

m = „ . . 

(0, otherwise 

These signals are depicted in Figure 3.9. In order to calculate the convolution of these 
two signals, it is convenient to consider five separate intervals for n. This is illustrated 
in Figure 3.10. 

Interval 1. For n < 0 there is no overlap between the nonzero portions of 
x[£] and h[n — Ar], and consequently y[n] = 0. 

Interval 2. For 0 <, n <. 4 the product x[k]h[n — A:] is given by 

. fa-*, O^k^n 


x[k\h[n — A:] 


a***, 0; 

0, otl 


Thus, in this interval. 


y[n] = S «“■* 
*-0 


Changing the variable of summation from k to r = n — k we obtain 

Ak] = ± a ' = |l“ ■■■ 
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y|n] 



0 4 6 10 


Figure 3.11 Result of performing the convolution in Example 3.2. 

n» mte of important pr^S'of c^oE"Sl. ™“Su‘£’" 7,“““ * 
occasions. al we Wlli ond useful on many 

thru ‘" X taSiC ProPm >' ° f it » « opoponon, 

. 4«] * hln] = /i[n] * x[n] 

becomes 8 * 0r> e <l uiv aiently. Ar = n - r, eq. (3.14) 

4nj.bw._fJ_, i»-, j/ , w , %j . aW (3|6) 

int“tcta e S' ° f *H »-« 

lution m Example 3.2 by first reflecting and tbiffin^IuMhi^ 1 “'“'j 1 ."!' 

T A[,,] * * A *M> = W«J * /!,[«)) * /,,[„] n , 7 s 

tes : s . ° r ,h ' —^ 

R nying tins property is given in Problem 3.5. The 
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interpretation of the associative property is indicated in Figure 3.12(a) and (b). The 
systems shown in these block diagrams are LTI systems with the indicated unit sample 
responses. This pictorial representation is a particularly convenient way in which to 
denote LTI systems in block diagrams, and it also reemphasizes the fact that the 
impulse response of an LTI system completely characterizes its behavior. 






Figure 3.12 Associative property of 
convolution and the implication of this 
and the commutative property for the 
series interconnection of LTI systems. 


In Figure 3.12(a), 

y[n] = it'M * h^n] 

= (•*[»] * M«]) * h il f '} 

In Figure 3.12(b), 

y[n] = x[n\ * h[n] 

= jr[n] » (A,W * /i 2 M) 


According to the associative property, the series interconnection of the two systems in 
Figure 3.12(a) is equivalent to the single system in Figure 3.12(b). This can be gener¬ 
alized to an arbitrary number of LTI systems in cascade. Also, as a consequence of 
the associative property in conjunction with the commutative property of convolution, 
the overall unit sample response of a cascade of LTI systems is independent of the 
order in which the systems are cascaded. This can be seen for the case of two systems, 
again by reference to Figure 3.12. From the commutative property, the system of 
Figure 3.12(b) is equivalent to the system of Figure 3.12(c). Then, from the associative 
property, this is in turn equivalent to the system of Figure 3.12(d), which we note is 


!; 

5 . 
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{ ade (, natj'o__ ^ wo ■ ' ■" 

cascade interchanged. We' note ‘also' thVt"b^ecaTe^ ^ ^ ° rder of <he 
convolunon, the expression USe of the assocmtive property of 

M"] = x[n] ♦ h t [ n } * hjn] 

we^;n^;r Mordin8 to < 3i7 >> *• - - «..* which ^ 

X[n] * (/! ‘M + *zM) = x[n] * h.[n\ + xM . h r , 

This can also be verified in a straiphtfor , + f ] (3.19) 

has a useful interpretation. Consider two LT^vst ^ ^ d, ' 3tributive Property 

8Ur L 3 j 3 ^' ThetW0systemsA iWand/i r«lh y ^ mS . ln paral,el > as indicated in 
af e added. and h M have identical inputs and their outputs 




Igure 3.13 Inlerprelalion of the dis- 
tributive properly of convolution for a 
parallel interconnection of LTI systems. 


Since 

and 


y,[n] = 4/j) * h t [n] 
yM = x[n] * h 2 [n] 


‘he system of Figure 3.13(a) has output 


J'M “ Mn] * /,,[„] + x[ „j , /i 2 [/x] 


(3.20) 


corresponding to the right-hand side of eo n lot ti, 

out put q ' (319 >- T he system of Figure 3.13(b) has 

M" ] = *(«] , (/,,[„] . f hi[n]) 


corresponding to the left-hand side of eq (3 lot T h k • 

COnvolution > a parallel combination of ITi’ ^ V ' rtU<i ° f the distribut >ve 
’ 6 6 LT1 system whose unit sample response is th ^ Sy f Stems can be replaced by a 
esponses in the parallel combination. $Um ° f the ind,vidua ' unit sample 
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In this section we have derived several important results for discrete lime LTI 
systems. Specifically, we have derived the convolution sum formula for the output of 
an LTI system, and from this have seen that the unit sample response completely 
characterizes the behavior of the system. We have also examined several important 
properties of convolution (commutativity, associativity, and distributivity) and from 
these have deduced several properties concerning the interconnection of LTI systems. 
It is important to emphasize that the results in this section hold in general only for 
LTI systems. In particular, the unit impulse response of a nonlinear system does not 
completely characterize the behavior of the system. For example, consider a system 
with unit impulse response 

, r , fl, n ~ 0, 1 

%I_ K otherwise <3 - 22 > 

There is exactly one LTI system with this as its unit impulse response, and we can 
find it by substituting eq. (3.22) into the convolution sum, eq. (3.14), to obtain 

y[n] = x[/i] + x[n - 1] (3.23) 

However, there are many nonlinear systems with this response to the input 8[n}. For 
example, both of the following systems have this property: 

y[n] = (*[«] + x[n - l]) 1 

y[n] = max (x[n], x[n — ]]) 

In addition, it is not true in general that the order in which nonlinear systems are 
cascaded can be changed without changing the overall response. For example, if we 
have two memoryless systems, one being multiplication by 2 and the other squaring 
the input, then ir we multiply first and square second, we obtain 

y[n] = 4x[/i] 1 

However, if we multiply by 2 after squaring, we have 
y[n] = 2x[n\ 2 

Thus, being able to interchange the order of systems in a cascade is a characteristic 
particular to LTI systems. In fact, as shown in Problem 3.20, we need both linearity 
and time invariance in order for this property to be true in general. 

As the preceding discussion indicates, discrete-time LTI systems have a number 
of properties not possessed by other classes of systems. As we will see, these properties 
help to facilitate the analysis of LTI systems and allow us to gain a detailed under¬ 
standing of their behavior. The basis for our initial analysis in this section into the 
properties of LTI systems was the convolution sum, which we derived using the 
properties of superposition and time-invariance together with the representation of 
input signals as weighted sums of shifted impulses. In the next section we derive an 
analogous representation for the response of a continuous-time LTI system, agi-in 
using superposition, time invariance, and the sifting property of the unit impulse. 

In Section 3.4 we use the representations in this and the next section to obtain very 
explicit characterizations for LTI systems of the properties introduced in Section 2.6. 
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3 CumIINUOUS-TIME LTI SYSTEMS: 

THE CONVOLUTION INTEGRAL 

In analogy with the results derived and discussed .• 

of this section is to obtain a comnlete rh ■ • P receciln fi section, the goal 

system in terms of its unh a |mpulseTMponse^SDecifi IZ ^| IOn ^ COnt “-‘*- Ln 
input x(t) and output y(t). I n Section 3.1,'eqs Jsta^d^G^we Whh 
trary continuous-time signal could be expressed as the fmiCfo™ n? 
combination of shifted pulses: limiting form of a linear 

x{t) = Km £ x(kA) S A (t ~ kA)A (3 24) 

bSSS^S^bbssb 

(325) 

In JJ^SSXS f ° r ^ «•") i« discrete lime, 

3,5. In Fieut. 3.14(a) „ e h,»edepi'cted ,h. i^“m“r i ;; ,,me ““ n ''?* rlofFi e” re 

in Figure 3.14(b)-(d) we have shown .h nputx(,)and 1,5 approximation^,), while 
weighted pulses inThe ’expression for^t^ Tu'T"* ^ to three of the 

the superposition of all of these responses [Figure 3 TS' C ° rreSpond,n e to *0) is 
limit of y(t) as A —> 0, as indicated in e f Ld T '* t0 take the 

to obtain the response v<t) In the i • d 3S 1 lustrated ln Figure 3.14(f), 

S ^‘ ~ kA ^ corresponds to a shifted unfumpulTe^s A^O^he* ^ l ^ PUlS6 

the response to such an impulse in the limit. Therefore’ « A TT 

response at „me r to the unit impulse <5(, - T ) , ocated ^ den0te the 

X0 “iS *£.***) MO A ojg) 

graphically 7^^ ** ^ * « « b * « 

y(o = f~x(z)h,( t )dz (3 27) 

- * - <** 
x (0 = J _ x(z) 6(t - t) dz 

where the weight on the Impure *(>)* Whh'S’^ impulses - 
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kA (k + da 7 F,8ure3 - 15 Graphical illustration of 

eqs. (3.26) and (3.27). 

WC Wi " d,0 <‘ 

XO ~ h a {t) 

[i.e., <5(f) — h(t)]. In this case, eq. (3.27) becomes ^ 


y(>) = j '~xMh(l - z)dz 


symbolically as B W and "'0 Wl!l be represented 

X0 = x(0 * A(0 (3 3Q) 

i h ;i”r;r:,iL7r“ “°,fr r — 

the two cases. generally be sufficient distinguish 

time 65 th , eSam£ Pr0PCr . tkS d “ for discrete- 

ciative, and distributive. That is,’ lnuous lme convolution is commutative, asso - 

x(t) * h(t) _ h(t) * x(t) (commutativity) (331) 

; 0 * [A * ( ° * hM = W» * *■<'» * *.« (associativity) 3 32 

• W(0 + A,(/)] = WO * *,»J + WO * *,«] (distributivity) 3 33 

con^olZ^ 35 th ° Se di ™d for discrete-time 

and impulse the ^ ^ signal 

combination of LTI systems •““? 

response is the convolution of the individual 1 8 yst m whose lm pulse 

a^a^resulf of^hef d^TV* U ° a ^ ^ ° ^^^scadcd^ystems^Hnafly^ 

equivalent to a single s^mVhS ?J C " S “ 

-mpulse responses in the parallel configuration. individual 

It is important to emphasize again that these properties are particular to LTI 
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systems. Just as in discrete time, a nonlinear continuous-time system is not'completely 
characterized by its response to a unit impulse. Also, the overall impulse response of 
a cascade of two nonlinear systems (or even linear but time-varying systems) does 
depend upon the order in which the systems are cascaded. 

The procedure for evaluating the convolution integral is quite similar to that 
for its discrete-time counterpart, the convolution sum. Specifically, in eq. (3.29) we see 
that for any value of t the output y(t) is a weighted integral of the input, where the 
weight on x(z) is h(t — t). To evaluate this integral for a specific value of t we first 
obtain the signal h{t — t) (regarded as a function of z with t fixed) from h(z) by a 
reflection about the origin plus a shift to the right by 1 if /> 0 or a shift to the left 
by | /1 for t < 0. We next multiply together the signals x(t) and h{t — t), and y(t) is 
obtained by integrating the resulting product from z = —00 to z = + 00 . To illus¬ 
trate the evaluation of the convolution integral, let us consider two examples. 


Example 3.3 

Let x(t) be the input to an LTI system with unit impulse response h(t), where 
x(t) = e-“u(t) 
hit) = u(t) 

where a > 0. In Figure 3.16 we have depicted the functions hiz), x(z), and h(t — z) 
for a negative value of t and for a positive value of t. From this figure we see that for 
I < 0 the product of x(t) and hit — t) is zero and consequently y(t) is zero. For t > 0, 


x(z)hit - z) = 


From this expression we can compute yit) for t > 0 as 

yit) = f ' e-'dt = - 

Jo “ Id 


Thus, for all t, yit) is 


= -i-(l - e-0 


yit) = -HI - e~“)uit) 


which is pictured in Figure 3.17. 


hlr) 



0 


la) 

Figure 3.16 Calculation of the convolution integral for Example 3.3. 
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' L “ *(r) ^ ^ 




h(t-r) 



Id) 

Figure 3.16 com. 


t <0 


V(D * ;ll-e-“)u(t) 



Example 3.4 

Consider (he convolution of the following two signals: 


-v(0 = = 

fn 

0 < t <T 


(0, 

otherwise 

Ht) = 

£ 

0 < t <2T 


(0, 

otherwise 
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From these examples we see, as we did for discrete-time convolution, that it is 
generally useful to consider the graphical evaluation of the convolution integral. 

PROPERTIES OF LINEAR TIME-INVARIANT SYSTEMS 

In the preceding two sections we developed the extremely important representations 
of continuous-time and discrete-time LTI systems in terms of their unit impulse 
responses. In discrete time this representation takes the form of the convolution sum, 
while its continuous-time counterpart is the convolution integral, both of which we 
repeat here for convenience. 

(3.34) 

(3.35) 

As we have emphasized, one consequence of these representations is that the charac¬ 
teristics of an LTI system are completely determined by its impulse response. We 
have already deduced properties concerning series and parallel interconnections of 
LTI systems from this fact, and in this section we use the characterization of LTI 
systems in terms of their impulse responses in examining several other important 
system properties. 

3.4.1 LTI Systems with and without Memory 

Recall from Section 2.6.1 that a system is memoryless if its output at any time depends 
only on the value of the input at that same time. From eq. (3.34) we sec that the only 
way that this can be true for a discrete-time LTI system is if h\n] = 0 for n ^ 0. In 
this case the impulse response has the form 

h[n) = K5[n\ ( 3 . 36 ) 

where K= A[0] is a constant, and the system is then specified by the relation 

>’M = Kx[n) ( 3 . 37 ) 

If a discrete-time LTI system has an impulse response h[n] which is not identically 
zero for n 0, then the system has memory. An example of an LTI system with 
memory is the system given by eq. (3.23). The impulse response for this system, given 
in cq. (3.22), is nonzero for n = 1. 

From cq. (3.35) we can deduce similar properties of continuous-time LTI 
systems with and without memory. In particular, a continuous-time LTI system is 
memoryless if h( t) = 0 for x Y= 0, and such a memoryless system has the form 

X0 = Kx(t) (3.38) 

for some constant K. This system has the impulse response 

h(t) = K5(t) (3.39) 


■kM = — k] = £ h[k)x[n -k] = x[n) * h[n ] 

y(0 = \ _ x (r)h(t -x)dx = J + h(x)x(t - x) dx = x(t) * h(t) 


Sec. 3.4 Properties of Linear Time-Invariant Systems 


95 




>-• U .. that = 1 i it w (3 3 i m , 

«*l> '"Put equal to ’he oulpu" and wfth b “°”‘ 

““ ,n,pu, “- ,n ,his »» ,he 
x[n] = x[n] * 5[n] 
x(t) = *(/) * <5(,) 

wh.ch are nothing more than the familiar sifting properties 
M = J£j[k]5[n~k} 
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3.4.2 /nvertibility of LTI Systems 
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Figure 3.21 Concept of an inverse 
system for continuous-time LTI 
systems. The system with impulse 
response A,(/) j s the inverse of the 
system with impulse response Ml) if 
A(0*A,(/) = <5(,). 

‘ample 3.5 

Consider ,h, LTI corai„i„ 8 . „„„ ^ 

M (M2) 
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Such a system is called a delay if t 0 > 0 and an advance if r Q < 0. The impulse 
response for this system can be obtained immediately from eq. (3.42) by taking the 
input equal to 5(t), 

fit) = <5(r - t 0 ) (3.43) 

Therefore, 

x(t - l 0 ) = x(t) * 5(t - t 0 ) (3.44) 

That is, the convolution of a signal with a shifted impulse simply shifts the signal. 

The inverse for this system can be obtained very easily. All we must do to recover 
the. input is to shift the output back. That is, if we take 

MO = 5{t + to) 

then 

fit) . MO = 5(1 - to) * 5(1 + to) = <5(0 

Similarly, a pure time shift in discrete time has the unit sample response <5[n — n 0 ] 
and its inverse has sample response <5[n + n 0 ]. 

Example 3.6 

Consider an LTI system with unit impulse response 

m = fin\ (3.45) 

Then using the convolution sum, we can calculate the response of this system to an 
arbitrary input: 

M = - *3 (3.46) 

Since u[n — A] equals 0 for (rt — ft) < 0 and 1 for (n — k))> 0, eq. (3.46)-bccomes 


y[n] = ^ Ml (3.47) 

That is, this system, which we first encountered in Section 2.6 [see cq. (2.54)], is a 
summer or accumulator that computes the running sum of all the values of the input 
up to the present time. As we saw in Section 2.6.2, this system is invertible, and its 
inverse is given by 

y[n] = *[n] - x{n - 1] (3.48) 

which is simply a first difference operation. If we let -fin] — 5[n], we find that the impulse 
response of the inverse system is 

A,[n] = <5[/i] - <5[n - 1] (3.49) 

That this is the unit sample response of the inverse to the LTI system specified by eq. 
(3.45), or equivalently by eq. (3.47), can be verified by direct calculation: 

A[n] » A,[n] = fin] * [5[ri\ - S[n - 1]) 

= fin] * 5[n] — fin] * 5[tt - 1] (3.50) 

= fin] — fin — 1] 

= <5M 


3.4.3 Causality for LTI Systems 


In Section 2.6 we introduced the concept of causality—the output of a causal system 
depends only o,. the present and past values of the input. By using the convolutior 
sum and integral given in eqs. (3.34) and (3.35), we can relate this property to a 
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h[n] = 0 for n < 0 ,, 

In this case, eq. (3.34) becomes (351) 

IW-J.4*1 (3.52) 

Stmlarly, a continous-litne LTI system is causal if 

HO = 0 for / < o 

and in this case the convolution integral is given by 5 

3*>-j>)*,_ t: 

Example <*> = « ~ * - ■». described i„ 

impulse response h(t) = S(t ~ t ) is cans 1 r 3I ? Causal - The P Uf e time shift with 
but is noncausa! fo,,, < „ iL c ,s. , h “ dmT ,hK' 

3.4.4 Stability for LTI Systems 
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„ L U[n)\<B for all „ 
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output Um ’ We ° bta,n an expression for the magnitude of the 
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discrete-time LTI system. In fact, this condition is also a necessary condition, since, 
as shown in Problem 3.21, if eq. (3.59) is not satisfied, there are bounded inputs that 
result in unbounded outputs. Thus, the stability of a discrete-time LTI system is 
completely equivalent to eq. (3.59). 

In continuous time we obtain an analogous characterization of stability in terms 
of the impulse response of an LTI system. Specifically, if |jt(/)| < B for all /, then, in 
analogy with eqs. (3.56)—(3.58), we find that 

I y(0 1 = j J__ — t) dx | 

^ j__ l%)IW' — t)| dx 
B J | A(t) | dx 

Therefore, the system is stable if the impulse response is absolutely integrable, 

J + ” I h{x) \dx < oo (3.60) 

and, as in discrete time, if eq. (3.60) is not satisfied, there are bounded inputs that 
produce unbounded outputs. Therefore, the stability of a continuous-time LTI 
system is equivalent to eq. (3.60). 

As an example, consider a system that is a pure time shift in either continuous 
or discrete time. In this case 

JjMI= EJ^-noll=! 
j _ \H*)\di = J i<5(r — t a )\dx = 1 

and we conclude that both these systems are stable. This should not be surprising, 
since if a signal is bounded in magnitude, so is any time-shiftec; version of that signal. 

As a second example, consider the accumulator described in Example 3.6. As 
we discussed in Section 2.6.4, this is an unstable system since if we apply a con¬ 
stant input to an accumulator, the output grows without bound. That this system 
is unstable can also be seen from the fact that its impulse response u[n] is not absolutely 
summable: 

E l«MI = E «M = - 

*=-« A -0 

Similarly, consider an integrator, the continuous-time counterpart of the 
accumulator: 

AO = J _ *(t) * (3.61) 

This is an unstable system for precisely the same reason as that given for the accu¬ 
mulator (i.e., a constant input gives rise to an output that grows without bound). The 
impulse response for this system can be found by letting x{t) — 5{t), in which case we 
find that 

HO = J S( t) dx — u(t ) 
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l«<T)|*= j~d r = ^ 

which corroborates our statement that ea ('3 6!') . 

q ' presents an unstable system. 
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used to characterize an LTI system, since we can calculate the unit impulse response 
from it. In Problem 3.14 expressions analogous to the convolution sum and convo¬ 
lution integral are derived for the representation of an LTI system in terms of its 
unit step response. 


5.5 SYSTEMS DESCRIBED BY DIFFERENTIAL 
AND DIFFERENCE EQUATIONS 

An extremely important class of continuous-time systems is that for which the input 
and output are related through a linear constant-coefficient differential equation. 
Equations of this type arise in the description of a wide variety of systems and physical 
phenomena. The response of an RLC circuit can be described in terms of a differential 
equation, as can the response of a mechanical system containing restoring and 
damping forces. Also, the kinetics of a chemical reaction and the kinematics of the 
motion of an object or vehicle are usually described by differential equations. 

Correspondingly, an important class of discrete-time systems is that for which 
the input and output are related through a linear constant-coefficient difference equation. 
Equations of this type are used to describe the sequential behavior of many different 
processes, including return on investment as a function of time and a sampled speech 
signal as the response of the human vocal tract to excitation from the vocal cords. 
Such equations also arise quite frequently in the specification of discrete-time systems 
designed to perform particular desired operations on the input signal. For example, 
the system discussed in Section 2.6 [see eq. (2.64)] that ccmpvtes the average value 
of the input over an interval is described by a difference equation. 

Throughout this book there will be many occasions in which we will consider 
and examine systems described by linear constant-coefficient differential and difference 
equations. In thi. section we introduce and describe these classes of systems, first in 
continuous time and then in discrete time. In subsequent chapters >-,v develop addi¬ 
tional tools for the analysis of signals and systems that will provide us with useful 
methods for solving linear constant coefficient differential and difference equations 
and for analyzing the properties of systems described by such equations. 



f. 3.S.1 Linear Constant-Coefficient Differential Equations 

To bring out the important ideas concerning systems specified by linear constant- 
coefficient differential equations, w'e begin by examining an example. Specifically, 
consider a continuous-time system whose input and output are related by the 
equation 

ii, + 2 y(t) = x(t) (3.66) 

Equation (3.66) describes the system response implicitly, and we must solve thediffer- 
T ential equation to obtain an explicit expression for the system output as a function of 
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' " 1 ! mp “ t - , To review the usual method ^ the solution of linear constant-coefficient 
differential equations,! let us consider this example with a particular input signal: 

x(t) = AT[cos co 0 t]u(t) n 671 

where A: is a real number. ( ' 

, A Th I C °, mplete solution t0 e£ l• ( 3 66 ) consists of the sum of a particular solution 
y p (t), and a homogeneous solution, y h (t): ’ 

y (0 = t,( 0 + >\(0 (3 gg) 

ZzzesxZZ: <166) “■* ■ ■ -*■ * 

dj jp + W<> - 0 (3.69) 

To find a particuffir solution for the input given in eq. (3.67), we observe that for 
1 > t), x (t) may be written as 

x (0 — (3.70) 

We then hypothesize a solution of the form 

y„(t) = Ke y "*') (3.71) 

yidds 6 ^ ‘ S 3 C ° mPleX nUmber ‘ Substitutin 8 these two expressions into eq. ( 3 . 66 ) 

Ye‘°- + 2 Ye 1 -*'} = 6\-e{Ke>^'\ (3 72 ) 

s ince eq. (3.70) must be true for all / > 0, the complex amplitudes of the exponentials 
on both sides of the equation must be equal. That is, 

jco 0 Y + 2 Y = K 


Therefore, 


T,W — 0\-e[Ye , °“‘] 


r cos (ay — 0), 


.. tOUr diSCU f i0 " ° f ,he S0lution of linear constant-coefficient differential equations is brief 
s.nce we assume that the reader has some familiarity with this material. For review, we recommend 
text on the solution of ordinary differential equations such as Ordinary nur* i c 
(2nd cd.) by G. Dtrkhoff and G.C. Rota (Waltham, Mass.: Illaisdell l'ublishing"co. \m)Z 

l*rcn ce-Ha rinc £ ' /Ua "' 0m ^ E A ' Coddin « ton (Englewood Cliffs, N.J.: 

con'exTof rir , 'cT are a numerous ,Mts that discuss differential equations in the 
on ext of circuit theory. See, for example, Basic Circuit Theory by C. A Desoer and F S ic„k 

we'presenf' M ‘ :Graw ' Hi " Book c ° m pany, 1969). As mentioned in the text, in the following chapters 
we present another very useful method for solving linear differential equations that will be sufficient 
or our purposes In addition a number of exercises involving the solution of differln ia 7equation 
are included in the problems at the end of the chapter. equations 
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In order to determine y„(f), we hypothesize a solution of the form 

yj(f) = Ae" (3.76) 

Substituting this into eq. (3.69) gives 

Ase“ + 2 Ae" = Ae"(s + 2) = 0 (3.77) 

From this equation we see that we must take s = — 2 and that Ae" 1 ' is a solution to 
eq. (3.69) for any choice of A. Combining this with eqs. (3.68) and (3.75), we find that 
for t > 0, the solution of the differential equation is 


Note from eq. (3.78) that the differential equation (3.66) does not completely 
specify the output y(t) in terms of the input x(t). Specifically, in eq (3.78) the constant 
A has not as yet been determined. This is a basic property of a system described by a 
differential equation: In order to have the output completely determined by the input, 
we need to specify auxiliary conditions on the differential equation. In the example, 
we need to specify the value of y(t) at some given instant of time. This will determine 
A and consequently will determine y(f) for all time. For example, if we specify 


T(0) = 


A = To - 


then, from eq. (3.78), 


Therefore, for t > 0, 

y(t) - yo<r 2 ' + K • ••; [cos (ay - 0) - e' 2 ’ cos 0), t > 0 
Vff + aj 0 

For t < 0, x(t) = 0 and therefore y(t) satisfies the homogeneous differential 
equation (3.69). As we have seen, solutions to this equation are of the form Be" 1 ', 
and using the auxiliary condition given in eq. (3.79), we find that 

y(0 = To e " 2 '. '<0 

Combining the solutions for t > 0 and / < 0, we then have that 

y(t) = y 0 e~ 21 + -r-4—rf cos (“o' — &) — e' 1 ’ cos 0]u(r) (3.81) 

V 4 + co 0 

Therefore, by specifying an auxiliary condition for the differential equation 
(3.66), we obtain an explicit expression for the output y(0 in terms of the input x(r), 
and we can then investigate the properties of the system specified in this fashion. 
For example, consider the system specified by eq. (3.66) with auxiliary condition 
given by eq. (3.79). Let us first determine if this system is linear. Recall that as shown 
in Section 2.6.6, a linear system has the property that zero input produces zero 
output. However, if we let K = 0 in our example, x(r) = 0 [see eq. (3.67)], but from 
eq. (3.81) we see that 

y(0 = Toe" 2 ' 

Therefore, this system is definitely not linear if y<, 0. It is lir ear, however, if the 

auxiliary condition is zero. To see this, let x,(r) and x 2 (0 be two input signals, and 
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(3.82) 


J’ lO) a 'uu /i(t) be me corresponding responses. That is, 

+ 2y,«) = x,(,) 

+ 2y 2 (0 = xM (3.83) 

and also y,(r) and y 2 (t) must satisfy the auxiliary condition 

Tif 0 ) = ^(0) = 0 (3.84) 

Consider next the input x 3 (t) = ax,(r) -f px 2 (t), where a and f} are any com¬ 
plex numbers. Then, using eqs. (3.82) and (3.83), it is not difficult to see that 
y}(0 = &y,0) + py 2 (0 satisfies the differential equation 

+ 2 y,(i) = *,(/) (3.85) 

and also, from eq. (3.84), 

^ 3 ( 0 ) = ay,( 0 ) + fiy 2 ( 0 ) = 0 ( 3 . 86 ) 

Therefore, y } (t) is the response corresponding to x 3 (t), and thus the system is linear. 

Although the system specified by eq. (3.66) with the auxiliary condition of 
eq. (3.79) is not linear for a nonzero auxiliary condition, it is incrementally linear. 
Specifically, in eq. (3.81) we see that the solution consists of two terms. The first is 
the response due to the nonzero auxiliary condition alone, while the second term is 
the response if y a = 0 , that is, the linear response of the system assuming that the 
auxiliary condition is zero. This fact generalizes to all systems characterized by linear 
constant-coefficient differential equations. That is, any such system is incrementally 
linear and therefore can be thought of conceptually as having the form depicted in 
Figure 3.22. Thus, if the auxiliary conditions are zero for a system specified by a 


Response to auxiliary 
conditions alone 



Mgure 3.22 Incrementally linear structure of a system specified by a linear 
constant-coefficient differential equation. 

linear constant-coefficient differential equation, the system is linear, and the overall 
response of a system with nonzero auxiliary conditions is simply the sum of the 
response of the linear system with zero auxiliary conditions and the response to the 
auxiliary conditions alone. In most of this book we will be concerned with linear 
systems, and therefore in the remainder of our discussion in this section we will 
restrict our attention to the linear case (i.e., to the case of zero auxiliary conditions). 
Because of the decomposition shown in Figure 3.22, analysis of the linear case yields 
considerable insights into the properties of systems with nonzero auxiliary conditions. 
In Section 9.8 we adapt one of the tools we will develop for the analysis of linear 
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systems to allow us to analyze systems specified by linear constant-coefficient differ¬ 
ential equations with nonzero auxiliary conditions. 

In addition to linearity, a second question about the properties of linear systems 
specified by differential equations concerns their causality. Specifically, in order to 
have causality for a linear system specified by a linear constant-coefficient differential 
equation, we must make a particular choice for the auxiliary conditions for this 
system. This is the condition of initial rest which specifies that if the input *(/) is 
applied to the system, and *(/) = 0 for t <. then y(t) also is zero for / ^ f„. To gain 
some understanding of this condition, consider the following example. 

Example 3.7 

Let us first consider a linear system described by eq. (3.66) and an auxiliary condition 
specified at a fixed point in time. Specifically, 

y( 0) = 0 (3-87) 

As we have just seen, these two equations together specify a linear system. Consider 
the following two inputs: 


Since the system is linear, the response y 3 (t) to the input x 3 (t) is 

y,(t) = 0 for all t (3-90) 

Now consider the solution to the differential equation for x(t) — x 2 (t). For t > —1. 
Xl (,) = 1 . Therefore, if we seek a particular solution that is constant, 

>-,(') = y, <> - 1 

we find, upon substitution into eq. (3.66) that 


Including the homogeneous solution, we obtain 

y 2 (l) = Ae- V + t >-1 (3-91) 

and, to satisfy eq. (3.87) we must take A =» which yields 

y 2 (t) = i - l*' 2 '. (3 - 92) 

To find y 2 {t) for / < — 1, we first note that x 2 {t) = 0 for t < — 1. Thus the particular 
solution is zero for / < - 1 , and consequently 

y 2 (l) = Be -1 ', t < -1 (3-93) 

Since the two pieces of the solution in eq. (3.92) and (3.93) must match at / = —1. 
we can determine B from the equation 

[ - >e 2 = Be 1 

which yields 

y 2 (t) - (* - ^ 2 )e- 2, ' +1 >, t < -1 (3-94) 

Note that since x,(r) = x 2 {t) for / < -1, it must be true that y,(t) « yi(t) for 
/ < —1 i, this system is causal. However, comparing eqs. (3.90) and (3.94) we see 
that this is not the case and conclude that the system is not causa!. 
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Consider now a second linear system specified by eq. (3.66) and the assump¬ 
tion of initial rest. Then the response y,(r) to the input *,(/) is still given by eq. (3,90), 
but the response to x 2 {t) given in eq, (3.89) is different from that given in eqs. (3.92) 
and (3.94). Specifically, since * 2 (r) = 0 for / < —1, initial rest implies that y 2 (t) = 0 
for t < —1. To find the response for / > —1, we must solve eq. (3.66) with the condi¬ 
tion specified by initial rest, that is, 

J'i(-l) = 0 (3.95) 

As before, the general form of the solution for y 2 (t) for i > —1 is given by eq. (3.91), 
but in this case A is chosen to satisfy eq. (3.95). This yields the solution 

3'iW = i t > —l (3.96) 

and by the assumption of initial rest we can write the solution for all time as 

3'2(0 = [i-K 2(,+ u M' + l) (3.97) 

From this we see that we do satisfy the condition for causality. That is, x,(r) = x 2 (t) 
— 0 for t < — 1 , and also yffr) = y 2 (t) — 0 for t < —1. 

Intuitively, specifying the auxiliary condition at a fixed point in time as we did 
in eq. (3.87), leads to a noncausal system, as the response to inputs that are nonzero 
before this fixed time, such as * 2 (r) in eq. (3.89), must in some sense anticipate this 
future condition. On the other hand, the condition of initial rest does not specify the 
auxiliary condition at a fixed point in time but rather adjusts this point in time so 
that the response is zero until the input becomes nonzero, and consequently the 
phenomenon of the response anticipating the future does not occur. In fact, Prob¬ 
lem 2.30 demonstrates that a linear system is causal if and only if whenever *(/) = 0 
for t <, /„, then y(t) = 0 for / <, t 0 . This is nothing more than the condition of initial 
rest. 

Note that in the example we made use of a basic consequence of initial rest. 
Specifically, if we make the initial rest assumption, and if x(t ) = 0 for / <, t 0 , then we 
need only solve for y(t) for t > t a , and this solution can be obtained from the differ¬ 
ential equation and the condition y{t a ) — 0, which in this case is called an initial 
condition. 

In addition to guaranteeing linearity and causality, initial rest also implies 
time invariance. To see this consider the system described by eq. (3.66), which is 
initially at rest, and let yft) be the response to an input jc 2 (r), which is zero for t <, t 0 . 
That is, 

+ 2y t (l) = *,(/) (3.98) 

yf‘o) = 0 (3.99) 

Now consider the input 

x i( l ) — x i( l ~ T) (3.100) 

From Figure 3.23 it can be seen that x 2 (t) is zero for t <, t 0 -f- T. Therefore, the 
response y 2 (t) to this input must satisfy the differential equation 

^ + 2y 2 (t) = * 2 « (3.101) 
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Figure 3.23 Illustration of the fact that if x,(t) = 0 for t < to and x 2 (t) 
*,(/ - T), then x 2 (t) = 0 for t < to T T. 


with the initial condition 

y 2 0o + T) = 0 ( 3 - 1 °-) 

Using eqs. (3.98) and (3.99), it is straightforward to show that y.(t - T) satisfies 
eqs. (3.101) and (3.102), and thus that 

-50 < 3 - 103 > 

A general Nth-order linear constant-coefficient differential equation is given by 


f „ d*y«) _ f b aMO 


The order refers to the highest derivative of the output y(t) appearing in the equation. 
In the case when N — 0, eq. (3.101) reduces to 


y \ 1 ^(O 


That is yit) is an explicit function of the input x(t) and its derivatives. For 1. 
eq. (3.104) specifies the output implicitly in terms of the input In this cases thet analy^s 
of eq (3 104) proceeds just as in our example. The solution y(t) consists of two parts 
a homogeneous solution and a particular solution. Also as m the exarnpk he 
differential equation (3.104) does not completely spec.fy the output in terms of 
input. In the general case we need a set of auxiliary conditions correspond.ng to the 

values of , . 

,. dv(t) d"-'ylt) 

yU), •••• -$*=* 


at some point in time. Furthermore, the system specified by eq. (3.104) and these 
auxiliary Conditions will be linear only if all of these auxihary condtUons are ^ 
Otherwise, the system is incrementally linear with the response due to the auxiliary 
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conditions alone added to the response due to the input assuming zero auxiliary 
conditions (Figure 3.22). Furthermore, for the system to be linear and causal, we 
must assume initial rest. That is, if x(r) = 0 for t < we assume that y(t) = 0 for 
l < r 0 , and therefore the response for I > f 0 can be calculated from the differential 
equation (3.104) with the initial conditions. 

y( to ) = = = ‘f'yQv) = 0 

no> dt ' dt N ~' 

In this case, not only is the system linear and causal, it is also time-invariant. In the 
remainder of this book we will be focusing our attention primarily on LTI systems, 
and therefore when we consider systems described by differential equations, we will 
make the assumption of initial rest. In this case the output y(t) can, of course, be 
computed by solving the differential equation in the manner outlined in this section 
and illustrated in more detail in several problems at the end of the chapter. However, 
in Chapter 4 we will develop some tools for the analysis of continuous-time LTI 
systems that will greatly facilitate the solution of differential equations and in particular 
will provide us with a convenient method for calculating the impulse response for 
LTI systems specified by linear constant-coefficient differential equations that are 
initially at rest. 

3.5.2 Linear Constant-Coefficient Difference Equations 

The discrete-time counterpart of eq. (3.104) is the Mh-order linear constant-coefficient 
difference equation 

E W[n - k] = E b k x[n - k] (3.106) 

A-0 A-0 

An equation of this type can be solved in a manner exactly analogous to that for 
differential equations (see Problem 3.3 l).t Specifically, the solution y[n] can be 
written as the sum of a particular solution to eq. (3.106) and a solution to the homo¬ 
geneous equation 

E Wl" - k] = 0 (3.107) 

A-0 

As in the continuous-time case, eq. (3.106) does not completely specify the output in 
terms of the input, and to do this, we must also specify some auxiliary conditions. 
Furthermore, the system described by eq. (3.106) and the auxiliary conditions is 
incrementally linear, consisting of the sum of the response to the auxiliary conditions 
alone and the linear response to the input assuming zero auxiliary conditions. Thus, 
a system described by eq. (3.106) is linear if the auxiliary conditions arc zero. 

Although all these properties can be developed following an approach that 

(For a detailed treatment of the methods for solving linear constant-coefficient difference 
equations, we refer the reader to Finite Difference Equations by H. Levy and F. Lessman (New 
York: Macmillan, Inc., 1961) or The Calculus of Finite Differences by L. M. Milne-Thomson (New 
York: Macmillan, Lnc., 1933). In Chapter 5 we present another method for solving difference 
equations that greatly facilitates the analysis of LTI systems that are so-described. In addition, we 
refer the reader to .he problems at the end of this chapter that deal with the solution of difference 
equations. 
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directly parallels our discussion for differential equations, t^ discrete-time case offers 
an alternative path. This stems from the observation that eq. (3.106) can be rearranged 
in the form 

y[n] = j- [g b k x[n - k] — £ a k y[n - A]} (3-108) 

This equation directly expresses the output at time n in terms of previous values 
of the input and output. From this we can immediately see the need ror auxn y 
conditions In order to calculate y[n], we need to know y[n - 1],... ; . 

Therefore if we are given the input for all n and a set of auxiliary conditions such 

y {J N + 1], . ., y[-1), eq. (3.108) can then be solved for successive values 

° f " l ln equation of the form of eq. (3.106) or (3.108) is called a ^cursive equation 
since i, specifies a recursive procedure for determining the ot pU { “' “s to 
input and previous outputs. In the special case when N = 0, eq. (3.108) reduces 


' M - Sfe )*-* 1 


This is the discrete-time counterpart of the continuous-time system given in eq_ 
(3 105) In this case y[n] is an explicit function of the present and previous values of 
... r- r reason ea (3 109) is called a nonrecursive equation, since we do 

“ of L output"Therefore, jus. ,S in .he case of .he system f'“’-h e “ d 
we do not need auxiliary conditions in order to determine Furthermore; eq^ 

( 3. 109 ) describes an LTI system, and by direct computation th: impulse response 
this system is found to be 

, Q<,n<,M (3110) 

Will- K 1 ’ 


That is eq (3 109) is nothing more than the convolution sum. Note that the impulse 
i^Se, halite duration; that is, it is nonzero onN over a finite 

time interval. Because of this property the system specified y q. ( • 
called a finite impulse response (FIR) system. 

Although we do not require auxiliary conditions for the case of N - 0 . ch 
conditions are needed for the recursive case when 1. To gain some insight into 

,he behavior and properties of reeorsive difference equations, eons,der the hrs.-order 

'" mP " pM-Mrt-n-aM < 3 - 1M > 

which can be expressed in the form 

M«1 = + W ~ 1] ( 

Suppose it is known that y[- 1] - - and that the input is 

x[n] = K5[n] (3-113) 

where K is an arbitrary complex number. We can solve for succesive values of y{n) 
for n ;> 0 as follows: 
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(3.114) 


J [0] = x[0] + i>[-l] = K + ia 
Al] = x[l] + iy[0] = Q)(K + M 
y[2) = x[2] + ±jr[l] = (i) J (A' + {a) 


y[n) = x[n) + i y[n - 1] = (i)"(A + Jo), n > 0 

= (i)”^+(i)" +, «. «>o 

By rearranging eq. (3.111) in the form 

- 1] = 2{y[n) - *[«]} (3.115) 

and again using the known value of y[— 1] = a, we can also determine y[n] for n < 0. 
Specifically, 

y[~ 2 ] = 2 {y[-l]-x[-l]} = 2 a 

y[- 3] = 2[y[~2] - x[-2]} = 2 2 a 

y[—4] = 2{_v[— 3] - jc[— 3]} = 2 3 a (3.116) 


v[—n] = 2[y[-n + 1] — x[—n + 1]) = 2" 'a — ($) " +l a 
Combining eqs. (3.114) and (3.116) we have that for all values of n, 

kM = (i)" +1 a + A(i)"u[n] (3.117) 

From eq. (3.117) we again see the need for auxiliary conditions. Since this 
equation is a valid solution of eq. (3.111) for any value of a, this value must be specified 
in order for y[n] to be determined as a function of the input. Also, if K — 0, the input 
is zero, and we see that the output will be zero only if the auxiliary condition is zero. 
If this is the case, then the system described by eq. (3.111) is linear. This can be 
verified directly, much as we did in the continuous-time case (see Problem 3.31). 

Furthermore, as in continuous time, to ensure the linearity and causality of the 
system described by eq. (3.111), we must make the assumption of initial rest. That 
is, we assume that if x[rt] = 0 for n < n 0 , then y[n ] = 0 for n <, n„. In this case we 
need only solve the difference equation forward in time for n> n 0 starting with the 
initial condition y[n 0 \ = 0. Under this condition the system described by eq. (3.111) 
is not only linear and causal, but it is also time-invariant. Linearity follows from 
the zero initial condition, while time invariance can be verified in exactly the same 
fashion as was used in continuous time (Problem 3.31). From eq. (3.117) we then 
have that under the assumption of initial rest, the unit impulse response for this LTI 
system is 

/'["] = (i)""M 

Note that this system has an impulse response that has infinite duration. 

As indicated at the beginning of this section, all the observations we have made 
for this simple example carry over to the general case of a system described by eq. 
(3.106). For the system to be linear, the auxiliary conditions must be zero, and if the 
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initial-rest assumption is made, the system is causal, linear, and time-invariant. As 
we will be concentrating our attention on LTI systems, we will usually make the 
assumption of initial rest when considering systems described by ^^e-ice equat.o^ 

In Chapter 5, we will develop tools for the analysis of discrete-time LTI system 
that wiH provide us with a very useful and efficient method for solv.ng linear consUn^ 
coefficient difference equations and for analyzing the properties of the LTI systems 
that they describe. As in our example, we will see that the LTI system specified by 
the general recursive difference equation (3.108) has an impulse responsof infinite 
duration as long as it truly is recursive, that is, as long as atleast ™ 

N is nonzero. Because of this characteristic, a system specified by a recursive 
difference equation is often called an infinite impulse response (IIR) system. We refer 
the reader to the problems at the end of the chapter for more detailed illustra i 
of the ideas introduced in this section concerning the solution of difference equati 
and the analysis of the systems they describe. 

BLOCK-DIAGRAM REPRESENTATIONS 

OF LTI SYSTEMS DESCRIBED BY DIFFERENTIAL 

AND DIFFERENCE EQUATIONS 

One of the important uses of the tools of LTI system analysis is in the design of systems 
with specified characteristics. Often in practice, the type of system chosen for a design 
is described by a differential equation in continuous time or a difference cc l uat ‘ 
discrete time The reason for these choices is that many of the physical componen 
and systems that are commonly used to implement LTI system ^S^“e 
described by differential and difference equations. For example, RLC circu ts ana 
circuits containing operational amplifiers are described by linear differential equa- 
ions Also systems described by linear difference equations a.e readily implemented 
as compm; algorithms on a general-purpose digital computer or w.th special- 
purpoTe hardware. In this section we introduce block-diagram representations for 
systems described by differential and difference equations. We will do this first 
discrete time and then in continuous time. The representations described here a 
Chapters 4 and 5 allow us to develop some understanding about the issues asso¬ 
ciated with the implementation of such systems. 

3.6.1 Representations for LTI Systems 

Described by Difference Equations 

As expressed in eq. (3.108) a linear constant-coefficient difference equation can be 
viewed as an algorithm for computing successive values of y(n] as a inear combinat 

Chapter 5. 
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It is generally convenient to develop and describe each of these alternative 
implementations by representing and manipulating eq. (3.108) pictorially. To develop 
such a pictorial representation we note that the evaluation of eq. (3.108) requires three 
basic operations: addition, multiplication by a coefficient, and delay. Thus, let us 
define three basic network elements, as indicated in Figure 3.24. To see how these 

Ini 


*, In] +x 2 [n] 
(a) 



Figure 3.24 Basic elements for the 
block-diagram representation of discrete- 
„[ n -l] time LTI systems described by linear 

constant-coefficien t difference equations: 
(a) an adder; (b) multiplication by a 
(cl coefficient;(c) a unit delay. 

basic elements can be used, we consider several examples. First consider the LTI 
system initially at rest and described by the first-order equation 

y[n] + ay[n — 1] = bx[n] (3.118) 

which can be rewritten in a form that directly suggests a recursive algorithm 

y[n] = — ay[n - 1] + bx[n] (3.119) 

This algorithm is represented pictorially in Figure 3.25. Note that the delay element 

yin] 


Figure 3.25 Block-diagram representa¬ 
tion for the LTI system described by 
eq. (3.118). 

requires memory: at any point in time n, we need to store y[n — 1] so that it can be 
used in the computation of y\n\. Also note that Figure 3.25 is an example of a feed¬ 
back system, since the output is fed back through a delay and a coefficient multipli¬ 
cation and is then added to bx\n). The presence of feedback is a direct consequence 
of the recursive nature of eq. (3.119). 
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Consider next the nonrecursive LTI system 

y[n] = MM + M[n ~ *1 ^- 120 ^ 

The algorithm suggested by eq. (3.120) is illustrated in Figure 3 _ 2 fi . Note that this 
system also requires one delay element. Also, there >s no feedback in this block 
diagram, since previous values of the output are not used in the calculation of th 

present value. 


Figure 3.26 Block-diagram representa¬ 
tion for the LTI system described by 
eq. (3.120). 

As a third example, consider the LTI system initially at rest and described by 

the equation n ion 

y[n) + ay[n - 1] = MM + ~ 1! (3 ' U 

We can again interpret eq. (3.121) as specifying an algorithm for calculating y[n) 

recursively: ,, 

y [n) = -ay[n - 1] + MM + M» ~ (J) 

This algorithm is represented graphically in Figure 3.27. Note ffi.at this algonffim 
can be viewed as the cascade of the two LTI systems depicted in Figures 3.25 and 
3.26 (with b — 1 in Figure 3.25). That is, we calculate ^ 

w[n) = MM + Ml" ~ H (3 !23; 

y[n\ = -ay[n - 1] + *M (3 ' 124) 

However since the overall response of the cascade of two LTI systems does not 
depend u’pon the order in which the two systems are cascaoed, we car‘reverse * 
L nf the two svstems in Figure 3.27 to obtain an alternative algorithm for com- 
puthg^h^respoose of (he LT^sysiem specified by eq. (3.121). This sysiem is illustrated 
in Figure 3.28. From this figure we see that 



Figure 3.27 Block-diagram representation for the LTI sysiem specified by 
eq. (3.121). 
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Figure 3.28 Alternative block-diagram representation for the LTI system 
described by eq. (3.121); (compare to Figure 3.27). 

z[n] = —az[n — 1] + x[n\ (3.125) 

y[n\ = £> 0 z[/i] + b t z[n — 1] (3.126) 

It can be directly verified that y[ri\ as defined in eqs. (3.125) and (3.126) does satisfy 
the difference equation (3.121), but we already know that this must be true because 
of the commutativity of convolution and the implication this has for interchanging 
the order of LTI systems in cascade. 

With Figure 3.28 drawn in the form shown, there is no obvious advantage to 
this configuration over that in Figure 3.27. However, upon examining Figure 3.28, 
we see that the two delays have the same input (i.e., they require the storage of the 
same quantity) and consequently can be collapsed into a single delay, as indicated in 
Figure 3.29. Since each delay element requires memory, the configuration in Figure 
3.29 is more efficient than the one in Figure 3.27, since it requires the storage of only 
one number, while the other requires that two values be stored at each point in time. 




Figure 3.29 Block-diagram representation requiring a single delay element for 
the LTI system described by eq. (3.121); (compare to Figure 3.28). 

This same basic idea can be applied to the general recursive equation (3,108). 
For convenience we repeat that equation here with M = N. If M N, then the 
appropriate coefficients a k or b k can be set to zero: 

yin) = - A] - t “>y[" - A-]) (3.127) 

a 0 l*-o *-1 ) 

The algorithm implied by this equation is illustrated in Figure 3.30. This algorithm 
for realizing the difference equation (3.127) is called the direct form I realization, and 
from the figure we see that we can interpret this algorithm as the cascade of a non- 
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Figure 3.30 Direct form I realization for the LTI system described by 
eq. (3.127). 


recursive system 


and a recursive system 


K'[rr] = £ Ml” ~ A] 
y[n] = — I- £ a k y[n - k] + iv[n]J 


Bv reversing the order of these two systems, we obtain the configuration depicted 
i„ which an ata„a.i». to ,hc r.atouoa of*,. 

(3.127). The corresponding difference equations are 

z[n) = j- XJ a k z[n - A] + x[«]J < 3 ' 130) 

yin] = £ b k z[n - A] (3131) 


j 

I 
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x[n]- -{+) --—T--- -i+ y v[n] 
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canonic realization, since it requires the minimum number of delay elements (i.e., it 
requires the minimum amount of storage) needed in order to implement eq. (3.127). 




3.6.2 Representations for LTI Systems 

Described by Differential Equations 


In analyzing continuous-time systems specified by differential equations, we can 
proceed in an exactly analogous fashion. Consider the general linear constant- 
coefficient differential equation (3.104). For convenience, we assume that M = N 
(where if this is not true we simply set the appropriate a k or b k to zero), and in this 
case we can rewrite eq. (3.104) in the form 




The right-hand side of this equation involves three basic operations; addition, 
multiplication by a coefficient, and differentiation. Therefore, if we define the three 
basic network elements indicated in Figure 3.33, we can consider implementing 




Figure 3.33 Oi.e possible set of basic 
elements for the block-diagram represen¬ 
tation of continuous-time LTI systems 
described by linear constant-coefficient 
differential equations: (a) an adder; (b) 
multiplication by a coefficient; (c) a 
differentiator. 

eq. (3.132) as an interconnection of these basic elements in a manner exactly analogous 
to that carried out for the implementation of difference equation.;. In fact, comparing 
eqs (3 127) and (3.132), it is straightforward to verify that Figure 3.30 represents the 
direct form I realization of eq. (3.132), and Figure 3.32 is its direct form II realization 
where D is interpreted here as a differentiator and x[n] and y[n] are replaced by x(t) 

and y(t). . 

A practical difficulty with the hardware implementation of a linear constant- 
coefficient differential equation using the elements of Figure 3.33 is that a differentia¬ 
tion element is often difficult to realize. An alternative, which is particularly well 
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suited to the use of operational amplifiers, is suggested by converting the Nth-order 
differential equation (3.104) into an integral equation. Specifically, define the successive 
integrals of y(t): 


yUO = y( 0 

(3.133) 

yuM = AO * "(0 = dt 

(3.134) 

y<i,0) = A0 * AO * A0 


= y<„(0*A0 = f ({’ y(°) da ) dx 

(3.135) 


and, more generally, the /cth integral of y(l) is given by 

y,„M = y (k . v 0) * AO = * < 3 - 136) 

Similarly, we can define the successive integrals x, k) (t) of x(f). 

Consider again the differential eq. (3.104), which we repeat here for convenience, 
again assuming that M = N: 

1313,1 

Note that if we assume initial rest, then the Nth integral of d k y{t)jdt k is precisely 
y (N ,,(/) since the initial conditions for the integration are zero. Similarly the Nth 
integral of d k x(t)ldt k is (0- Therefore, taking the Nth integral of eq. (3.137), 
we obtain the equation 

£ a k y, N - k ,(0 = £ b k x w .„(t) (3.138) 

A =0 *-0 

Since y to ,0) = A0, eq. (3-138) can be reexpressed as 

AO = b k x IN . k> (0 - "£ < 3 - 139 ) 

Implementation of eq. (3.139) utilizes the adder and coefficient multiplier as 
were indicated in Figure 3.33. In place of the differentiator, we use an integrator as 
defined in Figure 3.34. This element has u(r) as its impulse response, and it can be 


x(r) dr Figure 3.34 Pictorial representation of 
an integrator. 

implemented using an operational amplifier. The development of the direct form I 
and direct form II realization of eq. (3.139) exactly parallels that for the implemen¬ 
tation of difference equations. The resulting realizations arc illustrated in Figures 
3.35 and 3.36. Note that the direct form II realization requires only N integrators 
while direct form I uses 2N integrators. As before, the direct form II configuration is 
sometimes called canonic, as it requires the minimum number of integrators needed 
in any realization of the LTI system described by eq. (3.139) or, equivalently, by 
eq. (3.132). In Chapter 4 we introduce two other canonic structures for the realization 
of LTI systems described by such equations. 
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7 SINGULARITY FUNCTIONS 

In our initial discussion of the continuous-time unit impulse function, we described 
the unit impulse as the limiting form of a rectangular pulse which became progressively 
narrower and higher but maintained unity area. Although this interpretation does 
provide some valuable intuition into the nature of <5(0, there are limitations to 
viewing the impulse in this fashion. In this section we would like to reconsider the 
unit impulse and other similar signals and to interpret them in the context of convo¬ 
lution and continuous-time LTI systems. 

In Section 3.4 we saw that <5(0 is the impulse response of the identity system. 
That is, 

40 = 40 * <5(0 (3.140) 

for any signal x(i). Therefore, if we take 40 = 5(t), we have that 

«5(t) = 5(1) * <5(0 (3.141) 

Equation (3.140) is a basic property of the unit impulse, and it also has a significant 
implication for our previous definition of <5(0 as the limiting form of a rectangular 
pulse. Specifically, let <540 correspond to the rectangular pulse as defined in Figure 
2.20, and let 

r A (t) = <540 * <540 (3. M2) 

Then r A 0) * s as sketched in Figure 3.37. If we wish to interpret <5(0 as the limit as 
A —. 0 of <540, then, by virtue of eq. (3.141), the limit as A — 0 for r A (t) must also 
be a unit impulse. In a similar manner, we can argue that the limit as A —> 0 of 
rfit) * /40 or r40 * <5a(0 must be a unit impulse, and so on. Thus, we see that for 
consistency, if we define the unit impulse as the limiting form of some signal, then 
in fact there are an infinite number of very dissimilar-looking signals all of which 
behave like an impulse in the limit. 



The key words in the preceding paragraph are “behave like an impulse.” 
Most frequently, a function or signal is defined by what it is at each value of the 
independent variable, and it is this perspective that leads us to choose a definition for 
the impulse as the limiting form of a signal such as a rectangular pulse. However, 
the primary important: of the unit impulse is not what it is at each value of t, but 
rather what it docs under convolution. Thus, from the point of view of linear systems 
analysis, wc may alternatively define the unit impulse as that signal for which 

40 =40 *<5(0 (3.143) 
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' for any 40 In this sense, all the signals referred to in the preceding paragraph behave 
like a unit impulse in the limit because if we replace <5(0 by any of these s.gnals, 

then eq. (3.143) is satisfied in the limit. , f ., 

All the properties of the unit impulse that we need can be obtained from th 
operational definition given by eq. (3.143). For example, if we let x(t) - 1 for all ', 
then 

1 = x0) = 40 * <5(0 = <5(0 * x0) = j_ + “ <5(04' - t) dx 
= J <5(t) dx 

so that the unit impulse has unit area. Furthermore, if we take an arbitrary signal 
g(t), reverse it to obtain g(-t), and then convolve this with <5('), we obtain 

*(-/) = g(-t) * <5(0 = J_ + ~s( T - 0 <5(0 * 

which for ' = 0 yields 

g(0) = J + g(r) <5(0 dx ( 3 - 144 ) 

Therefore the operational definition of SO) given by eq. (3.143) implies eq. (3.144). 
On the other hand, eq. (3.144) implies eq. (3.143). To see this, let 40 be a given 
signal, fix a time t, and define 

40 = x0 - 0 

Then, using eq. (3.144), we have that 

40 = 2 ( 0 ) = J + _" 40 <5(0 dx = J_7 x0 - X) <5(0 dx 

which is precisely eq. (3.143). Therefore eq. (3.144) is an equivalent operational 
definition of the unit impulse. That is, the unit impulse is the signal which when 
multiplied by an arbitrary signal g0) and then integrated from -oo to +oo produces 
the value g( 0). In a similar fashion we can define any signal operational y . y - 
behavior when multiplied by any other signal g(0 and then " t e 6 rated f:om "°° 0 

+ °°' Since we will be concerned principally with LTI systems and thus with convolu¬ 
tion, the characterization of <5(0 given in eq. (3.143) will be the one to which we w,l 
refer most. On the other hand, eq. (3.144) is useful in determining some of the other 
properties of the unit impulse. For example, consider the signal f0) <5(0, where/(') 
is an arbitrary signal. Then, from eq. (3.144), 

J + " g{x)Rx) <5(t) dx = g(0)/(0) (3-145) 

On the other hand, if we consider the signal /(0) <5('), we see that 

j + ~g(T)/(0) <5 (t) dx = g(0)/(0) (3-M6) 

Comparing eqs. (3.145) and (3.146), we see that the two signals/(0<5(0 and /(0)<5(') 
behave identically when multiplied by g(t) and then integrated from -oo to +oo. 
Consequently, using this form of the operational definition of s.gnals, we conclude 


Sec. 3.7 Singularity Functions 


121 


mat 


f(0 <5(0 = /(O) <5(r) (3.147) 

which is a property that we derived by alternative means in Section 2.3 [see eq. (2.24)]. 

The unit impulse is one of a class of signals known as singularity functions, 
each of which can be defined operationally in terms of its behavior under convolution. 
Consider the LTI system for which the output is the derivative of the input 

y0) = (3.148) 

The unit impulse response of this system is the derivative of the unit impulse which 
is called the unit doublet, u,(t). From the convolution representation for LTI systems, 
we then have that 

^p = x(t)*u,(t) (3.149) 

for any signal x(t). Just as eq. (3.143) serves as the operational definition of 5(t), 
we will take eq. (3.149) as the operational definition of u,(t). Similarly, we can define 
uft), the second derivative of S(t), as the impulse response of an LTI system which 
takes the second derivative of the input 

-*)•«.(»> (3-150) 

From eq. (3.149) we see that 

d W-i(^r) -«')•«,<-)•«.«) (3.isi) 

and therefore 

M*(0=««W *«.(<) (3.152) 

In general, u k (t), k > 0, is the kth derivative of S(t) and thus is the impulse response 
of a system that takes the kth derivative of the input. Since this system can be obtained 
as the cascade of k differentiators, we have that 

«*(0 = »,(0 * ... * »i(0 (3.153) 

k tlmn 

Each of these singularity functions has properties which, as with the unit 
impulse, can be derived from its operational definition. For example, if we consider 
the constant signal x(t) = 1, then 

0 = FF = = J “■(*)*(' ~ *) dx 

= J u t (x)dx 

so that the unit doublet has zero area. Moreover, if we convolve the signal g(—t ) 
with u |(/), we obtain 

J g(r - 0“i(t) dx = g(-t) * ",(0 = = - ^dt ^ 
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which for / = 0 yields + _ 

- g'( 0) = J g(*)“ i( T ) dz (3.154) 

In an analogous manner we can derive related properties of u,(t) and higher-order 
singularity functions, and several of these properties are considered in Problem 3.39 
In addition to singularity functions which are derivatives of different orders of 
the unit impulse, we can also define signals that represent successive integrals of the 
unit impulse function. As we saw in Section 3.4, the unit step is the impulse response 
of an integrator 

>(/) = J _x(x) dx 

Therefore, 

u(t) = J 8(x)dx (3.155) 

and we also have an operational definition of u(t): 

*(/) * u(0 = J x(x)dx (3.156) 

Similarly, we can define the system that consists of a cascade of two integrators. Its 
impulse response is denoted by u.ft), which is simply the convolution of u(t), the 
impulse response of one integrator, with itself. 

u. 2 (t) = u(t) * u(t) = £_ t‘(x) dx C 1157) 

Since u(t) equals 0 for / < 0 and equals 1 for / > 0, we see that 

U-iO) — tu(t) ( 3A58 i 

This signal, which is referred to as the unit ramp function, is she wn in Figure 3.38. 

U.j(t) 


Figure 3.38 Unit ramp function. 

Also, we can obtain an operational definition for the behavior of u. 2 (f) under convo¬ 
lution from eqs. (3.156) and (3.157): 

*(0*«-i(') = *u(t)*u(t) ]59) 

= Q' x(a) daj * u(t) = {' (j^ x(a) do ) dx 
In an analogous fashion we can define higher-order integrals of <5(0 as. the 

impulse responses of cascades of integrators: , 

u_ t ( t ) = u(t) * ... * u(0 = J dr (3.160) 

k times 
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The convolution of x(t) with U-!o)>- ■ ■, generate correspondingly higher-order 

integrals of x(i). Also, note that the integrals in eq. (3.160) can be evaluated directly 
(Problem 3.40), as was done in eq. (3.158), to obtain 

u-AO - ( k ‘_ jjj “(0 (3.161) 

Thus, unlike the derivatives of 5(l), the successive integrals of the unit impulse are 
functions that can be defined for each value of t [eq. (3.161)] as well as by their behav¬ 
ior under convolution. 

At times it will be useful to use an alternative notation for <5(0 and u0), 
specifically 

<5(0 = «„(0 (3.162) 

„( 0 = u.,(0 (3-163) 

With this notation u k 0) for k > 0 denotes the impulse response of a cascade of k 
differentiators, u 0 0) is the impulse response of the identity system, and for k < 0, 
u k 0) is the impulse response of a cascade of \k | integrators. Furthermore, since a 
differentiator is the inverse system to an integrator, 
u(t) * w,0) = 50) 

or, in our alternative notation, 

W-|(0 * Wj(0 = «o(0 ( 3 - 164 ) 

More generally, from eqs. (3.153), (3.160), and (3.164) we see that for k and r any 
integers, 

u k 0) * u,0) = w *+f(0 (3.165) 

If k and r are both positive, eq. (3.165) states that a cascade of k differentiators 
followed by r more differentiators yields an output that is the (A + r)th derivative 
of the input. Similarly, if k is negative and r is negative, we have a cascade of \k\ 
integrators followed by another |r | integrators. Also, if k is negative and r is positive, 
we have a cascade of k integrators followed by r differentiators, and eq. (3.165) tells 
us that the overall system is equivalent to a cascade of \k + r\ integrators if ( k + r) 
< 0, a cascade of (A + r) differentiators if (k + r) > 0, or the identity system if 
(£ | ,) = 0. Therefore, by defining singularity functions in terms of their behavior 
under convolution, we obtain a characterization for them that allows us to manipulate 
them with relative ease and to interpret them directly in terms of their significance 
for LT1 systems. Since this is our primary concern in this book, the operational 
definition for singularity functions that we have given in this section will suffice for 
our purposes.t 

|As mentioned in the footnote on p. 25, singularity functions have been heavily studied in 
the field of mathematics under the alternative names of generalized functions and distribution theory. 
The approach we have taken in this section is actually closely allied in spirit with the rigorous approach 
taken in the references given on p. 25. 
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3.8 SUMMARY 

In this chapter we have developed very important representations for LTI systems 
both in discrete time and continuous time. In discrete time wedenved a representation 
r • lens weighted sums of shifted unit impulses, and we then used this to derive 
lT.tluUrfum to. U* response of , discrete LTI S,te. 

I„ continuous time we derived ,n analogous repre^ntation or conunuous ume s.gn ls 

ns weighted integrals of shifted unit impulses, and we used this to derive the convo 
Lttonintegral representation for continuous-time LTI systems. These represen.tabons 

h.tion sum and integral provided us with the means m Section 3.4 to analyze tn 

This interpretation is particularly useful in the analyst 5 of LH system 

An important class of continuous-time systems are those desc ^ ea D y 


problems 

3.1. Compute the convolution M = of the f ° 1! ° winiJ ^ ° f Si8na ‘ S ' 

* (a) *M « a"u[n], a ^ R 

AM = P"u[n], 

yr (b) *M = AM = a"u[n] 

yr (c) *M = 2"u[ — n] 

^ AM = «M 

) y: (d) = (-lyM-nl - “I-" ~ 815 

h[n] = u[n] - u[n - 8] 

JC (C) *M and AM as in Figure P3.!(a). 
y (f) 4«] and h[n] as in Figure P3.t(b). 

P (g) *M and h[n] as in Figure P3.Hc). ^ ^ 

< (h) *M = 1 for all n, AM — n < 0 

1(4)", n ^ 0 

\ K (i) x[n] = «M - AM - | 4 ._ „ < 0 

\ 4 a) *m = (~iy^ n - 41 

' AM = 4"«[2 - n] 
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1 1* ^ 


(cl 


Figure P3.1 


3.2. For each of the following pairs of waveforms, use the convolution integral to find the 
response y(r) of the LT1 system with impulse response Afr) to the input afr). Sketch 
your results. 

'f. / (a) a(r) — e u(r) q ^ ^ oth when a ^ /} an( j w h en a = /?.) 

Afr) = e "ufr) r 

< / (b) x(f) = trfr) - 2 rrfr - 2) + rrfr - 5) 

Aft) = e 2 'u(l - r) 

«■ / (c) x(') = e't'ufr) 

A(/) = ufr - 1) 

y: ( (d) x(t) = e- 2 'u(r -I- 2) + e 2 'tt(-r + 2) 

A(r) = e'ufr — 1) 


% (e) 


X (f) 
( 8 ) 

(h) 
(0 
a) 

(k) 



A(r) as in Figure l*3.2(a) 

x(t) and A(r) as in Figure P3.2(b). 

x(t) as in Figure P3.2(c). 

Aft) = u(-2-t) 

x(r) — 5(t) — 2(5fr — 1) + 3(1 — 2), and Afr) as in Figure P3.2(d). 
afr) and Afr) as in Figure P3.2(c). 
afr) and Afr) as in Figure P3.2(f). 
afr) and Afr) as in Figure P3.2(g). 
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(I) afr) as in Figure P3.2(h). 

' Afr) = e~'[u(l - 1) — ufr — 2)] 

/ (m) afr) and Afr) as in Figure P3.2(i). 
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(a) As we have seen in Seclion 3.1, a discrete-time linear (and possibly time-varying) 
system is characterized by its responses h k [n] to delayed unit samples S[n — A:]. 
For each of the following choices for A*[/r], determine an explicit relationship 
between the input x[n] and output y[n] of the linear system so specified. 

(i) h k [n] = 5[n - k] 

.... . , , 1 5[n - k], k even 
(“) = |o, k odd 

(iii) h k [ri\ — 5[2n — A] 

(iv) A*[n] = ku[n — A] 

(v) A*[n] = k5[n — 2k] + 3 k5[n — A] 

, -s c r ! \S\n-k + 1], k odd 

(vi) A*[/r] = I, r , 

(5u[n - At], k even 

(b) Which of the systems in part (a) are causal and which are not? Justify your 

answers. 

(c) Determine and sketch the response of each of the systems of part (a) to the input 
4"] = u[n]. 

Consider a linear system with the following response to 5(1 — t): 

h,(t) = u(t — t) — u(t — 2t) 

(a) Is this system time-invariant? 

(b) Is it causal ? 

(c) Determine the response of this system to each of the following two inputs: 

(i) Jr,(/) = u(t — 1) — u(t — 3) 

(ii) * 2 (<) = e-'u(t) 

. One of the important properties of convolution, in both continuous and discrete time, 
is the associativity property. In this problem we will check and illustrate this property, 
(a) Prove the equality 

[x(0 * /»(/)] * g(t) - x(t) * [A(r) ♦ £(')] (P3.5-1) 

by showing that both sides of eq. (P3.5-1) equal 


| | x(x)h(a)g(t - t - a) dr da 


(b) Consider two LTI systems with unit sample responses Mn] and A 2 [rr] shown in 
Figure P3.5-1. These two systems are cascaded as shown in Figure P3.5-2. Let 
44 = u[n], 

(i) Compute 44 by first computing 44 = 44 * 4(4 and then y[n] = 44 * 
A 2 [4, that is, >'[n] = (4"] » M4) * 4(4- 

(ii) Now find y[n] by first convolving A,[4 and A 2 [rr] to obtain g[n] ~ A 2 [zr] * A 2 [rt], 
and then convolving 44 with g[n] to obtain 44 = 44 ♦ {Aj[n] * A 2 [4}- 

The answer to (i) and (ii) should be identical, illustrating the associative property 
of discrete-time convolution. 

(c) Consider the cascade of two LTI systems as in Figure P3.5-2, where in this case 

A,[rr] = sin Srr 

A 2 [n] = a"u[4, M < 1 

and where the input is 

x[n] = J[4 — a 5[n — 1] 

Determine the output 4n], (Hint: The use of the associative and commutative prop¬ 
erties of convolution should greatly facilitate the solution in this case.) 
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Figure P3.S-1 



Figure P3.S-2 


x 3.6. (a) Consider the interconnection of LTI systems depicted in Figure P3.6-1 Express 
^ y the overall impulse response h[n] in terms of AiM, h u n\ t hjn]. h 4 [n] t and AsM- 



Figure P3.6-1 




(b) Determine A[4 when 


h ,[«] = 4(J)"(“M - «[" - 31} 
h 1 [n] = Aj[/i] = (n + 1)4"! 
h t [n] — 6[n — 1] 


A 5 [4 = <5)4 - 45[n - 3] 

(c) Sketch the response of the system of part (b) if 4"] i:: as ln Fl B ure P 3 - 6 " 2 - 
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-1 -1 


-1 


Figure P3.6-2 


r 


3.7. Consider the cascade interconnection of three causal LTI systems illustrated in 
Figure P3.7-1. The impulse response A 2 [n] is given by 


h 1 [n\ — u[n] — u[rt — 2] 



Figure P3.7-1 


and the overall impulse response is as shown in Figure P3.7-2. 





(a) Find the impulse response A,[n]. 

(b) Find the response of the overall system to the input 

= <5[n] — 5[n — 1] 

3.8. (a) Consider an LTI system with input and output related through the equation 

r= 

y(t) — J e~ u ~ r) x(x — 2) dx 


What is the impulse response h(l) for this system? 

(b) Determine the response of this system when the input 40 is as shown in Figure 
P3.8-1. 


x(t) 



-1 2 t Figure P3.8-1 

(c) Consider the interconnection of LTI systems depicted in Figure P3.8-2. Here h(l) 
is as in part (a). Determine the output y(t) when the input x (f) is again given by 
Figure P3.8-1. Perform this calculation in two ways: 
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Figure P3.8-2 


(i) Compute the overall impulse response of the interconnected system and then 

use the convolution integral to evaluate y(t). . ,. 

(ii) Use the result of part (b), together with the properties of convolution, 
mine y(/) without evaluating a convolution integral. 

3 9 (a) Let h(t) be the triangular pulse shown in Figure P3.9-i(a), and let x(t) be the 


hit) 



-2T -T 0 T 2T 3T ~ * 

(b) 


Figure P3.9-1 

impulse train depicted in Figure P3.9-l(b). That is, 

xU) = S S(i - kD (P3 - 94) 

Determine and sketch y(t) - 40 * 40 for thc blowing values of T: 

X (i) T=4 
jc (ii) T = 2 
X (iii) T = 3/2 

r= i. 
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(c) Let x(r) be the impulse train 


x(r) = £ (-1)* S(i - k) (P3.9-2) 

k-0 

Determine and sketch the output of the LTI system with impulse response h(t) 
depicted in Figure P3.9-2 when x(r) in eq. (P3.9-2) is the input. 

hit) 


Figure P3.9-2 

3.10. Determine if each of the following statements or equations is true in general. Provide 
proofs for those you believe to be true and counterexamples for those that you think 
are false. 

< (a) x[n] * (>i["M"]) = {x[n] * /i[n])#[n] 

Y (b) CL"x[n] * 0."h[n] — a"{x[/i] • /i[n]) 

-/(c) If yit) = x(t) * h(t), then y(2i) = 2x(2r) . h(2t). 

(d) If y{n) = x[n] * h[n\, then y[2n] = 2x[2n] * h\2n\. 

(e) If x(r) and h(i) are odd, then y(t) = x(t) » h(i) is even. 

(0 If y(t) = x(t) * h(i), then Sv {>(/)] = x(r) * &v (>i(r)) + (x(r)) * /i(r). 

(a) If 

x(r) = 0, | /1 > r, 

and 

«/) = 0 , |/|> r 2 

then 

*(t)*h(t) = 0, |r| > Tj 

for some positive number T 3 . Express T } in terms of T, and T 1 . 

(b) A discrete-time LTI system has input x[n], impulse response h[n], and output yin]. 
If A[n] is known to be zero everywhere outside the interval N 0 <, n <, N t and x[n] 
is known to be zero everywhere outside the interval N 1 <; n <, N,, then the output 
y[n] is constrained to be zero everywhere except on some interval N, <; n N s 

(i) Determine N, and N k in terms of N a , N u Ni, and N 3 . 

(ii) If the interval N 0 <. n <, N,, is of length M k , N 2 <. n N } is of length 

and N t <. n N k is of length M„ express M, in terms of M k and M,. 

(c) Consider a discrete-time LTI system, with the property that if the input x[ri] = 0 
for all n 10, then the output y[n] = 0 for all n ^ 15. What condition must /■[/>], 
the impulse response of the system, satisfy for this to be true? 

(d) Consider an LTI system with impulse response in Figure P3.11. Over what interval 
must we know x(l) in order to determine y(0)? 

hit) 


Figure P3.ll 
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3 12 Let x (r) and x 2 (r) be two periodic signals, with a common period of 7*,. It is not too 
difficult to check that the convolution of *,(!) and x 2 (r) does not converge. However 
i, is sometimes useful to consider a form of convolution for such signals that is referred 
to as periodic convolution. Specifically, we define the periodic convolution of x,(r) 
x 2 (/) as 

yd) = f T ‘ x,(t)x 2 (/ - r) d-c = x,(/) ® X 2 (t ) (P3.12-1) 

Jo 

Note that we are integrating over exactly one period. 

(a) Show that y(l) is periodic with period T„. 

(b) Consider the signal 

yM = j‘’ +r ‘x,(T)x 2 (/ - t) dr 

where a is an arbitrary real number. Show that 
y(0 = yJd) 

Hint' Write o s kT k -F A, where 0 ^ b ^ ^o- 

(c) Compute the periodic convolution of the signals depicted in Figure P3.12-1, where 

we take T 0 = 1. 




(d) Show that periodic convolution is commutative and associative; that is, 
x 3 (t) ® * 2 (r) = xi(t) ® *i(<) 

x,(t) * [x 2 (r) ® xj(i)] = [x 2 (r) ® *i(01 ® x,(t) 

In a similar fashion we can define the periodic convolution M of two discrete-time 

p Illd ,M »i* —» “ «*»» * *• 

y\n\ = £ X\[k]x 2 [n — A:] 

Again we can check that y[n} is periodic with period N a andI that we can actually 
calculate it by summing over any N 0 consecutive values of k, that is, 
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M«] = *2 X|[*]*2[" — *3 

k-m 

for any integer m. 

(e) Consider the signals *,[/)] and x 2 [n] depicted in Figure P3.12-2. These signals are 
periodic with period 6. Compute and sketch their periodic convolution using 
N 0 = 6. 


x, Ini 



x 2 [nl 



-6 0 6 12 


Figure P3.12-2 


(f) Since these signals are periodic with period 6, they are also periodic with period 12. 
Compute the periodic convolution of .x,[n] and x t [n] using N„ = 12. 

(g) In general, if x,[n] and x t [n] are periodic with period N, what is the relationship 
between their periodic convolution computed using N 0 = N and that obtained 
using N 0 = kN for * a positive integer ? 

3.13. We define the area under a continuous-time signal v(f) as 

A v = J v{t) dt 

Show that if y{t) = x(i) * h(t), then 

A, = A,A k 

3.14. (a) Show that if the response of an LTI system to x(l) is the output y(t), then the 

response of the system to 




is /(f). Do this problem in three different ways: 

(i) Directly from the properties of linearity and time invariance and the fact that 


x'(i) = lim 

A-0 


x(t) — x(r — h) 
h 


T (jj) By differentiating the convolution integral, 
(iii) By examining the system in Figure P3.14. 



Figure P3.14 
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(b) Demonstrate the validity of the following relationships. 

(i) /(f) = x(t) * h’(t) 

(ii) yU) = (j' d *) • A'(0 = J* tx'(T) * A(t)] dr = x\t) «u) dx'j 

Hint: These are easily done using block diagrams as in (iii) of part (a) and the 
fact that u,(f) * u_i(f) = <5(0- 

(c) An LTI system has the response y(l) = sin etM to the input x(t) = e 'u(f). Use 
the result of part (a) to aid you in determining the impulse response of this system. 

(d) A second LTI system has the response /f) - {if - l)«(f) to the input x(t) = 
(sin f)u(f). What is the impulse response for this system? 

(e) Compute the convolution of the two signals in Problem 3.2(b) using the fact that 

y(t) = J' [*'(?) * M*)] dx 

(f) Let s(t) be the unit step response of a continuous-time LTI system. Use part (b) 
to deduce that the response y(t) to the input xit) is given by 

y{t) = | + °* x'{x)s{t - t) dx (P3.14-1) 

Show also that 

x(f) = j + “ x\x )u(f - X) dx (P3.14-2) 

(g) Use eq. (P3.14-1) to determine the response of an LTI system with step response 

s (,) = ( e - }l - 2e~ u + l)u(f) 

to the input x(f) = e'u(f). 

(h) Let r[n] be the unit step response of a discrete-time LTI svstem. What are the 
discrete-time counterparts of eqs. (P3.14-1) and (P3.14-2)? 

(i) Use the discrete-time version of equation (P3.14-1) to determine the response of 
an LTI system with step response 

r[n] = (i)"«[f! + 1] 

to the input 

,x[n] = (—£)"«M 

3 15 We are given a certain linear time-invariant system with impulse response h 0 {t). We 
' are told that when the input is x 0 (f), the output is y,(t), which is sketched in Figure 
P3.15. We are then given the following set of inputs to linear time-invariant systems 
with the indicated impulse responses. 

Input x(t) Impulse Response h{t) 

(a) x(t) = 2,x„(f) M 

(b) ,x(f) = x„(t) - .x„(f - 2) hip - hoit) 

(c) x{t) = xoit - 2) *W “ *• '+ 

(d) x(t) = x„(-f) M ~ h °)‘> 

(c) x(f) — JTo(-f) j' = t° T' 

(f) x(f) = x'(f) h< -‘> *= h ° { ‘> 

[Here x' 0 (f). K(‘) denote the f,rst d e rivatives of and /i„(f).] 

In each of these cases, determine whether or not we have given enough informa¬ 
tion to determine the output y(t) when the input is x(t) and the system has impulse 
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t Figure P3.15 


response h(i). If it is possible to determine y(t), provide an accurate sketch of it with 
numerical values clearly indicated on the graph. 

3.16. An important class of continuous-time LTI systems, are those whose responses to the 
unit impulse consist of trains of equally spaced impulses. That is, if the input to such a 
system is x(t) = 6(t), then output is 

h(t) = S M(f - nT) (P3.16-1) 

where T> 0 is the impulse spacing and the h k are specified constants. 

Systems of this type can be implemented in the form of tapped delay lines. An 
example of a tapped delay line is illustrated in Figure P3.16-1 for a system with impulse 
response 

S hMt - nT) 

The system labeled "Delay T" in the figure is ari ideal delay, whose output y(t) is a 
delayed version of its input x(t), i.e., y(t) = x(t - T). After each such delay (and 
before the first one) the signal is "tapped" off, multiplied by a constant gain (h 0 , h u 
etc.), and the output is the sum of these weighted, delayed versions of the input. As we 
will see at the end of this problem, tapped delay lines are of great practical value for 
the design and implementation of LTI systems with specified response characteristics. 

x(t - 3T1 




y(t) 

Figure P3.16-1 

(a) Consider the LTI system with impulse response given by eq. (P3.16-1). Suppose 
that the input to this system is itself an impulse train 

x(t) = S x„S(t — nT) 

Show that the output y(t) is also an impulse train 

yU) = (' - nT > 

where the coefficients fy.) are determined as the discrete-time convolution of the 
sequences (x.) and { h .): 
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(P3.16-2) 


y. = S x kK-k 

(b) What is the impulse response of a system consisting of the cascade of three identical 

tapped delay lines, each as in Figure P3.16-1, with A 0 = 1 ,*s = _1 > = A 3 = 0? 

(c) Consider the tapped delay line illustrated in Figure P3.16-2, where the gain at each 
tap is equal to the delay time T. Suppose that the input to this system is 

x(t) = e~'u{t) 

Carefully sketch the output y(r). What does y(t) look like in the limit as T ♦ 0, 
i.e., as we have shorter and shorter delays between the taps and as the tap gams 
get’smaller and smaller. If we call this limiting form of the output y 0 (t), show that 
for any given value of T > 0 

t T — f yoit + T) 


forms an envelope for *r), i.e., that this signal is a smooth curve connecting the 
successive peaks of y(t). 



Figure P3.16-2 


(d) Consider a system with an impulse response that is piecewise constant. That is, 

h(t) = h. for n < t < n + 1 (P3.16-3) 

The signal «/) is illustrated in Figure P3.16-3. Show that this system can be imple¬ 
mented as the cascade of a tapped-delay line with impulse response as in eq. (P3.16-1) 
and the LTI system depicted in Figure P3.16-4. 

(e) Show that we can also implement the system specified by eq. (P3.16-3) as the 
cascade of a tapped-delay line and an integrator. Do this by determining what the 
tap coefficients must be so that A(/) has the desired form. 


hit) 



h-2 


Figure P3.16-3 


Chap. 3 Problems 


137 










y(tj 

Figure P3.16-4 

Note that by using either of the two methods described above we can obtain a 
system with an impulse response that is a staircase approximation of any desired 
impulse response. In this problem we have chosen the time interval T between taps to 
be unity, but any value of 7" could be used, and the result is that we can obtain arbitrarily 
accurate staircase approximations using tapped delay lines. This fact, together with the 
development of inexpensive components for the implementation of tapped-delay lines, 
has made the use of systems of this type quite attractive in many applications. 

(0 As a final observation it is worth noting that it is relatively easy to compute the 
convolution of MO in eq. (P3.16-3) with another signal of the same kind 

x(t) = jr„ for n < I < n + 1 (P3.I6-4) 

Specifically, use the result of part (a) and (d), together with associative and com¬ 
mutative properties of convolution to show that the convolution .t(0 * MO can be 
determined as follows: 

(i) Compute the discrete convolution in eq. (P3.16-2) where h m and x„ are given 
in eqs. (P3.16-3) and (P3.16-4) respectively. 

(ii) Then x(0 * MO = y„ for / = n + 1, and its values for n + 1 < t < n + 2 lie 
on the straight line connecting y„ and (see Figure P3.16-5) 

(g) Apply the technique of part (f) to convolve the signals depicted in Figure P3.16-6. 
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Figure P3.16-6 



3 17. Our development of the convolution sum representation for discrete-time LTI systems 
was based on using the unit sample function as a building block for the representation 
of arbitrary input signals. This representation, together with knowledge of the response 
to <5[n] and the property of superposition, allowed us to represent the system response 
to an arbitrary input in terms of a convolution. In this problem we consider the use of 
other signals as building blocks for the construction of arbitrary input signals. 

Consider the following set of signals: 

$*[n] = <f>[n — At], k = 0, ±1, ±2, ±3,. . . 

(a) Show that an arbitrary signal can be represented in the form 

x[n] = 2 o k if>[n — A] 

by determining an explicit expression for the coefficient a„ in terms of the values 
of the signal *[*]. {Him: What is the representation for 5\ [«]?) 

(b) Let r[»] be the response of an LTI system to the input x[n] = Find an expres¬ 
sion for the response M to an arbitrary input *[n] >n terms of r[n] and 

(c) Show that ytn] can written as 

y[n] = y[n] * *[«] * r[n] 

by finding the signal y/[n] ■ . e 

(d) Use the result of part (c) to express the impulse response oi the system in terms of 

rf/il. Also, show that 

* <t>[n] — <5[n] 

3 18 Just as we saw for discrete-time signals and systems in Problem 3.17. il h P° r ' sib ‘ e t ° 
SL continuous-time LTI system. usin S b.sic tnptft ^; ta. 

shifted unit impulses. For example, in this problem we consider an ^ ^ 

the response MO depicted in Figure P3.18(b) to the input p(t) shown in Figure P3.18(a). 


pit) 



Figure P3.18 





(a) Show thal the inpul signal x(t) of Figure P3.18(c) can be represented by 

x(i) = 2 a "P(‘ - ") 

and find the values of a,. 

(b) Write down an expression for the response y(t) to the input x(i) shown in Figure 
P3.18(c) in terms of the responses to the building block inputs p(t — n). Sketch y{t). 

(c) Find the system response to the unit ramp input u_ 2 (r). 

(d) Find the step and impulse responses of this system. [Hint: Part (c) and Problem 3.14 
should be of use here.] 

(e) Find a block diagram representation of the system in terms of the following ele¬ 
ments: integrators, differentiators, ideal unit delay elements (i.e., the output of 
such a delay equals the input delayed by 1 second), adders, and elements for the 
multiplication of a signal by a constant coefficient. 

3.19. Consider a discrete-time LTI system with unit sample response 

h[n] = (n + 1 )<*"«(«] 

where | tf| < 1. 

Show that the step response of this system is given by 

'M= - (^ a ” ++ H ** 1 

Him: Note that 

J o (* + i)a* = ^2;V 

3.20. In the text we saw that the overall input-output relationship of the cascade of two LTI 
systems does not depend on the order in which they are cascaded. This fact, known as 
the commutativity property, depends on both the linearity and the time invariance of 
both systems. In this problem we provide several examples to illustrate this point. 

(a) Consider two discrete-time systems A and B, where system A is an LTI system with 

unit sample response h[ti\ — (^)”«M- System B, on the other hand, is linear but 
time-varying. Specifically, if the input to system B is w[n], its output z[n] is given by 
z[n] = nw[n] 

Show that the commutativity property does not hold for these two systems by 
computing the response of each of the systems depicted in Figure P3.20-1 to the 
input x[rt] = <5[n]. 



Figure P3.20-1 


(b) Suppose that we replace system B in each of the interconnected systems of Figure 
P3.20-1, by the system with the following relationship between its input w[n] and 
output z[n]: 

z[n] = >v[n] + 2 

Repeat the calculations of part (a) in this case. 
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(c) What is the overall input-output relationship for the system of Figure P3.20-2? 



Figure P3.20-2 


3.21. In the text we showed that if h[n] is absolutely summable, 

S l«*H<eo 

then the LTI system is stable. This means that absolute summability is a sufficient 
condition for stability. In this problem we shall show that it is also a necessary condi- 
tion. Consider an LTI system with impulse response h[n], which we assume is no 
absolutely summable, that is, 

2 I WO I = 00 
*--«• 

(a) Suppose that the input to this system is 

r 0 if h[— n] = 0 

Does this input signal represent a bounded input? If so, wha: is the smallest numoer 
B such that 

|x[n]|^fl foralin? 

(b) Calculate the output at n - 0 for this particular choice of input. Does this result 
prove the contention that absolute summability is a necessary condition for stab.l- 

(c) In a similar fashion, show that a continuous-time LTI system is stable if and only 
if its impulse response is absolutely integrable. 

3.22. Consider the cascade of two systems shown in Figure P3 22. The first system, 

known to be LTI. The second system, B, is known to be the inverse of system A. Le 
,.(,) denote the response of system A to *,(/), and let y 2 (r) be the response of system 
A to .t 2 (/). 



Figure P3.22 


(a) What is the response of system B to the input ayM + byx(t), where a and b 

constants? _ 

(b) What is the response of system B to the input y,(/ — t) l 
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t..... . .. i-:— i - - 1 .- 1 • ;' r ‘ 

3.23. Determine if each of the following statements concerning LTI systems is true or false. 
Justify your answers. 

(a) If h(t ) is the impulse response of an LTI system, and A(r) is periodic and nonzero, 
the system is unstable. 

(b) The inverse of a causal LTI system is always causal. 

(c) If | h[n] | <; K for each n, where K is a given number, then the LTI system with 
AM as its impulse response is stable. 

(d) If a discrete-time LTI system has an impulse response h[n] of finite duration, the 
system is stable. 

(e) If an LTI system is causal, it is stable. 

(0 The cascade of a noncausal LTI system with a causal one is necessarily noncausal. 

(g) A continuous-time LTI system is stable if and only if its step response s(i) is abso¬ 
lutely integrable, that is, 

J |j(/)|rfr < °° 

(h) A discrete-time LTI system is causal if and only if its step response s[n] is zero 
for n < 0. 

■f 3.24. The following are the impulse responses of LTI systems, in either continuous or dis- 
' crete time. Determine whether each system is stable and/or causal. Justify your answers. 

V (a) AM = (|)"i/M 

/(b) AM = (0.99)"i;[/i + 3] 

/(c) AM = (0.99)”!/[—«] 
y(d) AM = (4M2 - «] 

4(e) AM = (~iM«] + (1,01)"u[n - 1] 

'f(f) AM = (-|)"«M + (1-01 Ml - «] 

-f (g) AM = nQYuln] 

V (h) A(r) = e' 3 '«(r - 1) 

-f(i) A(/) = e~ 3 'u(\ — /) 

V (j) A(r) = e~'u(t + 100) 

<(k) aw = m-i - o 

(I) A(t) = e -41 ' 1 
X (m) A(r) = te '1/(0 
(n) A(t) = (2e~‘ - e «-ioo,/.oo)„(,) 

3.25. One important use of inverse systems is in situations in which one wishes to remove 
distortions of some type. A good example of this is the problem of removing echoes 
from acoustic signals. For example, if an auditorium has a perceptible echo, then an 
initial acoustic impulse will be followed by attenuated versions of the sound at regularly 
spaced intervals. Consequently, an often used model for this phenomenon is an LTI 
system with an impulse response consisting of a train of impulses. 

A(/) = S h„6(t - kT) (3.25-1) 

A-0 

Here the echoes occur / seconds apart, and h k represents the gain factor on the Ath 
echo resulting from an initial acoustic impulse. . ^ 

(a) Suppose that x(t) represents the original acoustic signal (the music produced by 
an orchestra, for example) and that A0 = x(r) ♦ A(r) is the actual signal that is 
heard if no processing is done to remove the echoes. In order to remove the distor¬ 
tion introduced by the echoes, assume that a microphone is used to sense y(i) and 
that the resulting signal is transduced into an electrical signal. We will also use 
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y(t) to denote this signal, as it represents the electrical equivalent of the acoustic 
signal, and we can go from one to the other via acoustic-electrical conversion sys- 
tems. 

The important point to note is that the system with impulse response given 
by eq. (P3.25-1) is invertible. Therefore, we can find an LTI system with impulse 
response g(t) so that 

A0 * SO) = A0 

and thus, by processing the electrical signal >>(/) in this fashion and then converting 
back to an acoustic signal, we can remove the troublesome echoes. 

The required impulse response g(0 is also an impulse train, 

g0)~£g> 50-kT) 

*-0 

Determine the algebraic equations that the successive g„ must satisfy, an j* s0,ve 
for g 0 ,g u and gl in terms of the A*. (Hint: you may find the result of part (a) of 

Problem 3.16 to be of value) . ,. . 

(b) Suppose that A„ - 1, A, - 1, and A, = 0 for all / St 2. What is *(0 m this case? 

(c) A good model for the generation of echos is illustrated in Figure P3.25. Hence eac 
successive echo represents a fed-back version of y(t), delayed by T seconds and 
scaled by a. Typically 0 < a < 1, as successive echos are attenua.ed. 



(i) What is the impulse response of this system (assume initial rest, i.e., A0 0 
for r < 0 if x(t) — 0 for r < 0)7 

(ii) Show that the system is stable if 0 < a < 1 and unstable if a > 1. 

(iii) What is g(t) in this case? Construct a realization of this inverse syst-m using 
adders, coefficient multipliers, and T-second delay elements. 

Although we have phrased this discussion in terms of continuous-time sys ems 
because of the application we have been considering, the same general ideas ho in 
discrete time. That is, the LTI system with impulse response 

AM = f 5(n - kN] 

k m 0 

is invertible and has as its inverse an LTI system with impulse response 

- S - kN) 

k-0 

It is not difficult to check that theg, satisfy the same algebraic equations as in part (a), 

(d) Consider now the discrete-time LTI system with impulse , esponse 

AM- t S[n-kN] 

This system is no, invertible. Find two inputs that produce the same output. 
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3.26. in Problem 2.23 we introduced and.ex-ined 

lion functions for continuous-time sign _ as those jn cont i n ous time, and both 

tion function has essentially the same P i* . (as is discussed in the following two 

COrre ’ ati0n fUnC,i ° n a " 

examine several more of its properties. • s i gn als. The autocorrelation 

- -*•— 

0„[n] = 2_x[m + »]xN 
0„[n] = S_>i/n + »M'n] 

and the cross-correlation functions are given by 

l«] = 2 x t"' + "W»»] 

^„i/i] = 2 yt"' + 

lime these functions possess certain symmetry properties. Spe- 
As in continuous time, these iuncuon f , . , _ a . _i 

*«• * od 

x A [n] depicted in Figure P3.26. 



. .o’ 5 

r -1 0 1 n 


Figure P3.26 

(b) Compute the cross-correlation sequences 

,0, rn. ‘ -1A «•— «”>• - “ *• 

(c) Let Xln] be the input to an LT1 syst $ ^ } and W „] in terms of 

corresponding output be y[n]. F d P J he viewed as the output of 

b > sp “ i,,iM "" ; ” P 

response of each of the two systems). LTI sys tem with 

<f>„[n] using the results of part (c). 
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3.27. Le, Ai(t), MO. and MO. as and^r^of considerable 

LTI systems. These three signal, are known aa j[” erated by digital logic circuitry 

an^'because^nultip^cation'by th«e functions can be simply implemented 

reversing switch. 


h,(0 hjlt) 


’h n fn 



Figure P3.27 



a riAa choice for x,(0. a continuous-time signal, that has the 
(a) Determine and sketch a choice ior n. t, 

following properties. 

(i) x,(0 is real. 

(ii) x,(0 = 0 for / < 0. 

fiiil |x,(ri|£ 1 for a ” 1 ^ °' i 

„ • *■“ “ d " 
x 3 (r) *■ h,(t) each as large as possible at t - 4. 

(c) What is the value of 

y,ft) = x,(r) * h,U), i=Aj 

m S& -S’U ro, tap* *»« m .. *• 

of a tapped-tala, line and an integrator (see [he nu , lchelt for the 

The system with impulse response r( ) • ^ order t0 produce the maxi¬ 
signal x,(r) because the impulse res P°" ae ,s *“ ^concept of a matched filter to 

^continuous-time signals and provide some insight 

3 ,s. Z r 25 S£S Seen »o continent.,,tae tea, signals aft) and pft) is 

given by , + _ fP3 2g.n 

0„(O = J x(r + T)y(t) dc 

, „r , ei»ml vfrl is obtained by setting y(0 = *(0 ln ec L 

The autocorrelation function of a signal xU) is 

(P3.28-1). 

= J + ~ x « + T)x(T)</t 

(>) Contpete the an,oco,re,.,ion fonctan for each of the ,»o sign.,. X.W »d '■<'> 
depicted in Figure P3.28-1. fl n \ te duration, i.e., that 

(b) jc(r) *!*() fort <'oandT> t" FindLthe impulse response of an LTI system so that 
_ T) is the output if x(0 is the input. 
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The system determined in part (b) is a matched filler for the signal x(t). That this 
definition of matched filter is identical to the one introduced in Problem 3.27 can be 
seen from the following. 

(c) Let x(r) be as in part (b), and let >•(/) denote the response to this signal of an LTI 
system with real impulse response h(t). Assume that h(t) = 0 for / < 0 and for 
t > T. Show that the choice for hit) that maximizes y(T) subject to the con¬ 
straint that 


( T h 2 (t) dt — M a fixed positive number 


is a scalar multiple of the impulse response determined in part (b). [Hint: 
Schwartz’s inequality states that 


j“ u(t)v(t) dt <, uHt) dt J /2 jj‘ v*(t) dt^ n 


for any two signals it[t) and v(t). Use this to obtain a bound on y(T).] 

The constraint given by eq. (P3.28-2) simply provides a scaling to the impulse 
response, as increasing M merely changes the scalar multiplier mentioned in part (c). 
Thus, we see that the particular choice for h(t) in parts (b) and (c) is matched to the 
signal x(t) to produce maximum output. This is an extremely important property in a 
number of applications, as we will now indicate. 

In communication problems one often wishes to transmit one of a small number 
of possible pieces of information. For example, if a complex message is encoded into a 
sequence of binary digits, we can imagine a system that transmits the information bit 
by bit. Each bit can then be transmitted by sending one signal, say *„(/), if the bit is a 
zero, or a different signal *,(/), if a I is to be communicated. In this case the receiving 
system for these signals must be capable of recognizing if *„(') or *,(/) has been received. 
Intuitively, what makes sense is to have two systems in the receiver, one “tuned” to 
*„(,) and one to *,(/), where by “tuned” we mean that the system gives a large output 
after the signal to which it is tuned is received. The property of producing a large output 
when a particular signal is received is exactly what the matched filter possesses. 

In practice there is always distortion and interference in the transmission and 
reception processes. Consequently we want to maximize the difference between the 
response of a matched filter to the input to which it is matched and the response of the 
filter to one of the other possible signals that can be transmitted. To illustrate this 
point, consider the following. 
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(d) Consider the two signals x 0 (t) and *,(/) depicted in Figure P3.28-2. Let L 0 denote 
the matched filter for x„(r), and let L, denote the matched filter for x,(r). 


xolt) », «l 



Figure P3.28-2 


(i) Sketch the responses of JL 0 to x 0 (t) and x s (/). Do the same for 

(ii) Compare the values of these responses at l = 4. How might you modify x 0 (t) 
so that the receiver would have even an easier job of distinguishing between 
x 0 (r) and x,(r) in that the response of L c to xfit) and L, to x a (t) would both 
be zero at t = 4? 

(e) Another application in which matched filters and correction functions piay an 
important role is in radar systems. The underlying principle of radar is that an 
electromagnetic pulse transmitted at a target will be refieettd by the target and will 
subsequently return to the sender with a delay proportional to the distance to the 
target. Ideally, the received signal will simply be a shifted and possibly scaled ver¬ 
sion of the original transmitted signal. 

(i) Let p(t) be the original pulse that is sent out. Show that 

<f> rr i 0) = max $„(t) 

Use this to deduce that if the waveform received bacc by the sender is 
x(t) = a,p{t — t 0 ) 
where a is a positive constant, then 

<t>xrUo) = max <f> x ,{t) 

Hint: Use Schwartz’s inequality. 

Thus, the way in which simple radar ranging systems work is based on using a 
matched filter for the transmitted waveform pit) and noting the time at which the 
output of this system reaches a maximum. 

(ii) For pit) and x{t) as in Figure P3.28-3, sketch 0„(r). Assuming a propagation 
velocity of c = 3 x 10* meters/sec, determine the distance from the trans¬ 
mitter to the target. 

(iii) Since this technique for estimating travel time looks at the peak of a correla¬ 
tion function, it is useful to use pulse shapes pit) that have sharply peaked 
correlation functions. This is important due to the inevitable presence of dis¬ 
tortion and interference in the received waveform. Which of the two pulses in 
Figure P3.28-4 would you prefer to use7 
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3.29. A discrctc-timc LTI system has its input-output relation characterized by the difference 
equation 

>■[«] = .v[/i] - 2x[« - 2] + *[« - 3] - 3x[« - 4] 

Determine and sketch the unit sample response for this system. 

3.30. Consider the LT1 system initially at rest and described by the difference equation 

yin] + 2y{n - I] = *[«] + 2x[n - 2] 

Find the response of this system to the input depicted in Figure P3.30 by solving the 
difference equation recursively. 


- 2-1 01234 


n Figure P3.30 


3.31. In this problem we parallel our discussion of Section 3.5.1 in order to present one 
standard method for solving linear constant-coefficient difference equations. Spe¬ 
cifically, consider the difference equation 

y[n] - iA n - 1] = -*["] (P3.31-1) 
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and suppose that 

x[fl] = X(cos£2 0 n)«W (P3.31-2) 

Assume that the solution y[rr] consists of the sum of a particular solution yin] to 
eq. (P3.31-1) for n ^ 0 and a homogeneous solution y*[n] satisfying the equation 

yin] - - l] = o 

(a) If we assume that yin] = Az’ 0 , what value must be chosen for r.7 

(b) If we assume that for n ^ 0 

y f [n] = B cos (fl 0 n + 9) 

what are the values of B and 92 (Him: In analogy with continuous time, it is 
convenient to view 

x[n] = &£ {/O'n.’-iM) and y[n] = ( Ye^uln]] 

where Y is a complex number to be determined.) 

(c) Suppose that we provide the auxiliary condition 

yf 0] = 0 (P3.31-3) 

Verify that eq. (P3.31-1) together with eq. (P3.31-3) specify a linear system. Show 
that this system is not causal by comparing the responses of the system to the fol¬ 
lowing two inputs 

x,[n] = 0 for all n 

( 0 , n < -2 
rdnl = i ' . 


(d) Consider the system described by eq. (P3.3I-1) and the assumption of initial rest. 

show that this is a causal LTI system. . . . „ . , 

fel Suppose that the LTI system described by eq. (P3.31-1) and initially at rest has 
( } as its input the signal specified by eq. (P3.31-2). Since x[n) ~ 0 for n < 0, we have 
that M - 0for n < 0. Also, from parts (a) and (b) we have that y(n) has the form 

yin] = Azi + B cos (fi„« + 0) 

for 0. In order to solve for the unknown constant A. we must specify a valuc 
for M for some „ ;> 0. Use the condition of initial rest and eq.. (P3^-l and 
(P3.31-2) to determine MP). From this value determine theconstant^Theres 1 
of this calculation yields the solution to the difference equation (P3.3I-I) under the 
condition of initial rest, when the input is given by eq. (P3.31- ). 

, „ a si oo 000 mortgage is to be retired by equal monthly payments of D dollars. Interest 
is charged M . 12% ■« «»«■ » "» ™1»«‘ 

for example, after the first month, the total debt equals 


$100,000 + (^) s 100,000 = $101,000 


The problem is to determine D such that after a specified time the mortgage is paid in 

[I'Trsctup.heproblcm S denote the unpaid balance jus. after the nth monthly 
^ payment Msume tha.’.heprincipal is borrowed in month 0 and monthly payments 
begin in month 1. Show that yin] satisfies the difference equition 

yin] - yyln -\]**-D n Si 1 (P3.32-1) 
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with initial condition 

MO] = $100,000 

where y is a constant that you should determine. 

(b) Solve the difference equation of part (a) to determine 

y[n] for n ^ 0 

Hint: The particular solution of eq. (P3.32-1) is a constant Y. Find the value of ) 
and express yM f° r » ^ 1 as the sum of the P articular and homogeneous solu¬ 
tions. Determine the unknown constant in the homogeneous solution by directly 
calculating MU from «!• (P3.32-1) and comparing it to your solution. 

(c) If the mortgage is to be retired in 30 years, after 360 monthly payments of D dollars, 
determine the appropriate value of D. 

(d) What is the total payment to the bank over the 30-year period? 

(e) Why do banks make loans ? 

3.33. (a) Consider the homogeneous differential equation 

t (P3.33-1) 

Show that if s 0 is a solution of the equation 

p(s) = S «»** = o ( p3 - 33 ' 2) 

Jk-0 


then AS* is a solution of eq. (P3.33-1), where A is an arbitrary complex constant, 
(b) The polynomial p(s) in eq. (P3.33-2) can be factored in terms of its roots, .. s„ 

p(s) = a N (s — Si)"'(s — Si)’ 1 . .. (s — *,)" 
where the r, are the distinct solutions of eq. (P3.33-2) and the a, are their multi- 
plicities. Note that 

crj + Oi 4* . • • + Or — N 

In general, if (7, > 1. then not only is AS* a solution of eq. (P3.33-1), but 
so is At'S* as long as j is an integer greater than or equal to zero and less than or 
equal to (a, - 1). To illustrate this, show that if a, = 2, then Ate"' is a solution 
of eq. (P3.33-1). [Hint: Show that if s is an arbitrary complex number, then 


*-o ai 


Thus, the most general solution of eq. (P3.33-1) is 


t 'S A u' ,eU ' 
1-1 1-0 


where the A„ are arbitrary complex constants. 

(c) Solve the following homogeneous differential equations with the specified auxiliary 
conditions. 

(i) + 3 + 2y(t) = 0; y(0) — 0, /(0) - 2 

(ii) + 3 + 2M<) = 0; M0) = 1. M(0) = -1 

' ' dt 1 at 

(iii) M + 3 ^ L) + 2Mt) = 0; M0) = 0, /(0) = o 

v ' dt 1 dt 

(iv) ^W + 2^-1 -At) =0; M0)=l, M(0) = 1 
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mm. 


J r - dyit)-y(t) = o; M0) = 1. /(0) = 1 • >"(0) = -2 

“ dt 1 ~ dt 1 dt 


* M =ar+=dr--7r- w, ” u> ^ ** .. 

(vi) ^) + 2 ^> + 5M/) = 0; K0) = i, /(«) = ! 

(d) Consider the homogeneous difference equation 

S fl*M” - *1 = 0 

lk-0 


Show that if z 0 is a solution of the equation 


t an- = 0 (P3.33-4, 

lk-0 

then Azi is a solution of eq. (P3.33-3), where A is an arbitrary constant 
As it is more convenient for the moment to work with polynomials that have 
only nonnegative powers of z, consider the equation obtained by multiplying bo 
sides of eq. (P3.33-4) by z N : 

pi z) = £a k z»->=0 CP3.33-5) 

Jk-0 

The polynomial p(z) can be factored as 

p{z) = flo(z ~ 1 1 )" 1 • • • ( z — 1 

where ... are the distinct roots of p{z). 

(e) Show that if M n l = nz"-\ then 

£ a k An - k] = + (« - N)pU)z^-' 

Use this fact to’show that if <7, - 2, then both Azf and Bn:"' 1 are solutions of eo 
(P3.33-3), where A and B are arbitrary complex constants. More genera,iy, one 
use this same procedure to show that if <7, > 1. lhen 


(f) So We°the following 'homogeneous difference equations with -he specified auxiliary 

0) n Tl+ : |M« - 11 + \*n - 2] = 0; MOl = 1. A- j! “ - 6 
(ii) Mnl - 2M» - 11 + A." ~ 2] = °; ]' 31 1 

(Hi) An 1 - 2y{« - 1] + M« - 2] = °; rt° ] • y[ 

(iv) M") - J ^Y”A n - 11 + i>[" - 2] = 0; M°1 = °> ^-11 = 1 

3 34 In the text we described one method for solving linear constant-coefficient difference 
3.34. in tne text we f£)r doing this was illustrated in Problem 3.31. If the 

assumption of initial rest is made so that the system described by the differential equa¬ 
tion is LT1 and causal, then in principle we can determine the unit unpulse respons 

homogeneous equation with appropriate initial conditions. 

tHere we are using the factorial notation. That is, k\ ~ k(k - M - 2) ■ ■ ■ 2-1, where 0. is 
defined to be 1. 


Chap. 3 Problems 


UMIVERSIDAO 
DE CANTASU& 




(a) Consider the system initially at rest and described by the equation 

44 — j 4 n — 1] = 44 (P3.34-1) 

Assuming that 44 = <5[4, what is 40]? What equation does M4 satisfy for /. ^ 1. 
and with what auxiliary condition? Solve this equation to obtain a closed-form 
expression for h[n]. 

(b) Consider next the LT1 system initially at rest and described by the difference 

eqUati ° n yln] - - 1] = 44 + 2 x[n - 1] C P3 - 34 ' 2 > 

This system is depicted in Figure P3.34(a) as a cascade of two LTI systems that 
are initially at rest. Because of the properties of LTI systems we can reverse the 
order of the systems in the cascade to obtain an alternative representation of the 
same overall system, as illustrated in Figure P3.34(b). From this fact, use the result 
of part (a) to determine the impulse response for the system described by eq. 
(P3.34-2). 



(b) 

Figure P3.34 

(c) Consider again the system of part (a) with 44 denoting its impulse response. Show 
that the response 44 to an arbitrary input 44 is in fact given by the convolution 
sum 

44 = Y, h[n - m]x[m] (P3.34-3) 

Do this by verifying that eq. (P3.34-3) satisfies the difference equation (P3.34-1). 

(d) Consider the LTI system initially at rest and described by the difference equation 

£ «*4'< - *1 = 44 (P3.34-4) 

*« 0 

Assuming that n„ * 0. what is y[ 0] if 44 - <5[4? Using this, specify the homo¬ 
geneous equation and initial conditions that the impulse response of this system 

mUSt Consider next the causal LTI system described by the difference equation 

% akA n-k]~ Ybtxln-k] (P3.34-5) 

*-0 

Express the impulse response of this system in terms of that for the LTI system 
described by eq. (P3.34-4). 
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. - k an alterna ,ive method for determining the impulse response of the LTI 

(e) There s , Snecifically given the condition of initial rest, 

system described by eq4Pj-34^ Specially, g. = $olve £q (P3 . 34 -5) 

,e > m t J , “ order to determine y[0 ],.... y[M], What equation 

for • £ Ml Wha. are ,he appropria.e ini.i.1 ccndi.lon. for ,h.a 

(0 S'teLpulae responses ot ,bc eaosal LTI sp.rem, described b" Ac 
equations. 

(i) 44 - An - 2] = 44 

(ii) 44 - 4” - 2] = 44 + 24» - 11 

(iii) 44-4r.-21=244- 34n- 41 

(iv) 44 - tv/T/2)4« - 11 + “ 21 =^ nl . . , 

Use either of the methods outlined in parts (d) and (e). 

. , that is the continuous-time counterpart ol tne 

3.35. in ihis problem we consider a p problem of deiermin- 

reebninoe developed ,n Problem „ „„ , n d described 

differed.. e„«.,fo. reduces I. ,h. problem ofsolvi.p 

s ....— 

+ 2yU) = x(t) (P3.35-1) 

Suppose lhai M - *>■order » determine ibe v.lu,s of M tm ™*W 

sri s?.ts - - *** 

This yields 

404 - 40 *) + 2 J“' 4 t) dx - J“ < 5 (t) dx - 1 (P?35 ' 2) 

Since the system is initially a, res, and 40 - Ofor , < <^> - 0. Jerefo., we 
see .ha. 404 = 1. - if this ,s "sin" x(r) = 0 for , > 0, we 

ssn^iST’SpS: j™ «• «»* «»>*«° f the h ° mogene ° us 

equation 

d M + 240 = 0 

at 

with initial condition 

ylP ) — i 

Solve this differential equation to obtain the impulse response 40 for this system. 
Check your result by showing that 

yd) = h(t - t) 4 t) dx 

* ssassszss-- - —- 

by the differential equation 

A „ dbit) _ x(t) (P3.35-3) 

*?o ak ~di^- XW 

with 40 = <5(0- Assume the condition of initial rest which, since 40 = 0 for 
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t < 0 , implies that 


(P3.35-4) 


* 0 -) = ^( 0 -) = ... = £^( 0 ') = ° 

Integrate both sides of eq. (P3.35-3) once from t = O' to I = 0\ and use eq. (P3.35-4) 
and an argument similar to that used in part (a) to show that the rcsuPmg equation 
is satisfied with 

K 0 *) = J( 0 +) = ...^(Cn = 0 (P3.35-5a) 

and 

(P3.35-5 b) 

dt v fljv 

Consequently the system’s impulse response for t > 0 can be obtained by solving the 
homogeneous equation 

v „ dk y ( -‘) - n 

A -0 

with initial conditions given by eq. (P3.35-5). 

(c) Consider now the causal LTI system described by the differential equation 

(P335 ' 6) 

Express the impulse response of this system in terms of that for the system of part (b). 
(Hint: examine Figure P3.35). 




will 

“ b dl,w(t) 


.)—*- 

k » 0 d > 1 ' 





(d) Apply the procedures outlined in parts (b) and (c) to find the impulse responses for 
the LTI systems initially at rest and described by the following differential equa- 
tions. 

(i) ^ + 3 = *('> 


(ii) £^ + 2^ + 2y(/) = 4/) 

(c) Use the result of parts (b) and (c) to deduce that if M ^ N in eq. (P3.35-6), then 
the impulse response h(t) will contain singularity terms concentrated at t = 0. In 
particular, h(t') will contain a term of the form 


where the a, are constants and the u,(t) are the singularity functions defined in 

Section 3.7. . , . „ 

(f) Find the impulse responses for the causal LTI systems described by the following 

differential equations. 

(i) ^ + 2 Mr) = 3^-F*(r) 


(i) ^ + 2 y(/) = 3^ l At) 

(10 + 5 + 6,(0 = ^ + 2^>f4f + 3x(0 
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3 nsider the LTI system initially at rest and described by the difference equatton 

y[n] - - 1 ] + An - 2] = 6 x[n] - 7 A« - « + - 2] 

.,) Determine a closed-form expression for the unit step response of this system in two 

r Y By solving the difference equation directly by ( 1 ) assuming a particular solution 

solution which will have two unspecified constants; and (3) d-rectly calcula ng 
STd'y[l] and using these values to determine the constants by equatmg 

(ii) Byfirsfsolvmgforfhluni” impu,Response (see Problem 3.34) and then using 
the convolution sum. 

(b) Find the output of the system when the input is 

An] - (“i Y 

Use either of the two methods given above, where in the first case you should 
assume a particular solution of the form 

,W=r(-i)" for n > 0 

(c) What is the response of the system if 

x[n] = (-^M" - 2] + 3 u[n - 4] 

(d) Construct the direct form II realization for this system. 

3.37. Consider the continuous-time LTI system initially at rest and descr.bcd by the d.ff - 
ential equation 

+ fWO _ 2 y(t) = x(/) (P3.37-!) 

dt 1 T dt 


\ nptermine the step response of this system in two wa>s. . . 

61 

and /(/) with ,,(/) + yM and /,(/) + AM, respectively a. t - 0 . 

(ii) By first solving for the unit impulse response (see Problem 3.35) 
using the convolution integral. 

(b) Repeat (i) of part (a) for the input 

x(t ) = e~ z, (cos 3 t)u(t) 

In this case the particular solution for / > 0 is of the form 
y(l) =ffhe(ye- z 'e' 3 '} 


(c) Construct the direct form 11 realizations for the LTI system described by eq. 

3.38. Determine 'the direct form II realization for each of the following LTI systems, a.l of 
which are assumed to be at rest initially. 

(a) 2>{n] - y[n - 1] + - 3 1 “ - Sx[n - 4] 




= AO - 3 


d 1 x(t) 

dl 1 


(e) An] - An] - An - H + 2*1" - 3] - 3x[n - 4] 



dx(t) 

dl 


Chap. 3 Problems 


155 




(e) €M + 2 - 2 At) = + ¥ + 3 £_ ^ 

3 _ 39 _ m Section 3.7 we characterized the unit doublet through the equation 

x(r) . u,(/) = | + ~4t - t)u,(z)dx = *'(/) (P3.39-1) 

for any signal x(t). From this equation we derived the fact that 

| ”g(T)«iW dt - —g ‘'(°) (P3.39-2) 

(a) Show that eq. (P3.39-2) is an equivalent characterization of B,(f) by showing that 
eq Ip 3 39-2) implies eq. (P3.39-1). [Hint: Fix t and define the s.gnal ,(t) = 

^Thuswe have seen that characterizing the unit impulse or unit doublet by how 
it behaves under convolution is equivalent to characterizing how.lt behaves under 
integration when multiplied by an arbitrary signal ,(,). In fact as md.ca ed in 
Section 3.7, the equivalence of these operational definitions holds for all signals an 
in particular for all singularity functions. 

(b) Let f{t) be a given signal. Show that 

f(t)uM = /(0)m.M - /'(°) s 0) 
by showing that both have the same operational definitions. 

(c) What is the value of 

| x(t)u 2 (t) dz ? 

(d) Find an expression for /(*.,« analogous to that considered in part (b) for 
/(')"iW- 

3.40. Show by induction that 

)\ u{,) forA ' = 1 ' 2 ' 3 ’-" 

3.41. In analogy with the continuous-time singularity functions, we can define a set of 
discrete-time signals. Specifically, let 

u.iW = u[n\ 

u 0 M = 

u,[n] = <5[n] — S[n — 1 ] 

and define 

«*[«] = «iM ♦ t<iW*• • • ♦ “iM > k > 0 

k times 

«*[/!] = l t-|[>l1*H-l["1» •••♦«-■[? ]■ k < 0 
1 Ar | times 

Note that 

jc[n] * = -xW 

,v[n] * «[n] = S x[m] 
x[n] • u i [«] = - x[n - 1] 
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.hid, .re i he of .he opmttoa hetaWon. of SO), ««>• 

the text in eqs. (3.143), (3.156), and (3.149), respectively. 

(a) What is 

2 


(b) ShOWthat x[n lu,W = 401«iM - MU - x[01) Sin - 1] 

= 411b,W - MU - *[°fl 

(c) Sketch the signals u 2 W and “iW‘ 

(d) Sketch u_ 2 M and w-jM- 

(e) Show that in general for k> 0, 

and show it is also true for 
(fi Show that in general for k > 0, 

„ (" + * - (P3.41-2) 

«-*w = - TRF ^ iyr 1 

Hint: Again use induction. Note that 

u (p ; ht 

A*™,., .ha, eq- <P3.4,-2> U v.»d ,o. ...M, « eq. <P.«-» » — 

is valid for «-<*.i)M as we "- „ y facilitate the 

3.42. In this chapter we have used several prop* ^ examine a bit more 

analysis of LTI systems. Among these are two that we ^ ^ ^ must ^ careful 

closely in this problem. As we wi ***’ without qualification. 

in using these properties, which othenv convolution (in both continuous 

(a) 2S dLSteTtr rrS^Tha. is, if *). and ,(D are three 

This fact is true, in general, as long astel^ral 
defined and finite. As this is usua y e c ’ However there are some 

associativity property without comment or assumpion o in 

cases in which this is nut »Je - J Forj^ response of this system 

Figure P3.42 with h(t) = «,(r)and*(») t )■ 
to the input 

x (l) = 1 for all t 

(b) Repeat part (a) for 

x(t) = 
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and 

h(l) = e-'u(l) 

g(t) = u,(f) + S(t) 

(c) Do the same for 

x[n] = (})" 

h[n] = (i)“uW 

g[n] = 6[n] - i 5[n - 1] 

Thll<1 in general we have that the associativity property of convolution holds if 

Thus, in general, we nave a,, n make sense (i.e„ their interpretations 

and only if the three expressions in eq. ( . in part ( a ) differentiating a 

in terms of LTI systems are meaningful). For , of P intcgrating the constant 

- ‘ - - “ 

d—...*« 

Specifically, consider the ^ ™ onaro constant, for which the output of 

part (a), there are ‘«P U ^ m ( j ni ngless to consider the question of inverting 

ro^t^r the input. However, if we limit ourselves to inputs that do yield 
finite outputs, that is, that satisfy 

|J‘ x(r) </t| < °o (P3-4W) 

then the system b invertible, and the LTI system with impulse response „.«) is its 
iiThow that the LTI system with 

two different inputs that both yie zcr j f eq (P3.42-2). [Hint: In 

i. is invertible if wc limit ourselves to "g^o input other than 

Problem 2.30 we showed tha an LTI system J--e tb P ^ 

responses when convolved 

Wi,K “wha! we have illustrated in this problem is the fofi-ing: 

t if rfrl h(i) and g(l) are three signals and if x(t) * g(t), AO U, 

' we! defined and finite, then the associativity property, 

2. StMtfbeth^impulse response of an LTI system, and suppose that the 
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impulse response g(t) of a second system has the property that 

*0 •*«-*«> (P342 ‘ 3) 

two systems as inverses. . f (P3 42-1) and the defini- 

Therefore, we see tha, the associativity convo lutions 

tion of LTI inverses as given in eq. • . realistic problem, we will 

ZZZSZS '»™ l.» <» 

(C)l- 
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Once we have these representations we can again proceed as we did in Chapter 
3 That is because of the superposition property, the response of an LTI system to 
any input consisting of a linear combination of basic signals is the linear combination 
of the individual responses to each of these basic signals. In Chapter 3 these responses 
were all shifted versions of the unit impulse response, and it was this fact that gave 
us the representations for LTI systems that we found so useful. As we will find in 
this and the next chapter, the response of an LTI system to a complex exponential 
also has a particularly simple form, and it is this fact that will provide us with another 
convenient representation for LTI systems and consequently with another way in 
which to analyze these systems and gain insight into their properties. The framework 
of Fourier analysis that we build in this chapter and in Chapter 5 plays an extremely 
important role in the study of signals and systems. We will use this framework exten¬ 
sively throughout the remainder of the book. 

The development of the techniques of Fourier analysis has a long history 
involving a great many individuals and the investigation of many different physical 
phenomena.t The concept of using “trigonometric sums,” that is, sums of harmoni¬ 
cally related sines and cosines or periodic complex exponentials, to describe periodic 
phenomena goes back at least as far as the Babylonians, who used ideas of this type 
in order to predict astronomical events.! The modern history of this subject begins 
in 1748 with L. Euler, who examined the motion of a vibrating string. In Figure . 
we have indicated the first few normal modes of such a string. If we consider the 
vertical deflection f(x) of the string at time t and at a distance x along the string, 
then for any fixed instant of time /, the normal modes are harmonically related sinu¬ 
soidal functions of x. What Euler noted was that if the configuration of a vibrating 
string at some point in time is a linear combination of these normal modes, so is its 
configuration at any subsequent time. Furthermore, Euler showed that one could 
calculate the coefficients for the linear combination at the later time in a very straight¬ 
forward manner from the coefficients at the earlier time. In doing this Euler had 
performed the same type of calculation as we will in the next section in deriving one 
of the properties of trigonometric sums that make them so useful for the analysis 
of LTI systems. Specifically, we will see that if the input to an LTI system is expressed 
as a linear combination of periodic complex exponentials or sinusoids, the output 
can also be expressed in this form, with coefficients that are conveniently expressed 

t The historical material in this chapter was taken from several references : I. Gratton-Guiness 
Joseph Fourier 1768-1830 (Cambridge, Mass.: The MIT Press. 1972); G. F. Simmons, Different,al 
Equal ions: With Applications and Historical Notes (New York McGraw-H.ll Hook ComP“ny,^|972) 
C Luncxos, Discourse on Fourier Series (London: Ohver and Uoyd 1966), R. E. EdwardsFourter 
Series- A Modern Introduction (New York: Holt, Rinehart and Wmston, Inc.. 1967), and A. D 
Aleksandrov A. N. Kolmogorov, and M. A. Lavrent'ev, Mathematics: Its Content Methods, and 
Meaning trans. S. H. Gould, Vol. It; trans. K. Hirsch, Vol. Ill (Cambridge Mass.: The MIT Press, 
1963). In particular, a far more complete account of Fourier's life and contributions can be found 
the book of Gratton-Guiness. Other specific references are c.ted in several places in the chapter. 

til Dym and H. P. McKean. Fourier Series and Integrals (New York: Academic Press 1972). 
This text and the book of Simmons referenced above also contain discussions of the vibrating- 
string problem and its role in the development of Fourier analysis. 
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Vertical deflection 
f,lx) 


I 

I 



Figure 4.1 Normal modes of a vibrating string (solid lines indicate the con¬ 
figuration of each of these modes at some fixed time instant (). 

in terms of those of the input. As we will see, this greatly facilitates the analysis of 

LTI systems. . 

The property described in the preceding paragraph would not be particularly 
useful unless it were true that a large class of interesting functions could be represented 
by linear combinations of complex exponentials. In the middle of the eighteenth 
century this point was the subject of heated debate. In 1753, D. Bernoulli argued on 
physical grounds that all physical motions of a string could be represented by linear 
combinations of normal modes, but he did not pursue this mathematically and his 
ideas were not widely accepted. In fact, Euler himself discarded trigonometric series, 
and in 1759 J. L. Lagrange strongly criticized the use of trigonometric series in the 
examination of vibrating strings. His criticism was based on his own belief that it 
was impossible to represent signals with corners (i.e., with discontinuous slopes), 
using trigonometric series. Since such a configuration arises from the plucking of a 
string (i.e., pulling it taut and then releasing it), Lagrange argued that trigonometric 

series were of very limited use. . 

It was in this somewhat hostile and skeptical environment that Jean Baptiste 
Joseph Fourier (Figure 4.2) presented his ideas half a century later. Fourier was 
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Figure 4.2 Jean Baptiste Joseph 
Fourier [picture from J.B.J. Fourier, 
Oeuvres de Fourier , Vol. II (Paris: 
Gauthier-Villars et Fils, 1890)]. 

bom on March 21, 1768, in Auxerre, France, and by the time of his entrance into the 
controversy concerning trigonometric series he had already had a lifetime of experi¬ 
ences. His many contributions, and in particular those concerned with the series and 
transform that carry his name, are made even more impressive by the circumstances 
under which he worked. His revolutionary discoveries, although not completely 
appreciated during his own lifetime, have had a major impact on the development of 
mathematics and "have been and still are of great importance in an extremely wide 

range of scientific and engineering disciplines. 

In addition to his studies in mathematics, Fourier led an active political life. 
In fact during the years that followed the French Revolution his activities almost 
led to his downfall, as he narrowly avoided the guillotine on two separate occasions. 
Subsequently, Fourier became an associate of Napoleon Bonaparte, accompanied 
him on his expeditions to Egypt (during which Fourier collected the information he 
would use later as the basis for his treatises on egyptology), and in 1802 was appointed 
by Bonaparte to the position of prefect of a region of France centered in Grenoble. 
It was there, while serving as prefect, that Fourier developed his ideas on trigonomet¬ 
ric series. 

The physical motivation for Fourier’s work was the phenomenon ot heat 
propagation and diffusion. This in itself was a significant step in that most previous 
research in mathematical physics had dealt with rational and celestial mechanics. 
By 1807, Fourier had completed a substantial portion of his work on heat diffusion, 
and on December 21, 1807, he presented these results to the Institut de France. In 
his work Fourier had found series of harmonically related sinusoids to be useful in 
representing the temperature distribution through a body. In addition, he claimed 
that “any” periodic signal could be represented by such a series. While his treatment 
of this topic was significant, many of the basic ideas behind it had been discovered by 
others. Also, Fourier’s mathematical arguments were still imprecise, and it remained 
for P. L. Dirichlet in 1829 to provide precise conditions under which a periodic 




signal could be represented by a Fourier series.t Thus, Fourier did not actually 
contribute to the mathematical theory of Fourier series. However, he did have the 
clear insight to see the potential for this series representation, and it was to a great 
extent his work and his claims that spurred much of the subsequent work on Founer 
series In addition, Fourier took this type of representation one very large step further 
than any of his predecessors. Specifically, he obtained a representation for aperiodic 
signals—not as weighted sums of harmonically related sinusoids—but as weighted 
integrals of sinusoids that are not all harmonically related. As with the Founer 
series, the Fourier integral or transform remains one of the most powerful tools for 

the analysis of LTI systems. , 

Four distinguished mathematicians and scientists were appointed to examine 
the 1807 paper of Fourier. Three of the four, S. F. Lacroix, G. Monge, and P. S. 
Laplace, were in favor of publication of the paper, but the fourth, J. L. Lagrange 
remained adamant in the rejection of trigonometric series that he had put forth 50 
years earlier. Because of Lagrange’s vehement objections, Fourier’s paper never 
appeared. After several other attempts to have his work accepted and published by 
the Institut de France, Fourier undertook the writing of another version of his work, 
which appeared as the text morie analytique de la chaleur.X This book was published 
in 1822 15 years after Fourier had first presented his results to the Institut de France. 

Toward the end of his life Fourier received some of the recognition he deserved, 
but the most significant tribute to him has been the enormous impact of his work on 
so many disciplines within the fields of mathematics, science, and engineering. The 
theory of integration, point-set topology, and eigenfunction expansions are just a 
few examples or topics in mathematics that have their roots in the analysis of Founer 
series and integrals.? Much as with the original studies of vibration and heat dif¬ 
fusion there are numerous problems in science and engineering in which sinusoidal 
signals, and therefore Fourier series and transforms, play an important role. For 
example, sinusoidal signals arise naturally in describing the periodic behavior of the 
earth’s climate. Alternating-current sources generate sinusoidal voltages and currents 
and as we will see, the tools of Fourier analysis enable us to analyze the response of 
an LTI system such as a circuit, to such sinusoidal inputs. Also, as illustrated in 
Figure 4.3, waves in the ocean consist of the linear combination of sinusoidal waves 
with different spatial periods or wavelengths. Signals transmitted by radio an te evi- 
sion stations are sinusoidal in nature as well, and as a quick perusal of any text on 
Fourier analysis will show, the range of applications in which sinusoidal signals 
arise and in which the tools of Fourier analysis are useful extends far beyond these 
few examples. 


tBoth S. D. Poisson and A. L. Cauchy had obtained results about convergence of Founer 
series before 1829, but Dirichlefs work represented such a significant extension of their results that 
he is usually credited with being the first to consider Fourier series convergence in a rigorous fashion. 
{See the English translation: J. B. J. Fourier, The Analytical Theory of Heat . trans. A. 

Freeman (Cambridge, 1878). ■ i -t n 

§For more on the impact of Fourier’s work on mathematics, sea W. A. Cop^l J.B 
Fourier-On the Occasion of His Two Hundredth Birthday,’ American Mathematical Monthly, 76 
(1969), 468-83. 


164 


Fourier Analysis for Continuous-Time Signals and Systems Chap. 4 


Sec. 4.0 Introduction 


165 






_Wavelength 500 ft 

—— Wavelength 800 ft 


Figure 4.3 Ship encountering the superposition of three wave trains, each with a different 
spatial period. When these waves reinforce one another, a very large wave can result. In 
more severe sea conditions, a giant wave indicated by the dotted line could result. Whether 
such a reinforcement occurs at any location depends upon the relative phases of the com¬ 
ponents that are superposed (see Section 4.10). (Adapted from an illustration by P. Mion 
in “Nightmare waves are all too real to deepwater sailors,” by P. Britton, Smithsonian 8 
(February 1978), pp. 64-651. 


In this chapter we develop some of the basic tools of continuous-time Fourier 
analysis in much the same manner as that used by Euler, Bernoulli, Lagrange, Fourier, 
Dirichlet, and those that followed after them. As we introduce and describe these 
tools we will begin to establish some insight into the utility of Fourier analysis and 
the frequency-domain (i.e., Fourier series or Fourier transform) representation of 
signals and systems. Although the original work of Fourier and his contemporaries 
was concerned solely with phenomena in continuous time, the essential ideas of 
Fourier analysis carry over to discrete time and provide us with extremely powerful 
techniques for the analysis of discrete-time LTl systems. The development of discrete¬ 
time Fourier analysis is the subject of Chapter 5. With this understanding of frequency- 
domain methods in hand in both continuous and discrete time, we will then be in a 
position to apply these techniques to several topics of great practical importance. 
In Chapter 6 we take up the subject of filtering (i.e., the design of systems with par¬ 
ticular response characteristics to sinusoids at different frequencies). The topic of 
modulation is addressed in Chapter 7, and, in particular, in that chapter we develop 
the basic ideas behind the operation of amplitude modulation (AM) communication 
systems. In Chapter 8 we use continuous- and discrete-time Fourier analysis tech¬ 
niques together as we investigate the sampling of continuous-time signals and the 
processing of sampled signals using discrete-time systems. 


1.1 THE RESPONSE OF CONTINUOUS-TIME 

LTl SYSTEMS TO COMPLEX EXPONENTIALS 

As we indicated in the preceding section, it is advantageous in the study of LTl sys¬ 
tems to represent signals as linear combinations of basic signals that possess the 
following two properties: 

I. The set of basic signals can be used to construct a broad and useful class of 
signals. 
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2. The response of an LTl system to each basic signal should be simple enough in 
structure to provide us with a convenient representation for the response of the 
system to any signal constructed as a linear combination of these basic signals. 

For continuous-time LTl systems both of these advantages are provided by the set 
of complex exponentials of the form e“, where s is a general complex number. In 
Sections 4.2-4.5 we consider in some detail the first of these properties. In this section 
we consider the second property and in this way provide motivation for the use of 
Fourier series and transforms in the analysis of LTl systems. 

The importance of complex exponentials in the study of LTl systems stems from 
the fact shown below that the response of an LTl system to a complex exponential 
input is the same complex exponential with only a change in amplitude, that is, 

e ”—v H(s)e" (4- 1 ) 

where the complex amplitude factor H(s) will in general be a function of the complex 
variable s. A signal for which the system output is just a (possibly complex) constant 
times the input is referred to as an eigenfunction of the system, and the amplitude 
factor is referred to as the eigenvalue. 

To show that complex exponentials are indeed eigenfunctions of LTl systems, 
let us consider an LTl system with impulse response h(t). For an input : x(t) we can 
determine the output through the use of the convolution integral, so that with x(t) 
of the form x(/) = e" we have from eq. (3.29) that 

y(t) = | ’ h{x)x(t - t) dx 

= | h(x)e‘ ,l ' ,> dx (4 2) 

Expressing e' 1 *"*’ as e''e~” and noting that e" can be moved outside the integral, 
eq. (4.2) becomes 

y(t) = e" | />( x)e~" dx ( 4 - 3 ) 

Thus, the response to e " is of the form 

XO = H(s)e" (4.4) 

where //(s) is a complex constant whose value depends on s and which i” related to 
the system impulse response by 

//(s) = J h(x)e~" dx ( 4 - 5 ) 

Thus we have shown that any complex exponential is an eigenfunction of an LTl 
system. The constant H{s) for a specified value of r is then the eigenvalue associated 

with the eigenfunction e“. . . 

The usefulness for the analysis of LTl systems of decomposing more general 
signals in terms of eigenfunctions can be seen from an example. Let x(t) correspond 
to a linear combination of three complex exponentials, that is, 

x(t) = u.c- 1 ' + fl,?'” + a,e“' ( 4 - 6 ) 
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i ' 4 A '■ l. 

The response to each separately is just 

a,e"' —> fl,//(5,)e“' 
a t e"' —> a 1 H(s^)e“' 
a^e'" —*■ a i H(s } )e“‘ 

and from the superposition property given in eqs. (3.1) and (3.2), the response to the 
sum is the sum of the responses, so that 

y(t) = a ,//(.$ ,)**'' + a 2 ll( s i) e “' + a i H(s i )e‘ 1 ‘ (4.7) 

More generally, 

( 4 ^) 

Thus, for an LTI system, if we know the eigenvalues H(s k ), then the response to a 
linear combination of complex exponentials can be constructed in a straightforward 
manner. 

It was precisely this fact that Euler discovered for the problem of the vibrating 
string, and this observation provided Fourier with the motivation to consider the 
question of how broad a class of signals could be represented as a linear combination 
of complex exponentials. In Sections 4.2 and 4.3 we use an approach very similar to 
that used by Fourier as we consider the representation of periodic signals in terms oi 
complex exponentials and the properties of such representations. In Section 4.4 we 
extend these results in precisely the manner originally used by Fourier to more 
general aperiodic signals. Although in general the variable s is complex and of the 
form a + jco, throughout this chapter we restrict it to be purely imaginary so that 
s —ju>, and thus we consider only complex exponentials of the form e In Chapter 
9 we consider the more general case of s complex as we develop the transform that 
carries the name of one of Fourier’s 1807 examiners, P. S. Laplace. 

4.2 REPRESENTATION OF PERIODIC SIGNALS: 

THE CONTINUOUS-TIME FOURIER SERIES 

4.2.1 Linear Combinations of Harmonically 
Related Complex Exponentials 

Recall from Chapter 2 that a signal is periodic if for some positive, nonzero value of T, 
x(t) = x(t + T) for all t (4.9) 

The fundamental period T a of x(f) is the minimum positive, nonzero value of T for 
which eq. (4.9) is satisfied, and the value 2 nlT u is referred to as the fundamental 

frequency. _ . 

In Chapter 2 we also introduced two basic periodic signals, the sinusoid 

x(r) = cos co 0 / (4.10) 

and the periodic complex exponential 

x(t) = (4.H) 
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Both of these signals are periodic with fundamental frequency « 0 and fundamental 
period T 0 = 27 i/co 0 . Associated with the signal in eq. (4.11) is the set of harmonically 
related complex exponentials 

W0 = * ,w . k~0,±l,±2,... (4.12) 

As we discussed in Section 2.3, each of these signals has a fundamental frequency 
that is a multiple of co 0 , and therefore each is periodic with period T 0 (although for 
| k | ^ 2 the fundamental period of WO is a fraction of T,). Thus, a linear combination 
of harmonically related complex exponentials of the form 

*(o = j£„ o ‘ e ' w (4 ' 13) 

is also periodic with period T,. In eq. (4.13), the term for k = 0 is a dc or constant 
term The two terms for k = +1 and k = -1 both have fundamental period1 equa 
to T a and are collectively referred to as the fundamental components , or as theirs/ 
harmonic components. The two terms for k = + 2 and k - -2 are periodic with 
half the period (or equivalently twice the frequency) of the fundamental components 
and are referred to as the second harmonic components. More generally, the compo¬ 
nents for k = +N and k = -N are referred to as the Mh harmonic components. 

The representation of a periodic signal in the form of eq. (4.13) is referred to as 
the Fourier series representation. Before developing the properties of this representa¬ 
tion, let us consider an example. 

Example 4.1 

Consider a periodic signal *(/), with fundamental frequency In, which is expressed in 

the form of eq. (4.13) as 

*(r) = S a**'**" (414) 

*--i 

where 

a 0 — 1 

0i = 0 -i = i 

0i = 0 -r — \ 

Oy = 0-3 = i 

Rewriting eq. (4.14) collecting together each pair of harmonic components, we obtain 

x(t) = 1 + + e ~ n ^ + (4.! 5) 

+ + «-'«**) 

Equivalently, using Euler's relation we can write x(t) in the form 

= i + cos 2 nt + cos 47ir + \ cos 6nt (4-16) 

In Figure 4.4 w«- illustrate graphically for this example how the signal x(t) is built up 

from its harmonic components. 

Equation (4.16) is an example of an alternate form for the Fourier series of 
real pSodlc signals. Specifically, suppose .ha, *(,) is real and can be represented m 
the form of eq. (4.13). Then since x*(t) = x(t), we obtain 
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Figure 4.4 Construction of the signal x(r) in Example 4.1 as a linear combi' 
nation of harmonically related sinusoidal signals. 


Replacing k by —k in the summation, we have equivalently 
x(i) = £ o* k e Jk “" 

which, by comparison with eq. (4.13), requires that a k = a* k or equivalently that 

= (4.17) 
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Note that this is the case in Example 4.1, where the a k are in fact real and a k = a. k . 

To derive the alternative forms of the Fourier series, we first rearrange the 
summation in eq. (4.13) as 

x(t ) = o 0 + £ [a*e ;w + a_ k e~ Jk “'’] 

k - I 

Using (4.17), this becomes 

x(t) = a 0 + £ [a*e' w + ate'^'} 

Since the two terms inside the summation are complex conjugates of each other, this 
can be expressed as 

x(f) = a„ + £ 2<R*{a k e> k “«} (4.18) 

k-\ 

If a k is expressed in polar form ast 

a k = A k e J> ‘ 

then eq. (4.18) becomes 

x(f) = fl 0 + £ 2<She{/l*e' ,w+9 ‘ , } 

That is, 

x(t ) = o„ + 2 £ A k cos (k(o 0 t + 9k) ( 419 ) 

Equation (4.19) is one commonly encountered form for the Fourier series of real 
periodic signals in continuous time. Another form is obtained by writing a k in rec¬ 
tangular form as 

a k — B k + JC k 

where B k and C k are both real. With this expression for a k , eq. (4.18) takes the form 
*(/) = o 0 + 2 £ [B k cos kw 0 t - C k sin kco 0 t] (4.20) 


In Example 4.1 the a k are all real and therefore both representations, eqs. (4.19) and 
(4.20), reduce to the same form, eq. (4.16). 

Thus, we see that for real periodic functions the Fourier series in terms of com¬ 
plex exponentials as given in eq. (4.13) is mathematically equivalent to either of the 
two forms in eqs. (4.19) and (4.20) using trigonometric functions. Although the latter 
two are common forms for Fourier series,! the complex exponential form of eq. 
(4.13) is particularly convenient for our purposes and thus we will use that form 
almost exclusively. 

Equation (4.17) is an example of one of many properties possessed by Fourier 
series and transforms. These properties are often quite useful in gaining insight and 
for computational purposes. We defer a discussion of the majority of these properties 


|ir z is a complex number, then its polar form is z = re>* where r and 9 are real numbers. 
The number r is positive and is called the magnitude of r, which we will urually write as |z|. Also, 
the number B is called the angle or phase of z and will be denoted by <£z. For more on the 
manipulation of polar and rectangular forms for complex numbers, see the problems at the end of 
Chapter 2. 

}In fact, in his original work Fourier used the sine-cosine form of the Fourier series given in 
eq. (4.20). 
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until Section 4.6 in which we develop them within the broader context of the Fourier 
transform. One of the most important of these properties, however, we have essentially 
developed already. Let x(i) be a periodic signal with a Fourier series representation 
given by eq. (4.13), and suppose that we apply this signal as the input to an LTI 
system with impulse response h(t). In general, if the input to an LTI system is periodic 
with period T, then the output is also periodic with the same period. We can verify 
this fact directly by calculating the Fourier series coefficients of the output in terms of 
those of the input. Using the fact that each of the complex exponentials in eq. (4.13) 
is an eigenfunction of the system, it follows from eq. (4.8) that the output y(t) is given 
by 

y( r)= S o k H(kco 0 )e lk “‘' (4.21) 

where, from eq. (4.5), the eigenvalues H(ka> 0 ) aret 

H(kco 0 ) = J h{x)e~ ,k “" dx (4.22) 

That is, if [a k ] is the set of Fourier series coefficients for the input x(r), then 
[a k H(kco 0 )} is the set of coefficients for the output /'(f). 

Example 4.2 

Consider the periodic signal .v(t) discussed in Example 4.1, and let this signal be the 
input to an LTI system with impulse response 

h(l) = e-'u(t) 

To calculate the output >(/), we first compute H{ko) 0 )\ 

H(ka> 0 ) - f e -dx 
Jo 

— __—!- Jku>ar | 

1 -\-jkcti 0 |o 


1 

1 r jkCO 0 


(4.23) 


Therefore, using eqs. (4.14), (4.21), and (4.23), together with the fact that co 0 = In in 
this example, we obtain 

/-(/) = £ V'* 2 "' (4.24) 

3 

with b k = a k H(k2n)\ 

b 0 = 1 


bl = iG + j2ji) ’ b -' = t(t - j2n) 

bl = 4(t T j4n) ’ b ~ l = T(l -/4 ti) 

b1 = t(t + j6it) ’ 6 - J = t(t -/6ti) 


(4.25) 


tEquation (4.22) is just the special case of eq. (4.5) when s = jkaio. Note that in terms of the 
notation of eq. (4.5), we should write //(//c<uo) in eq, (4.22). However, in this chapter we will be 
concerned only with values of s ~ jco. Therefore, to simplify the notation, we will suppress / and 
write //(<u) instead of //(/<u). 
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Note that y(t) must be a real signal, since it is the convolution of x(t) and h{t), 
which are both real. This can be checked by examining eq. (4.25) and observing that 
bl = Therefore, y(l) can also be expressed in either of the forms given by eqs. 
(4.19) and (4.20): 

yU) = 1 + 2 S D k cos (271 kt + 9 k ) (4.26) 

_>,(,) = 1 + 2 S [£* cos2nkt — F k sin 2nkt] (4.27) 

where 

b k = D k e>‘‘ = E k + jF k , k = 1, 2, 3 (4.28) 

These coefficients can be evaluated directly from eq. (4.25). For example, 

*.“«*. --t“n-(2») 

£, = <R ■e[b i ) = 4 (i l 4 ^1)’ F ' = = - 2(1 + 47t 2 ) 

In Figure 4.5 we have sketched y(t) and each of the terms in its Fourier series repre¬ 
sentation given by eq. (4.26). Comparing this with Figure 4.4, we see that each term is 
a sinusoid at the same frequency as the corresponding term of x(t) but with a different 
magnitude and phase. 

4.2.2 Determination of the Fourier Series 
Representation of a Periodic Signal 

Assuming that a given periodic signal can be represented with ::\e series of eq. 
(4.13), it is necessary to know how to determine the coefficients a k . Multiplying both 
sides oreq. (4.13) by e we obtain 

jc(,) e -7w = fljke /w e -7(4.29) 

Integrating both sides from 0 to T 0 = 27t/a> 0 , we have 

| r ’ dt = JJ’ dt 

Here T 0 is the fundamental period of x(t), and consequently we are integrating over 
one period. Interchanging the order of integration and summation yields 

J" x0)e-'~« d, = a k [f •' *] (4-30) 

The evaluation of the bracketed integral is straightforward. Rewriting this integral 
using Euler’s formula, we obtain 

J * di — J cos (k — n)co 0 i di + /’ J sin (k — n)co 0 t dt (4.31) 

For k^n, cos (k - n)<a 0 t and sin (k - n)m 0 t are periodic sinusoids with fundamental 
period (T 0 /\k - n\). Therefore, in eq. (4.31) we are integrating over an interval (of 
length T a ) that is an integral number of periods of these signals. Since the integral 
may be viewed as measuring the total area under these functions over the interval, 
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Figure 4 5 The signal y(») in Example 4.2, obtained by applying x(l) in Ex¬ 
ample 4 1 (Figure 4.4) as the input to the LTI system with impulse response 
MO = e-‘«(/). Referring to Figure 4.4, j-o(<) is <he response to xc(0,y,(0 >s 
ihc response to a - *(/), and so on. 


we see that for k * n, both of the integrals on the right-hand side of eq. (4.31) are 
zero. For k == n, the integrand on the left-hand side of eq. (4.31) equals 1, and thus 
the integral equals T„. In summary we then have that 

rT . \T„, k = n 

Jo (0, k n 

and consequently the right-hand side of eq. (4.30) reduces to T 0 a.. Therefore, 
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(4.32) 



which is the equation we have sought for determining the coefficients. Furthermore, 
note that in evaluating eq. (4.31) the only fact that we used concerning the interval of 
integration was that we were integrating over an interval of length T 0 , which is an 
integral number of periods of cos (k — n)co 0 t and sin ( k — ri)a> 0 t. Therefore, if we let 

| denote integration over any interval of length T 0 , we have that 

fr 0 , k = n 

Jr. 10, k^n 

Consequently, if we integrate eq. (4.29) over any interval of length T 0 , we can perform 
exactly the same steps as we did in going from eq. (4.30) to eq. (4.32). The result is 
the expression 

a„ = J x(tdt (4.33) 

To summarize, if x(t) has a Fourier series representation [i.e., if it can be ex¬ 
pressed as a linear combination of harmonically related complex exponentials in the 
form of eq. (4.13)], then the coefficients are given by eq. (4.33). This pair of equations, 
rewritten below, defines the Fourier series of a periodic signal. 

(4.34) 
(4-35) 


Equation (4.34) is often referred to as the synthesis equation and eq. (4.35) as the 
analysis equation. The coefficients {a*} are often called the Fourier series coefficients or 
the spectral coefficients of x(t). These complex coefficients measure the portion ot 
the signal x(r) that is at each harmonic of the fundamental component. The coeffi¬ 
cient a 0 is the dc or constant component of x(t) and is given by eq. (4.35) with k = 0. 
That is, 

fl 0 = i- j x(t) dt (4-36) 

1 o Jr* 

which is simply the average value of x(t ) over one period. We note that the term 
“spectral coefficient” is derived from problems such as the spectroscopic decomposi¬ 
tion of light into spectral lines (i.e., into its elementary components at different 
frequencies). The intensity of any line in such a decomposition is a direct measure of 
the fraction of the total light energy at the frequency corresponding to the line. 

Equations (4.34) and (4.35) were known to both Euler and Lagrange in the 
middle of the eighteenth century. However, they discarded this line of analysis without 
having examined the question of how large a class of periodic signals could, m fact, 
be represented in this fashion. Before we turn to this question in the next section, let 
us illustrate the Fourier series by means of a few examples. 
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Example 4.3 

Consider the signal 


x(i) = sin co a i 

One approach to determining the Fourier series coefficients for this <=xample would be 
to apply eq. (4.35). For this simple case, however, it is easier simply to.expand the 
sinusoidal function as a linear combination of complex exponentials and identify by 
inspection the Fourier series coefficients. Specifically, we can express sin co 0 r as 

1 , , 1 -w 

sin C0 0 t = Y] e ~Tj e 

Thus, 

i „_L 

a, = jj, a., ~ 2j 
a k — 0, k¥= +1 or -1 


Example 4.4 
Let 


x(i) = 1 + sin a>„t + 2 cos co 0 i + cos (2a> 0 t + 4 ) 

As with Example 4.3, we can again expand x(l) directly in terms of complex expo¬ 
nentials so that 

,(,) - . + il«“ - «-~l +1"“ + *-'"l + T»'“. . 

Collecting terms, we obtain 

,<,) -■ + (■ + i)— + (> - £)■"“ * + 

Thus, the Fourier series coefficients for this example are 
a o = 1 

fl ‘ = (’ + 5j) = 1 “ 

a -< = { l ~h) = 1 + T j 
= +2) 

n., = -;) 

a * = 0 , \k\> 2 

In Figure 4 6 we have plotted the magnitude and phase of o* on bar graphs in which 
each fine represents either the magnitude or the phase of the corresponding harmonic 
component of x(l). 
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* »k 



Figure 4.6 Plots of the magnitude and phase of the Fourier coefficients of the 
signal considered in Example 4.4. 


EXam m periodic square wave, sketched in Figure 4.7 and defined over one period as 

(1, |i| < T, 

„ (4.37) 

x(,) o, r, <|<l<§ 


is a signal that we will encounter on several occasions. This signal is periodic with 



Figure 4.7 Periodic square wave. 

To determine the Fourier series coefficients for x(l), we will use eq. (4 35). Because 

length To i^Slyvalid and thus will lead to the same result Usmgjhese limits of 
integration and substituting from eq. (4.37), we have first for k 

1 f T ‘ dt= , 2 J± (4-38) 

a ° = 5d- r /' To 
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As mentioned previously, a 0 has the interpretation of being the average value of x-(r), 
which in this case equals the fraction of each period during which x(t) = 1. For k ^ 0 


-r.C, 


g-Jkatt (fa = —- 


We may rewrite this as 


__L_ri 

kaioTo L 


tJkioaTi ^ — Jku>oT i" 

1 V . 


Noting that the term in brackets is sin kco 0 T l , the coefficients a k can be expressed as 

2 sin kco 0 Ti __ sin kco 0 T i . . q (4 40 ) 

ak _ kco 0 T 0 kn 


Here we have used the fact that co 0 7 0 = 2n. 

Graphical representations of the Fourier series coefficients for this example for 
a fixed value of 7, and several values of 7 0 are shown in Figure 4.8. For 7 0 =47,, 
x(t) is a symmetric square wave (i.e., one that is unity for half the period and zero for 
half the period). In this case co 0 T, = nil, and from eq. (4.40), 

sin( 7 t/c/ 2 ), k * 0 (4.41) 





tc) 

Figure 4,8 Fourier scries coefficients for the periodic square wave: (a) 7 0 = 47,; 
(b) 7 0 = 87, ; (c) 7 0 = 167,. 
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while from eq. (4.38), 


From eq. (4.41) II is clear that .. - 0 to, t L. Abo. »» <**«> ■""■*» 
-tl for successive odd values of k. Therefore, 
a -' 

a, = a .3 - 37I 

1 

a 5 = a. s - 5n 


For this particular example, the Fourier coefficients 
ifiey can be depicted graphically «itlcorr«ponding to 

S. andtaSy W ° U ' d * reqUired ' 


4.3 APPROXIMATION OF PERIODIC SIGNALS 

AND G THE CONVERGENCE OF FOURIER SERIES 

Although Euler and Lagrange would have 

4.3 and 4.4 ,hey weald have obyecled ,o Ea.^e ^ ^ 

while each of the harmonic component is conun ser ; es representation 

considered the same example and maintained that riodic signal could 

,hiS b “a k 6 aic - understanding ol Ida -*«««-£• 

the qaestion of lire validity of Foa.re, i,«,«; rep.r :s ““"™ ! ,i”‘ omb i„,do. of a 

S^=S»"^ls, - is. » a sc,s 
H".-™ avtO <4 ' 42> 

Let e N (t) denote the approximation error, which is given by 

4(0-*/0-4<C (4 - 43> 

• U evH anv narticular approximation is, we need to specify 

in order todetermmehowgoodanyp ^ erfor . The criteri on that we 

a Quantitative measure ol the size 01 me apn . 

wih use is the total squared-error magnitude over one period. 

Eh = J r> | e N (t) ! J dt = J r> e*(»eS(0 dt 


Sec. 4.3 Appro, ’.nation of Periodic Signals Using Fourier Series 


179 




(4.46) 


In general, for any signal z(r) the quantity 

E= jV(0P<* 

is often referred to as the energy in z(r) over the time interval a <, t <,b. This ter¬ 
minology is motivated by the fact that if z(t) corresponds to the current flowing into 
a 1-0 resistor, then £is the total energy dissipated in the resistor over the time interval 
a <>t <,b. With respect to eq. (4.44), E N then represents the energy in the approx¬ 
imation error over one period. 

As shown in Problem 4.8, the particular choice for the coefficients a k in eq. 
(4.42) that minimize the energy in the error is given by 

a k = ~ { x(l)e-> k “- dt (4.45) 

1 o Jr, 

Comparing eqs. (4.45) and (4.35), we see that this is identical to the expression used 
to determine the Fourier series coefficients. Thus, if x(t) has a Fourier series repre¬ 
sentation, the best approximation using only a finite number of harmonically related 
complex exponentials is obtained by truncating the Fourier series to the desired 
number of terms. As N increases, new terms are added but the previous ones remain 
unchanged and E„ decreases. If, in fact, x(t) has a Fourier series representation, then 
the limit of E n as N —* oo is zero. 

Let us turn now to the question of the validity of the Fourier series representation 
for periodic signals. For any such signal we can attempt to obtain a set of Fourier 
coefficients through the use of eq. (4.35). However, in some cases the integral in eq. 
(4.35) may diverge; that is, the value obtained for some of the a k may be infinite. 
Moreover, even if all of the coefficients obtained from eq. (4.35) are finite, when these 
coefficients are substituted into the synthesis equation (4.34), the resulting infinite 
series may not converge to the original signal x(t). 

It happens, however, that there are no convergence difficulties if x(r) is con¬ 
tinuous. That is, every continuous periodic signal has a Fourier series representation 
so that the energy E„ in the approximation error approaches 0 as A goes to oo. 
This is also true for many discontinuous signals. Since we will find it very useful to 
use discontinuous signals, such as the square wave of Example 4.5, it is worthwhile 
to investigate the issue of convergence in a bit more detail. There are two somewhat 
different conditions that a periodic signal can satisfy to guarantee that it can be 
represented by a Fourier series. In discussing these we will not attempt to provide a 
complete mathematical justification. More rigorous treatments can be found in many 
texts on Fourier analysis.t 

One class of periodic signals that are representable through the Fourier series 
is that comprising signals which are square-integrable over a period. That is, any 
signal x(t) in this class has finite energy over a single period: 

fSee, for example, R. V. Churchill, Fourier Series anti Boundary Value Problems, 2nd ed. 
(New York: McGraw-Hill Book Company, 1963); W. Kaplan, Operational Methods for Linear Sys¬ 
tems (Reading, Mass.: Addison-Wesley Publishing Company, 1962); and the book by Dym and 
McKean referenced on p. 162. 
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| x(t) P < OO 

When this condition is satisfied, we are guaranteed that the coefficients a k obtained 
from eq. (4.35) are finite. Furthermore, let x N (t) be the approximation to x(t) obtained 
by using these coefficients for \k | N: 

xM = E < 4 - 47 ) 

k--N 

Then, we are guaranteed that lim w _„ E N — 0, where E„ is defined in eq. (4.44). 
That is, if we define 

e(0 = x(t)~ ( 4 48) 


then 

f | e(t) p r/t = 0 (4.49) 

Jr, 

As we will see in an example at the end of this section, eq. (4.49) does not imply that 
the signal x(r) and its Fourier series representation 

2 ( 4 - 5 °) 
are equal at every value of t. What it does say is that there is no energy in 

their difference. . 

The type of convergence guaranteed when x(r) is square-integrable is often 
useful. In fact, most of the periodic signals that we consider do have finite energy over 
a single period and consequently do have Fourier series representations. However, 
an alternate set of conditions, developed by P. L. Dirichlet, and also satisfied by 
essentially all of the signals with which we will be concerned guarantees that x{t) 
will in fact be equal to x{t) except at isolated values of t for which x(t) is: discontinuous. 
At these values of / the infinite series of eq. (4.50) converges to the “average’ value 
of the discontinuity (i.e., halfway between the values on either side of the discontinuity). 
The Dirichlet conditions are as follows: 

Condition 1. Over any period x{i) must be absolutely integrable, that is, 

| \x(t)\dt < oo (4.51) 

As with square integrability, this guarantees that each coefficient a k will be finite, since 

! a k |<si-J |*(0c -' w \ d, = r a J r< 1x(01 dt 

So if 

| \x(t)\dt < co 

then 

Kl < 00 
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A periodic signal that violates the first Dirichlet condition is 
*(/) = y> 0 < r < 1 

where *(/) is periodic with period 1. This signal is illustrated in Figure 4.9(a). 

Condition 2. In any finite interval of time, *(/) is of bounded variation, that 
is, there are no more than a finite number of maxima and m.mma dur.ngany smg 

penot^of^he^s'gnahf ^ ^ fullcUon that meets condition 1 but not condition 2 is 

*(0 = sin(^). 0</< 1 (4.52) 

as illustrated in Figure 4.9(b). For this function (periodic with T a = 1) 

f \x(t)\dt < 1 

J 0 

It has, however, an infinite number of maxima and minima in the interval. 

Condition 3. In any finite interval of time there are only a finite number of 
discontinuities Furthermore, each of these discontinuities must be finite 

An example of a time function that violates condition 3 is illustrated in Figur 
4 9(c). The signal M, (of period T - 8) is con,posed of an infinite number 
each of which is half the height and half the width of the previous section. Thus, the 
“ let one period of the (one,ion is clearly less than 8. However, there are an 

-o - 

P r Fourier series will not play a particularly significant role in the 

of convergence of Fourier series win nur f “j v . , that 

. , f „ ...I. For a Deriodic signal that varies continuously, we know that 

thlmrdeH mpresentalTconverges and equals the original signal at every va'ue 

of, For a periodic signal with discontinuities the Fourier senes representalion equ, 

the signal everywhere except at the isolated points of discontinuity, at which the series 
converges to the average value of the signal on either side of the discontinuity 1 
this case the difference between the original signal and its Fourier series representat 
contains no energy and consequently the two signals can be thought of as being h 
same for all practical purposes. Specifically, since the signals differ only at isolated 
i • . ic rtf Krtth over any interval arc identical. For this rcaso , 

IhTlwo signahMh.ve idenlically under convolulion und consequenlly ore identic.l 
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Figure 49 Signals that violate the Dirichlet conditions: (a) the signal 40. 
periodic'with period 1, with 40 - 1/f for 0 < I tS I (this signal viola.^ the 
firs I Dirichlet condition); (b) the periodic signal of cq. (4.52) which violates 1 
second Dirichlet condition; (c) a signal, periodic with period 8 tnat violates 
the third Dirichlet condition [for 0<i / < 8 the value of 40 decrcascs by a 
factor of 2 whenever Ihe distance from r to 8 decreases by a (actor of 2; that is 

40 = 1, 0 < r < 4, 40 = 1/2, 4 ^ r < 6, 40 = 1/4, 6 < r < 7, 40 = >/*. 
7 <,1 < 7.5, etc.). 







provide a useful representation of the original signal. To understand how the Fourier 
series converges for such a signal, let us return to the example of a square wave. 

Example 4.6t 

In 1898 an American physicist, Albert Michelson, constructed a harmonic analyzer, 
a device that for any periodic signal x(t) would compute the truncated Fourier series 
approximation of eq. (4.47) for values of N up to 80. Michelson tested his devtce on 
many functions, with the expected result that *„(/) looked very much like x(t). How¬ 
ever when he tried the square wave, he obtained an important and to him, very sur¬ 
prising result. Michelson was concerned about the behavior he observed and thought 
that his device might have had a defect. He wrote about this problem to the famous 
mathematical physicist Josiah Gibbs, who investigated it and reported his explanation 
in 1899. 

What Michelson had observed is illustrated in Figure 4.10, where we have shown 
x„(r) for several values of N for x(r) a symmetric square wave (7„ = 47,). In each 
case the partial sum is superimposed on the original square wave. Since the square 
wave satisfies the Dirichlet conditions, the limit as N —- oo of x N (t) at the disconti¬ 
nuities should be the average value of the discontinuity. We see from Figure 4.10 that 
this is in fact the case, since for any N, x N (l) has exactly that value at the discontinuities. 
Furthermore, for any other value of /, say t =_/i, we are guaranteed that 
lim x N (ti) = x(ti) 

N- 

Therefore, we also have that the squared error in the Fourier series representation of 
the square wave has zero area, as in eq. (4.49). 

For this example, the interesting effect that Michelson observed is that the behav¬ 
ior of the partial sum in the vicinity of the discontinuity exhibits ripples and that the 
peak amplitude of these ripples does not seem to decrease with increasing N. Gibbs 
showed that this is in fact the case. For a discontinuity of unity height the partial sum 
exhibits a maximum value of 1.09 (i.e., an overshoot of 9% of the height of the dis¬ 
continuity) no matter how large N becomes. One must be careful to interpret this 
correctly. As stated before, for any fixed value of t, say t = l„ the partial sums will 
converge to the correct value, and at the discontinuity will converge to one-half the 
sum of the values of the signal on either side of the discontinuity. However, the closer 
r, is chosen to the point of discontinuity, the larger N must be in order to reduce the 
error below a specified amount. Thus, as N increases, the ripples in the partial sums 
become compressed toward the discontinuity, but for any finite value of N, the peak 
amplitude of the ripples remains constant. This behavior has come to be known as the 
Gibbs phenomenon. The implication of this phenomenon is that the truncated Fourier 
series approximation x N (t) of a discontinuous signal x(t) will in general exhibit high- 
frequency ripples and overshoot near the discontinuities, and if such an approximation 
is used in practice, a large enough value of N should be chosen so as to guarantee that 
the total energy in these ripples is insignificant. In the limit, of course, we know that 
the energy in the approximation error vanishes and that the Fourier series representa- 
tion of a discontinuous signal such as the square wave converges. 

|The historical information used in this example is taken from the book by Lanczos referenced 
on p. 162. 
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4.4 REPRESENTATION OF APERIODIC SIGNALS: 

THE CONTINUOUS-TIME FOURIER TRANSFORM 

4.4.1 Development of the Fourier Transform 
Representation of an Aperiodic Signal 

In the preceding two sections we saw how a periodic signal could be represented as a 
linear combination of harmonically related complex exponentials. In fact, these 
results can be extended to develop a representation of aperiodic signals as linear 
combinations of complex exponentials. The introduction of this representation is 
one of Fourier’s most important contributions, and our development of the Fourier 
transform follows very closely the approach he used in his original work. 

Consider again the periodic square wave discussed in Example 4.5. The Fourier 
series coefficients are given by eq. (4.40) as 

2 sin kco 0 T t , A r-,., 

a k = —- =r— 1 (4.5J) 

kcOaTf, 

where T„ is the period and co 0 = 2 n/T 0 . In Figure 4.8 we plotted these coefficients for 
a fixed value of T, and several choices for T 0 . In Figure 4.1 I we have repeated this 
figure with several modifications. Specifically, we have plotted Tj^ rather than a k , 
and we have also modified the horizontal spacing in each plot. The significance of 
these changes can be seen by examining eq. (4.53). Multiplying a k by T 0 , we obtain 

T a = 2 sin ku> 0 T, _ 2 sin coT , | ^ ^ 

° ak kco 0 co 

Thus, with co thought of as a continuous variable, the function (2sina>7’ 1 )/co repre¬ 
sents the envelope of T 0 a k , and these coefficients are simply equally spaced samples 
of this envelope. Also, for fixed T,,the envelope of T 0 a k is independent ofT„. However, 
from Figure 4.11 we see that as T 0 increases (or, equivalently, co a decreases), the enve¬ 
lope is sampled with a closer and closer spacing. As T 0 becomes arbitrarily large, the 
original periodic square wave approaches a rectangular pulse (i.e., all that remains 
in the time domain is an aperiodic signal corresponding to one period of the square 
wave). Also, the Fourier series coefficients, multiplied by T 0 , become more and more 
closely spaced samples of the envelope, so in some sense (which we will specify shortly) 
the set of Fourier series coefficients approaches the envelope function as T 0 —* oo. 

This example illustrates the basic idea behind Fourier’s development of a 
representation for aperiodic signals. Specifically, we think of an aperiodic signal as 
the limit of a periodic signal as the period becomes arbitrarily large, and we examine 
the limiting behavior of the Fourier series representation for this signal. Consider a 
general aperiodic signal x(l) that is of finite duration. That is, for some number T„ 
x(t) = 0 if |f | > T,. Such a signal is illustrated in Figure 4.12(a). From this aperiodic 
signal we can construct a periodic signal x(f) for which x(l) is one period, as indicated 
in Figure 4.12(b). As we choose the period T 0 to be larger, x(t) is identical to x(f) 
over a longer interval, and as T 0 —> oo, x(t) is equal to x(l) for any finite value of t. 

Let us now examine the effect of this on the Fourier series representation of x(r). 
Rewriting eqs. (4.34) and (4.35) here for convenience, with the integral in eq. (4.35) 
carried out over the interval —TJ2 < I <. TJ 2, we have 


Fourier Analysis for Continuous-Time Signals and Systems Chap. 4 


Figure 4.11 Fourier coefficients and their envelope for the periodic square 
wave: (a) To — 47',; (b) To — 873; (c) To — 1673. 


xft) 



-T, T, t 


la) 

xlt) 



-2T„ —T 0 -T, 0 T, T 0 2T 0 


lb) 

Figure 4.12 (a) Aperiodic signal (b) periodic signal x (/), constructed to 
be equal lo x(t) over one period. 















s^-e ^ \ ^ (4Si) 

) a k = i- J 7v2 * (,)e ~' w * (4 - 56) 

Since jc(i) = x(r) for |/| < TJ2 and also since x(f) = 0 outside this interval, eq. 
(4.56) can be rewritten as 

= i- x{t)e- Jk °’" dt = ^ f *(f>~' w dt 
■'oJ-n/2 — 

Therefore, defining the envelope 25(05) of T 0 o* as 

25(®) = J x(t)e~ J “’dt ( 4 - 57 ) 

we have that the coefficients a* can be expressed as 

a* = ( 4 - 58 ) 

* 0 

Combining eqs. (4.58) and (4.55), x(t) can be expressed in terms of X(co) as 


5c(f) = ^jr-X(kco a )e^ 1 


or equivalently, since 2itlT 0 = co 0 


3c(r) = J_ g 25(*a5 0 )e' w o5 (> 


As T„ — 00 , jc(r) approaches x(i), and consequently eq. (4.59) becomes a represen¬ 
tation of x(t ). Furthermore, 05„ — 0 as T 0 -* 00 , and the right-hand side of eq. 
(4.59) passes to an integral. This can be seen by considering the graphical inter¬ 
pretation of eq. (4.59), illustrated in Figure 4.13. Each term in the summation on the 


XMel‘ 



ku 0 


Figure 4.13 Graphical interpretation of eq. (4.59). 

right-hand side of eq. (4.59) is the area of a rectangle of height 25(Ao5 0 )e' w and width 
co 0 (here t is regarded as fixed). As w„ — 0, this by definition converges to the integral 
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of X(ct})e 1 - 1 . Therefore, using the fact that x(t)—>x(t) as T 0 — > 00 , eqs. (4.59) and 
(4.57) become 

*(,) = ij X(co)e J °“ dco (4.60) 

25(05) = ! x(t)e~ J “'dt (4.61) 

Equations (4.60) and (4.61) are referred to as the Fourier transform pair with 
the function 25(05) as given by eq. (4.61) referred to as the Fourier transform or Fourier 
integral of x(t) and eq. (4.60) as the inverse Fourier transform equation. The synthesis fe 

equation (4.60) plays a role for aperiodic signals similar to that of eq. (4.34) for 1 : 

periodic signals, since both correspond to a decomposition of a signal into a linear £ 

combination of complex exponentials. For periodic signals these complex exponentials 
have amplitudes {fl*} as given by eq. (4.35) and occur at a discrete set of harmonically 

related frequencies kco 0 , k — 0, il, i2.For aperiodic signals these complex s| 

exponentials occur at a continuum of frequencies and, according to the synthesis 
equation (4.60), have “amplitude” X(a>)(dcol2n). In analogy with the terminology f 

used for the Fourier series coefficients of a periodic signal, the transform X(co) of i; 

an aperiodic signal x(t) is commonly referred to as the spectrum of x(t), as it provides fjj 

us with the information concerning how x(t) is composed of sinusoidal signals at f 

different frequencies. i 

4.4.2 Convergence of Fourier Transforms 

Although the argument we used in deriving the Fourier transform pair assumed £ 

that x(r) was of arbitrary but finite duration, eqs. (4.60) and (4.61) remain valid for if 

an extremely broad class of signals of infinite duration. In fact, our derivation of 
the Fourier transform suggests that a set of conditions like those required for the 
convergence of Fourier series should also apply here, and indeed that can be shown to 
be the case.t Specifically, consider Tfcu) evaluated according to eq. (4.61), and let 
x(t ) denote the signal obtained by using X{m) in the right-hand side of eq. (4.60). y 

That is, is 

x(t) = J X(co)e J “' dco I 

What we would like to know is when eq. (4.60) is valid [i.e., when &(t) is a valid rep- | 
resentation of the original signal .v(r)]. If x(t) is square-intcgrable so that | 

fFor a mathematically rigorous discussion of ihc Fourier transform and of its properties and , 

applications, see R. Bracewell, The Fourier Transform arid Its Applications (New York: McGraw-Hill $ 

Book Company, 1965); A. Papoulis, The Fourier Integral and Its Applications (New York: McGraw- !: 

Hill Book Company, 1967); E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals (Oxford: : 

Clarendon Press, 1948); and Ihe book by Dym and McKean referenad on p. 162. ■; 
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I.TTfftftfy’ bLttAit* 

J jx(/)1 2 A < 


then we are guaranteed that X(co) is finite [i.e., eq. (4.61) converges] and that, with 
e(l) denoting the error between x(t) and x(t) [i.e., e(t) = x(t) — x(f)]> 


j _Je(OP* =0 


Equations (4.62) and (4.63) are the aperiodic counterparts of eqs. (4.46) and (4.49) 
for periodic signals. Thus, as with periodic signals, if x(l) is square-integrable, then 
although x(i) and its Fourier representation x(t) may differ significantly at individual 
values of I, there is no energy in their difference. 

Just as with periodic signals, there is an alternative set of conditions which are 
sufficient to ensure that x(i) is equal to x(i) for any t except at a discontinuity, where 
it is equal to the average value of the discontinuity. These conditions, again referred 
to as the Diric hlet conditions, require that: 

I L x(t) be absolutely integrable, that is, 




I 2. ,v(t) have a finite number of maxima and minima within any finite interval. 

1 3. ,x(r) have a finite number of discontinuities within any finite interval. Further- 
I more, each of these discontinui ties must be finite. _ — — 

Therefore, absolutely integrable signals that are continuous or have several discon¬ 
tinuities have Fourier transforms. 

Although the two alternative sets of conditions that we have given are sufficient 
to guarantee that a signal has a Fourier transform, we will see in the next section that 
periodic signals, which are neither absolutely integrable nor square-integrable over 
an infinite interval, can be considered to have Fourier transforms if impulse functions 
are permitted in the transform. This has the advantage that the Fourier series and 
Fourier transform can be incorporated in a common framework, and we will find this 
to be very convenient in subsequent chapters. Before examining this point further 
in the next section, let us first consider several examples of the Fourier transform. 

4 , 4.3 Examples of Continuous-Time Fourier Transforms 

Example 4.7 

Consider the signal 

<(/) = e~"u(t) 

If a < o, then *(r) is not absolutely integrable and hence AT®) does not exist. For 
a > 0, AT®) is obtained from eq. (4.61) as 


i = e'"i 


a+jCO | 
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That is, 


AT®) = 


1 


a +y®’ 


a > 0 


Since this particular Fourier transform has both real and imaginary parts, to plot it 
as a function of ® we express AT®) in terms of its magnitude and phase: 




Each of these components is sketched in Figure 4.14. Note that if a is complex rather 
than real, then x{t) is absolutely integrable as long as CR-rCfei} > 0, and in this case the 
preceding calculation yields the same form for AT®). That is, 


AT®) = 


1 

a +y®’ 


> 0 


I X(cj) I 



(a) 


SXM 



(b) 


Figure 4.14 Fourier transform of the signal x(t) — e _ *'u((), a > 0, considered 
in Example 4.7. 

Example 4.8 
Let 

x(t) = e-' 1 ' 
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where a > 0. This signal is sketched in Figure 4.15. The spectrum of this signal is 

X(a>) = «-•!"e _ W/ = J° dt + £ dt 

a — j(0 a +JCO 
2a 

~ a 1 + CO 1 

In this case T(0)) is real, and it is illustrated in Figure 4.16. 

xtt) 



Figure 4.15 Signal 40 = of Example 4.8. 



Figure 4.16 Fourier transform of the signal considered in Example 4.8 and 
depicted in Figure 4.15. 

Example 4.9 

Now let us determine the spectrum of the unit impulse 

40 = <5(0 < 4 - 65) 

Substituting into eq. (4.61) we see that 

X(co) = | <5(0e“ / "‘ dt = 1 (4.66) 

That is, the unit impulse has a Fourier transform representation consisting of equal 
contributions at all frequencies. 
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Example 4.10 

Consider the rectangular pulse signal 

Hi 


!/| < r, 

\<\>T, 


(4.67) 


as shown in Figure 4.17(a). Applying eq. (4.61), we find that the Fourier transform of 
this signal is 

*(a»- P (4.68) 

J-Ti ’ 

as sketched in Figure 4.17(b). 



XM 

2T -1 


Figure 4.17 The rectangular pulse 
signal of Example 4.9 and its Fourier 
transform. 

As we discussed at the beginning of this section, the signal given by eq. (4.67) 
can be thought of as the limiting form of a periodic square wave as the period becomes 
arbitrarily large. Therefore, we might expect that the convergence of the synthesis 
equation for this signal would behave in a manner simile r to that observed for the 
-quare wave (see Example 4.6). This is, in fact, the case. Specifically, consider the 
inverse Fourier transform representation for the rectangular pulse signal: 

Then, since x(t) is squaie-integrable, we know that 

J + ~ |40 - £(f)i 2 dt — 0 

Furthermore, because 4/) satisfies the Dirichlet conditions, wc know that.?(/) - 40 
except at the points of discontinuity, t - ±T U where it converges to |, which is the 
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‘Hi- 


average of the values of x(t) on both sides of the discontinuity. In addition, the con¬ 
vergence of S(i) to x(i) exhibits the Gibbs phenomenon, much as was illustrated for 
the periodic square wave in Figure 4.10. Specifically, in analogy with the finite Fourier 
series approximation of eq. (4.42), consider the following integral over a finite length 
interval of frequencies: 



sin a>T, 
co 


e lM dCO 


Then as IF —> oo, this signal converges to x(t) everywhere except at the discontinuities. 
Moreover, this signal exhibits ripples near the discontinuities. The peak amplitude of 
these ripples does not decrease as IF increases, although the ripples do become com¬ 
pressed toward the discontinuity, and the energy in the ripples converges to zero. 


Example 4.11 

Consider the signal x(t ) whose Fourier transform is given by 


(0, 10>| > IF 

This transform is illustrated in Figure 4.18(b). Using the synthesis equation (4.60), we 
can determine x(t): 


which is depicted in Figure 4.18(a). 



(a) 

XM 



-w w 

(b) 

Figure 4.18 Fourier transform pair of Example 4.11. 


Comparing Figures 4.17 and 4.18 or, equivalently, eqs. (4.67) and (4.68) with 
eqs. (4.69) and (4.70), we see an interesting relationship. In each case the Fourier 
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transform pair consists of a (sin x)jx function and a rectangular pulse. However in 
Example 4.10 it is the signal x(t) that is a pulse, while in Example 4.11, it is the trans¬ 
form X(co). The special relationship that is apparent here is a direct consequence of 
the duality property for Fourier transforms, which we discuss in detail in Section 
4.6.6. 

The functions given in eqs. (4.68) and (4.70) and others of this same general 
form play a very important role in Fourier analysis and in the study of LTI systems. 
For this reason one such function has been given a special name, the sine function, 
which is defined as 

sincW-2g£ (4.71) 

and which is plotted in Figure 4.19. Both of the signals in eqs. (4.68) and (4.70) can 
be expressed in terms of the sine function: 



Figure 4.19 The sine function. 


As one last comment we note that we can gain some insight into one other 
property of the Fourier transform by examining Figure 4 . 18 , which we have redrawn 
in Figure 4.20 for several different values of W. From this figure we see that as W 
increases, X(co) becomes broader while the main peak of x{t) at t — 0 becomes higher 
and the width of the first lobe of this signal (i.e., the part of the signal for |/| < 
nlW) becomes narrower. In fact, in the limit as IF —» oo, X(co) = 1 for all IF, and 
consequently from Example 4 . 9 , we see that x(t) in eq. ( 4 . 70 ) converges to an impulse 
as IF—* oo. The behavior depicted in Figure 4.20 is an example of the inverse rela¬ 
tionship that exists between the time and frequency domains, and we can see a similar 
effect in Figure 4 . 17 , where an increase in 7", broadens x (/) but makes X(co) narrower. 
In Section 4.6.5 we provide an explanation for this behavior in the context of the 
scaling property of the Fourier transform. 
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-w 3 W 3 

(c) 

Figure 4.20 Fourier transform pair of Figure 4.18 for several different values of W. 


4.5 PERIODIC SIGNALS AND THE 

CONTINUOUS-TIME FOURIER TRANSFORM 

In the preceding section we developed the Fourier transform for aperiodic signals 
by considering the behavior of the Fourier series of periodic signals as the period 
is made arbitrarily long. As this result indicates, the Fourier series and Fourier 
transform representations are closely related, and in this section we investigate 
this relationship further and also develop a Fourier transform representation for 
periodic signals. 
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4.5.1 Fourier Series Coefficients as Samples 
of the Fourier Transform of One Period 

As a first step, recall from our derivation of the Fourier transform that the important 
observttion that we made was that the Fourier coefficients of a periodic signal x(t) 
could be obtained from samples of an envelope that we found to be equal to the 
Fourier transform of an aperiodic signal x(/) which is equal to one period of x(t). 
Specifically, let 3c(r) have fundamental period T 0 , as illustrated in Figure 4.21. As 
we saw in the preceding section, if x(t) is taken as 

I T T 

m 

T T < 4 ' 72 ) 
o, i < —^ or ' > y 


x(t) 



-T„ -T 0 /2 T 0 /2 T„ 

Figure 4.21 Periodic signal. 


then the Fourier coefficients a k of x(r) can be expressed in terms of samples of the 
Fourier transform X(a>) of x(r): 


i f r,/2 i C T,n 

a k = x(t)e~ Jk -' di = y- -v(0e~' 


' dt = Y~X(kco 0 ) 


However, since the Fourier coefficients a k can be obtained by integrating over any 
interval of length T 0 [see eq. (4.35)], we can actually obtain a more general statement 
than that given in eq. (4.73). Specifically, let s be an arbitrary point in time, and define 
the signal x{l) to be equal to x(f) over the interval s < t <,s +T 0 and zero elsewhere. 


That is, 


j-t(0. s <, t <. s + T 0 

[0, t < s or t > J + 7’o 


(4.74) 


Then the Fourier series coefficients of.?(/) are given by 


a k = ±-X{ka> „) (4-75) 

1 0 

where X((o) is the Fourier transform of jc(/) as defined in cq. (4.74). Note that eq. 
(4.75) is valid for any choice of j, and not just the choice of s — —TJ2 used in eqs. 
(4.72) and (4.73). This does not, however, mean that the trarsform X(co) is the same 
for all values of s, but it docs imply that the set of samples X(kco 0 ) is independent of s. 
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,; ..-i i... . i .. sr.^. i ,.%m u ..-n 

Rather than provide a demonstration of the validity of eq. (4.75) in general, 
we illustrate it by means of the following example. 

Example 4.12 

Let x(r) be the periodic square wave with period T a illustrated in Figure 4.22(a), and 
let x,(r) and x 2 (r) be as depicted in Figure 4.22(b) and (c). These signals are each equal 


x(t) 



-T, 0 T t 

(bl 


Xjltl 



0 T, T 0 -T, T„ I 

(c) 


Figure 4.22 (a) Periodic square wave x(t); (b, c) fwo aperiodic signals each of 
which equals x(r) over a different interval of length T 0 . 


to x(t) over different intervals of length T 0 . As we saw in Example 4.10, the Fourier 
transform of Xi(r) is given by 


X,(co) = 


2 sin coT t 
CO 


(4.76) 


The Fourier transform of x 2 (f) can be calculated from eq. (4.61): 

Xi(CO) = P x 2 (r)rT ; "' dt = f ' e~ lM dt + f ' e~ J ““ dt 

J-oo Jo J7i-7| 

= -Lri _ «-■/-*] + J_e-r«.7_ m 

jco jco 

_ _}_ e -lvT,nr e lo>T,/l _ e -lvTU 2] _j_ J_ e - _ e -Jo.Ji/2J 

jco 1 jco 

= h sin + e-'“ (7i - 7i/1) ] 


The transforms X,(CO) and Xi(co) are definitely not equal. In fact, X,(co) is real for 
all values of co, whereas X 2 (co) is not. However, for co = kco 0 , eq. (4.77) becomes 
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X 2 {kCO a ) = sin + e -rw, e «».r,/ 2 ] 

Since co 0 T 0 = In, this reduces to 

X 2 (kco 0 ) = Sin ^^Zi^[ e -r*a,.r ,/2 + i] 



Then using the trigonometric identity sin 2 jc = 2 (sin x) (cos x), we find that 
= 2sin g°- 1 - ) = X t (kco 0 ) 

which subst irtiates the result stated in eq. (4.75) that the Fourier coefficients of a 
periodic signal can be obtained from samples of the Fourier transform of an aperiodic 
signal that equals the original periodic signal over any arbitrary interval of length T 0 
and that is zero outside this interval. 

4.5.2 The Fourier Transform for Periodic Signals 

We now wish to consider the Fourier transform of a periodic signal. As we will see, 
we can construct the Fourier transform of such a signal directly from its Fourier series 
representation. The resulting Fourier transform for a periodic signal consists of a train 
of impulses in frequency, with the areas of the impulses proportional to the Fourier 
series coefficients. This will turn out to be a very important representation, as it will 
facilitate our treatment of the application of Fourier analysis techniques to problems 
of modulation and sampling. 

To suggest the general result, let us consider a signal x(t) with Fourier transform 
X(co) which is a single impulse of area 2 ji at co — co 0 , that is, 

X(co) = 2tiS(co — w 0 ) (4-78) 

To determine the signal x(r) for which this is the Fourier transform w-e can apply 
the inverse transform relation (4.60) to obtain 

x (r) = J 2nS(co — <u 0 )e y " dco 

= e lm! 

More generally, if X(co) is of the form of a linear combination of impulses equally 
spaced in frequency, that is, 

,Y(ft>) = 2 2na k 5(co — kw 0 ) (4. 19) 

then the application of eq. (4.60) yields 

x(t) — g ( 4 - 80 > 

JL- —«• 

We see that eq. (4.80) corresponds exactly to the Fourier serits representation of a 
periodic signal, as specified by eq. (4.34). Thus, the Fourier transform oi a periodic 
signal with Fourier scries coefficients {tf*} can be interpreted as a train of impulses 


Sec. 4.5 Periodic Signals and tho Continuous-Time Fourier Transform 


1D9 



occurring at the harmonically related frequencies and for which the area of the impulse 
at the £th harmonic frequency kco a is 2n times the £th Fourier series coefficient a k . 
Example 4.13 

Consider again the square wave illustrated in Figure 4.22(a). The Fourier series 
coefficients for this signal are 

sin kco 0 T, 

° k ~ nk 

and its Fourier transform is 

X(co) = 2 2s ?» kCD ° T ' S(a> - kco 0 ) 

*--» K 

which is sketched in Figure 4.23 for T 0 = 4T,. In comparison with Figure 4.8, the 
only differences are a proportionality factor of In and the use of impulses rather than 
a bar graph. 


XM 



Figure 4.23 Fourier transform of a symmetric periodic square wave. 


Example 4.14 
Let 

x(t) — sin CO 0 t 

The Fourier series coefficients for this example are 
1 

=27 

1 

“ -27 

a k — 0, k s* 1 or — 1 

Thus, the Fourier transform is as shown in Figure 4.24(a). Similarly, for 
x(t) = cos co 0 r 

the Fourier series coefficients are 

a i i 

a* = 0, k vi 1 or — I 

The Fourier transform of this signal is depicted in Figure 4.24(b). These two transforms 
will be of great importance when we analyze modulation systems in Chapter 7. 
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“° “° “ Figure 4.24 Fourier transforms of (a) 

(b) x(l ) = sin ceo.'; (b) x(r) = cos coot. 

Example 4.15 

A signal that we will find extremely useful in our analysis of sampling systems in Chap¬ 
ter 8 is the periodic impulse train given by 

* (,) “ JL S(t - kT) 

as drawn in Figure 4.25(a). This signal is periodic with fundamental period T. 


x(t) 



-2T -T 0 T 2T t 

(a) 


XM 



4* _ 2» 0 2 * 4x 


' T “ T T T 

(b) 

Figure 4.25 (a) Periodic impulse train; (b) its Fourier transform. 


# 
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To determine the Fourier transform of this signal, we first compute its Fourier 
series coefficients: 

i r iT/1 i 

o k = Y Jt = y 

J-r/2 

Inserting this into eq. (4.79) gives 

X(a >) = <5(w-^) 

The transform of an impulse train in time is thus itself an impulse train in frequency, 
as sketched in Figure 4.25(b). Here again we see an illustration of the relationship 
between the time and the frequency domains. As the spacing between the impulses in 
time (i.e., the period) gets longer, the spacing between impulses in frequency (the 
fundamental frequency) gets smaller. 


4.6 PROPERTIES OF THE CONTINUOUS-TIME 
FOURIER TRANSFORM 

In this and in the following two sections, we consider a number of properties of the 
Fourier transform. As we shall see, these properties provide us with a significant 
amount of insight into the transform and into the relationship between the time- 
domain and frequency-domain descriptions of a signal. In addition, many of these 
properties are often useful in reducing the complexity of the evaluation of Fourier 
transforms or inverse transforms. Furthermore, as described in the preceding section, 
there is a close relationship between the Fourier series and Fourier transform repre¬ 
sentations of a periodic signal, and using this relationship it is possible to translate 
many of the properties we develop for Fourier transforms into corresponding prop¬ 
erties for Fourier series. For this reason we have omitted the derivation of these 
Fourier series properties. Several of the omitted derivations are considered in Prob¬ 
lem 4.9. In Section 4.9 we summarize all the properties for both the series and 
transform and in addition provide a table of the series and transform representations 
of some of the basic signals that we have already encountered or will find of use in 
the remainder of this chapter and in subsequent chapters. 

Throughout this discussion we will be referring frequently to time functions 
and their Fourier transforms, and we will find it convenient to use a shorthand 
notation to indicate the relationship between a signal and its transform. Recall that 
a signal x(t) and its Fourier transform X(co) are related by the Fourier transform 
synthesis and analysis equations 

[eq. (4.60)] x(f) = ^ J X(w)e lM clw (4.81) 

[eq. (4.61)] X(a>) = J + _ x(/)<T'"' dt (4.82) 

We will sometimes refer to X(co) with the notation 5{x(/)) and to x(r) with the notation 
Sf ■‘{A'(m)}. We will also refer to x(t) and X(co) as a Fourier transform pair with the 
notation 

x(0 X(co) 
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Thus, with reference to Example 4.7, 




In words, the Fourier transform of a linear combination of twc signals is the same 
linear combination of the transforms of the individual components. The linearity 
property is easily extended to a linear combination of an arbitrary number of com¬ 
ponents. The proof of eq. (4.83) follows directly by application of eq. (4.82). 


4.6.2 Symmetry Properties of the Fourier Transform 


If x(r) is a real-valued time function, then 



(4.84) 


where * denotes the complex conjugate. This is referred to as conjugate symmetry. 
The conjugate symmetry of the Fourier transform follows by evaluating the complex 
conjugate of eq. (4.82): 

X*(co)= jj + "x(0e‘'“’ , ‘/']* 

= | x*(t)e ,a " dt 

Using the fact that x(r) is real so that x*(r) — x(r), we have 
X*(co) = j x(t)e , “' dt = X{— co) 
where the second equality follows from eq. (4.82) evaluated at — to. 
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L**.. l •: -• V- .... f- i.. 

Referring to Example 4.7, with x(t) = e " u(t ), 


and 

X( — Q)) = —= x*(co) 
a — jco 

Also, in Section 4.2 we discussed the Fourier series analog of this property. Specifi¬ 
cally, if x(t) is periodic and real, then from eq. (4.17), 

Ok = o* k 

An illustration of this property was given in Example 4.2. 

As one consequence of eq. (4.84), if we express X(a>) in rectangular form as 

X(oj) = ®.e{X(co)) + jHm[X(co)} 

then if x(t) is real, 

E(w)} = (R£[X(-oj)} 
dm[X(co)} = —4m{X(—cn)} 

That is, the real part is an even function of frequency and the imaginary part is an 
odd function of frequency. Similarly, if we express X(co) in polar form as 

X(eo) = | X(a>) | e ,,M 

then it follows from eq. (4.84) that | X(co) | is an even function of co and 9(co) is an odd 
function of a>. Thus, when computing or displaying the Fourier transform of a 
real-valued function of time, the real and imaginary parts or magnitude and phase of 
the transform need only be generated or displayed for positive frequencies, as the 
values for negative frequencies can be determined directly from the values for a> > 0 
using the relationships just derived. 

As a further consequence of eq. (4.84), if x(t) is both real and even, then 2f(cu) 
will also be real and even. To see this, we write 

X(—co) = J x(t)e y "' dt 

or with the substitution of variables r = — 

X(—co) — | x(— x)e~ ,w ' dx 

Since x(— t) = x(t), we have 

X(—co) = | x(x)e' J “” dx 

= X(/») 

Thus, X(a>) is an even function. This, together with eq. (4.84), also requires that 
X*(co) = X(co) (i.e., that X(co) is real]. Example 4.8 illustrates this property for the 
real, even signal e~‘ M . In a similar manni r it can be shown that if x(r) is an odd time 
function so that x(t) — -x(-t), then X(co) is pure imaginary and odd. 

The analogous property for Fourier series is that a periodic, real, even signal 
x(t) has real and even Fourier coefficients (i.e., a k — a. k ), whereas if x(r) is odd, the 
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coefficients are odd and pure imaginary. The first of these two cases is illustrated 
in Example 4.5 for the periodic square wave. 

Finally, as was discussed in Chapter 2, a real function x(r) can always be ex¬ 
pressed in terms of the sum of an even function x,(f) = £v{x(r)} and an odd function 
x„(t) = 0d(x(t)}: that is, 

x(l) = x,(t) + x„(t) 

From the linearity of the Fourier transform, 

ff{x(f)} = ff{x.(r)} + ff{*.(0} 

and from the discussion above, 5{x,(f)} is a real function and ffj.r 0 (r)} is pure imagi¬ 
nary. Thus, we can conclude that with x(r) real, 

x{t) ^ X(a>) 

£v{x(0) <—>■ (Rye{X(oj)} 

Sci(x(r)) J3m[X(c o)} 

4.6.3 Time Shifting 
If 

x(t) X(a>) 

then 

(4.85) 

To establish this property, consider 

JF{jc(r - /„)} = x{t - t 0 )e-J°“ dt (4.86) 

Letting a — t — t 0 in (4.86), we have 

ff(x(r — f„)) = J x(<7)e''‘“'" + '• , do — c~ J °"‘X(c:) 

One consequence of this property is that a signal which is shifted in time does not 
have the magnitude of its Fourier transform altered. That is, if we express T(a>) in 
polar form as 

S{x(f)} = X(o>) = | X(a>) | e l>M 

then 

ff[x(f - t 0 )} = e-^-Xico) = IT(cu) | 

Thus, the effect of a time shift on a signal is to introduce a phase ;hift in its transform 
which is a linear function of co. 

4.6.4 Differentiation and integration 

Let x(r) be a signal with Fourier transform X(to). Then, by differentiating both sides 
of the Fourier transform synthesis equation (4,81), we obtain 

= i- \ ' jcoX(co)d- dco 
dt 2.7t J_„ 
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Therefore, 

(4.87) 

This is a particularly important property as it replaces the operation of differentiation 
in the time domain with that of multiplication by jco in the frequency domain. We 
will find this to be extremely useful in our discussion in Section 4.11 on the use of 
Fourier transforms for the analysis of LTI systems described by differential equations. 

Since differentiation in time corresponds to multiplication by jco in the frequency 
domain, one might conclude that integration should involve division by jco in the 
frequency domain. This is indeed the case, but it is only one part of the picture. The 
precise relationship is 

(4.88) 

The impulse term on the right-hand side of eq. (4.88) reflects the dc or average value 
that can result from the integration. 

To gain some understanding of this property, consider the unit step signal u(i). 
In Figure 4.26 we have illustrated the even-odd decomposition of u(t), which can 


u(t) 



(a) 
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be written as 


tit) = i + [u(r) - {) (4.89) 

Consider first the odd part v(t) = u(f) - {■ Since v’(t) = «'(0 = <5(0. we have from 
the differentiation property that 

ff{<5(r)} = ff = jcoV(co) (4.90) 

and since the Fourier transform of the unit impulse is 1, we conclude that 

V(co) = J- (4.91) 

' JCO 

Note that since u(r) is real and odd, we must have that V(co) is pure imaginary and 
odd, which is readily verified from eq. (4.91). 

Consider next the even part of u(t), which is the constant signal That is, 
£t/{«(t)} is a periodic signal at zero frequency, and hence its Fourier transform is an 
impulse at co = 0. Specifically, using eq. (4.79), we obtain 

ff(i] = nS(co) (4.92) 

and combining the transforms of the even and odd parts of u(t), we find that 

ff{«(0} = + nd(co) (4.93) 

This result agrees with the integration property, eq. (4.88). That is, with x(t) = <5(0. 
we have that A'(co) = 1 and the integral of x(f) is u(t). With these substitutions, eq. 

(4.88) yields eq. (4.93). Furthermore, we have seen that the impulse term in eq. (4.93) 
comes directly from the nonzero dc value of u(t). 

Finally, note that we can apply the differentiation property (4.87) to recover 
the transform of the impulse, that is. 



The right-hand side of this expression reduces to 1 since coS'co) — 0, and thus 

<5(0 ^ 1 



where a is a real constant. This property follows directly from the definition of the 
Fourier transform. Specifically, 

3{x(af)) = J x(at)e' M! di 
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Using the substitution of variables x — at, we obtain 
f — f x(x)e~ IM “ u dx. 


| —— J x(x)e dx, a< 0 

which corresponds to relation (4.94). Thus, aside from the amplitude factor of l/[a|, 
linear scaling in time by a factor of a corresponds to a linear scaling in frequency by 
a factor of 1/a, and vice versa. A common illustration of relation (4.94) is the effect 
on frequency content that results when an audio tape is recorded at one speed and 
played back at a different speed. If the playback speed is higher than the recording 
speed, corresponding to compression in time (i.e., a > 1), then the spectrum is 
expanded in frequency (i.e., the audible effect is that the playback frequencies are 
higher). Conversely, the played-back signal will contain lower frequencies if the 
playback speed is slower than the recording speed (a < 1). For example, if a recording 
of the sound of a small bell ringing is played back at a reduced speed, the result will 
sound like the chiming of a larger and deeper-sounding bell. 

The scaling property is another example of the inverse relationship between time 
and frequency that we have already encountered on several occasions. For example, 
we have seen that as we increase the period of a sinusoidal signal, we decrease its 
frequency. Also, as we saw in Example 4.11 (see Figure 4.20), if we consider the 
transform 

(1, Icol < W 


then as we increase W, the inverse transform of X(w) becomes narrower and higher 
and approaches an impulse as W —* oo. Finally, in Example 4.15 we saw that the 
spacing in frequency between impulses in the Fourier transform of a periodic impulse 
train is inversely proportional to the spacing in time. 

On several occasions in the remainder of this book we will encounter the con¬ 
sequences of the inverse relationship between the time and frequency domains. In 
addition, the reader may very well come across the implications of this property in a 
wide variety of other topics in science and engineering. One example is the uncertainty 
principle in physics. Another such implication is illustrated in Problem 4.35. 


4.6.6 Duality 


By comparing the transform and inverse transform relations (4.81) and (4.82), we 
observe that there is a definite symmetry (i.e., that these equations are similar but 
not quite identical in form). In fact, this symmetry leads to a property of the Fourier 
transform known as thiality. In Example 4.11 we alluded to this property when we 
noted the striking relationship that exists between the Fourier transform pairs of 
Examples 4.10 and 4.11. In the first of these examples we derived the Fourier trans¬ 
form pair 

Xfca) = — -^ T ' = 2T, sine (4.95) 


i, \‘\<T, 
0, \t\>T- 
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while in Example 4.11 we considered the pair 


W ■ /Wt\ 
— sine — 
n V n ) 


Xi(co) = 


These two Fourier transform pairs and the relationship between them are depicted 
in Figure 4.27. 



The symmetry exhibited by these two examples extends to Fourier transforms 
in general. Specifically, consider two functions related through the integral expression 

f(u) = f~g(v)e-^ Jv (4.97) 

By comparing eq. (4.97) with the Fourier synthesis and analysis equations (4.81) 
and (4.82), we see that with u = u> and v = t, 

f(co) = %(/)} (4.98) 

while with it = t and v = co, 

= ^5{/(r)} (4.99) 

That is, if we are given the Fourier transform pair for the time function g(t), 

SO) /(®) (4.100) 

and then consider the function of time f(l), its Fourier transform pair is 

f{t) 2 **(-«) (4.101) 
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The implications of these last two equations are significant. For example, suppose that 


Then, from eq. (4.97), 


(uM\ 

smc(-) 


This result, together with eq. (4.98) or, equivalently, eq. (4.100), yields the transform 
pair in eq. (4.95) for M = T u while if we use eq. (4.99) or (4.101) we obtain the pair 
in eq. (4.96) with M = W. Therefore, the property of duality allows us to obtain both 
of these dual transform pairs from one evaluation of eq. (4.97). This can often be 
useful in reducing the complexity of the calculations involved in determining trans¬ 
forms and inverse transforms. To illustrate the use of duality, we consider the following 
example. 

Example 4.16 

Suppose that we would like to calculate the Fourier transform of the signal 


then from eq. (4.100) we have the Fourier transform pair 


From Example 4.8 we then see that 

g(l) = e" 1 ' 1 

Furthermore, using the transform pair given by eq. (4.101), we conclude that since 
/(;) = *(/), then 

X(a>) = 5 (/(/)) = 2ng(-(o) = 2ne~'^ (4.105) 


The duality property can also be used to determine or to suggest other properties 
of Fourier transforms. Specifically, if there are characteristics of a time function that 
have implications with regard to the Fourier transform, then the same characteristics 
associated with a frequency function will have dual implications in the time domain. 
For example, we know that a periodic time function has a Fourier transform that 
is a train of weighted, equally spaced impulses. Because of duality, a time function 
that is a train of weighted, equally spaced impulses will have a Fourier transform 
that is periodic in frequency. This is a consequence of eqs. (4.98) and (4.99) and can 
be verified directly from eqs. (4.81) and (4.82). Similarly, the properties of the Fourier 
transform considered in Sections 4.6.2-4.6.5 also imply dual properties. For example, 
in Section 4.6.4 we saw that differentiation in the time domain corresponds to mul¬ 
tiplication by jeo in the frequency domain. From the preceding discussion we might 
then suspect that multiplication by jt in the time domain corresponds roughly to 
differentiation in the frequency domain. To determine the precise form of this dual 
property, we can proceed in a fashion exactly analogous to that used in Section 
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If x(r) and X(co) are a Fourier transform pair, then 

(4.110) 

This expression, referred to as Parseval’s relation, follows from direct application of 
the Fourier transform. Specifically, 

J | x(r)I 1 dt = J + " x(t)x*0) dt = J* + x(0j^ j" X*(.:o)<r ,0 ‘ Jt 

Reversing the order of integration gives 

J "|x(0! 2 * = 2i J + **(«>>[[ 

But the bracketed term is simply the Fourier transform of x(r); thus, 
J t "|x(/)| 2 r/r=^J + "|T(o,)P«7a) 

The quantity on the left-hand side of eq. (4.110) is the total energy in the signal 
x(t). Parseval’s relation, eq. (4.110), says that this total energy may be determined 
either by computing the energy per unit time Qx(0| 2 ) and integrating over all time, 
or by computing the energy per unit frequency (| A'(co) J 1 /27r) and integrating over 
all frequencies. For this reason | X(co) j 2 is often referred to as the energy-density 
spectrum of the signal x(f) (see also Problem 6.6). 



Sec. 4.6 


Propeities of the Continuous-Time Fourier Transform 


211 






The energy in a periodic signal is infinite and consequently eq. (4.110) is not 
useful for that class of signals. However, as considered in Problem 4.14, for periodic 
signals there is an analogous relationship. Specifically, 

(4.111) 

where the a k are the Fourier series coefficients of x(t) and T a is its period. Thus, for 
the periodic case Parseval’s relation relates the energy in one period of the time 
function to the energy in the Fourier series coefficients. Furthermore, the quantity 
\a k \ 1 has the interpretation as that part of the energy per period contributed by the 
Ath harmonic. 

There are many other properties of the Fourier transform pair in addition to 
those we have already discussed. In the next two sections we present two specific 
properties that play particularly central roles in the study of LTI systems and their 
applications. The first of these, discussed in Section 4.7, is referred to as the convolu¬ 
tion property and it forms the basis for our discussion of filtering in Chapter 6. The 
second, discussed in Section 4.8, is referred to as the modulation property and it 
provides the foundation for our discussion of modulation in Chapter 7 and sampling 
in Chapter 8. In Section 4.9 we summarize the properties of the Fourier transform. 

J.7 THE CONVOLUTION PROPERTY 

One of the most important properties of the Fourier transform with regard to its 
use in dealing with LTI systems is its effect on the convolution operation. To derive 
the relation, consider an LTI system with impulse response h(t), output y(t), and input 
x(t), so that 

y(t) = J x(x)h(t — t) dx (4.112) 

We desire Y(co),' which is 

Y{co) = SF{y(<)} = J_ J [x(x)h(t - x) dx]e~'°-' dt (4.113) 

Interchanging the order of integration and noting that x(x) does not depend on t, 
wc have 

Y(co) = x(t)[J h( ~‘ ~ dx (4.114) 

By the shifting property (4.85), the bracketed term is simply e''"'//(ro). Substituting 
this into eq. (4.114) yields 

Yico) = J + x(x)e- J “'H(a>)dx = //(co) J x(x)e~ Jm dx (4.115) 

The integral is 3(x(r)}, and hence 

Y(co) = //(co)T(co) 
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That is, 


y(f) = hit) * x(t) 


Y(u>) = H(oj)X(co) 


This property is essentially a consequence of the fact that complex exponentials 
are eigenfunctions of LTI systems, and can alternatively be derived by recalling our 
interpretation of the Fourier transform synthesis equation as an expression for x(t) 
as a linear combination of complex exponentials. Specifically, referring back to eq. 
(4.59), we expressed x(t) as the limit of a sum, that is, 

x(t) = J- f X(co)e>°* dco — lim £ X{koi a )e lka "co a (4.117) 
Ik <d«-*o ik 

The response of a linear system with impulse response h(t) to a complex exponential 
e Jk “‘‘ is, from eq. (4.4), H(ku> a )e‘ k “'', where 


H(ka>„) = J + ~ h{t)e~ 


From superposition [see eq. (4.8)] we then have that 


— £ X(kco 0 )e ,k “‘'co 0 
In *--- 


£ X(kco a )H(kco 0 )e' w co 0 
in 


and thus from eq. (4.117) we see that the response of the linear system to x(t) is 
y(t) = lim 2 X(ka> 0 )H(k(o D )e ,k °“'(D a 

a*—o IK , , 


-iJL" 


T(o>)//(w)e^' do.) 


Since y(t) and its Fourier transform T(a>) are related by 

_y(r) = ^Lj Y{co)e‘'“' dco (4.120) 

we can identify Y(a>) from eq. (4.119), yielding 

Y(co) = X(co)H(co) (4.121) 

as we had derived previously. 

This alternative derivation of this very important property of Fourier transforms 
emphasizes again that H(co), the Fourier transform of the system impulse response, 
is simply the change in complex amplitude experienced by a complex exponential 
of frequency a>, as it passes through a linear time-invariant system. The function 
H(fd) is generally referred to as the frequency response of the system, and it plays as 
important a role in the analysis of LTI systems as does its inverse transform, the 
unit impulse response. For one thing, since h(t) completely characterizes an LTI 
system, then so must H(co). In addition, many of the properties of LTI systems can 

be conveniently interpreted in terms of H(cd). For example, in Section 3.3 we saw 

that the impulse response of the cascade of twb LTI systems is the convolution of 
the impulse responses of the individual systems and that the overall response does 
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not depend on the order in which the systems are cascaded. Using eq. (4.116), we can 
rephrase this in terms of frequency responses. As illustrated in Figure 4.28, the overall 
frequency response of the cascade of two systems is simply the product of the indi¬ 
vidual frequency responses, and from this it is clear that the overall response does not 
depend on the order of cascade. 



(b) 



Figure 4.28 Three equivalent LTI sys- 
vl1 * terns. Here each block represents an 
LTI system with the indicated frequency 
response. 


It is also important to note that the frequency response cannot be defined for 
every LTI system. If, however, an LTI system is stable, then, as we saw in Section 
3.4 and Problem 3.21, its impulse response is absolutely integrable. That is, 

|/i(t)| di < oo (4.122) 

Equation (4.122) is one of the three Dirichlet conditions which together guarantee 
the existence of the Fourier transform H(co) of h(t). Thus, assuming that h(t) satisfies 
the other two conditions, as essentially all signals of physical or practical significance 
do, we see that a stable LTI system has a frequency response H(co). If, however, an 
LTI system is unstable, that is, if 

J_JAMI* = °o 

then the Fourier transform may not exist, and in this case the response of the system 
to a sinusoidal input is infinite. (Sec Problem 5.27 for an illustration and explanation 
of this point in the context of discrete-time LTI systems.) 

Therefore, in using Fourier analysis to study Lfl systems, we will be restricting 
ourselves to systems with impulse responses that possess Fourier transforms. In 
order to use transform techniques to examine those unstable LTI systems that do not 
have finite-valued frequency responses, we will have to consider a generalization of 
the continuous-time Fourier transform, the Laplace transform. We defer this discus¬ 
sion to Chapter 9, and until then we will consider the many problems and practical 
applications that we can analyze using Fourier transforms. 

To illustrate the convolution property further, let us consider several examples. 
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Example 4.17 

Consider a continuous-time LTI system with impulse response 

h(t) = 5(t - to) (4.123) 

The frequency response of this system is given by 

//(or) = (4.124) 

Thus, for any input x(r) with Fourier transform X(co), the Fourier transform of the 
output is 

y(co) = H(co)X(a>) 

(4.125) 

This result, in fact, is consistent with the shifting property of Section 4.6.3. Speci¬ 
fically, as was discussed in Chapter 3 (see Example 3.5), a system for which the impulse 
response is 6(1 — to) applies a time shift of t 0 to the input, that is, 

y(t) = xit - to) 

Thus, the shifting property (4.85) also yields eq. (4.125). Note that either from our 
discussion in Section 4.6.3 or directly from eq. (4.124), we see that the frequency 
response of a system which is a pure time shift has unity magnitude at all frequencies 
and has a phase characteristic that is a linear function of co. 

Example 4.18 

As a second example, let us examine a differentiator, that is, an LTI system for which 
the input x(t) and the output y(t) are related by 

From the differentiation property of Section 4.6.4, 

Y(a>) = jwX(a>) (4.126) 

Consequently, from eq. (4.116) it follows that the frequency response H(co) of a 
differentiator is 

H (co) = jeo (4.127) 

Example 4.19 

Suppose that we now have an integrator, that is, an LTI system specified by the 
equation 

,v(f) = J' x(x) dx 

The impulse response for this system is the unit step </(/), and, therefore from eq. (4.93) 
the frequency response of this system is 

H(co) = ~ + nS(co) 

Then, using eq. (4.116), we have that 

Y(co) = d/(a>)X(a>) =~^X(co) + nX(co)S(a>) = j^X(co) + nX(0)6(co) 
which is precisely the integration property of eq. (4.88). 
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Example 4.20 

Consider the response of an LTI system with impulse response 
h(t) = e~“u(t), a > 0 

to the input signal 

x(t) = e~ b 'u(t), b > 0 

From Example 4.7 we have that the Fourier transforms of x(r) and hit), are 

*(®)-FT75 


w- ia+jeojyr+m (4128) 

To determine the output y(r) we wish to obtain the inverse transform of Y(co). This is 
most simply done by expanding Y(co) in a partial fraction expansion. As we shall see, 
such expansions are extremely useful in evaluating many inverse Fourier transforms, 
including those that arise in calculating the response of an LTI system described by a 
differential equation. We discuss this at more length in Section 4.11, and in the Appen¬ 
dix we develop the general method for performing a partial fraction expansion. We 
will illustrate the basic idea behind the partial fraction expansion for this example. 
Suppose first that b ^ a. In this case we can express Y(co) in the form 

ytco) = _dl_ + ‘ L_ (4.129) 

( > a +jCO r b + jeo 

where A and II are constants to be determined. Setting the right-hand sides of cqs. 
(4.128) and (4.129) equal, we obtain 

A B __ 1 

a -+ jeo b -+ j 0} (a + j CO)(b + j CO) 

or 

A(b A-jeo) + B(a + jco) = 1 (4.130) 

Since this must hold for all values of CO, the coefficient of CO in the left-hand side of 
eq. (4.130) must be zero, and the remaining terms must sum to 1. That is, 

4+8 = 0 


Solving these equations, we find that 


,^_r .. 

b — a[,a + jeo 


In the Appendix we present a more efficient but equivalent method for performing 
partial fraction expansions in general. 

The inverse transform of each of the two terms in cq. (4.131) can be recognized 
by inspection, and, using the linearity property of Section 4.6.1, we have 
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The partial fraction expansion of eq. (4.131) is not valid if b = a. However, for this 


Recognizing this as 


i[a +jCo\ 


(a+yco) 2 1 dcola fjcoj 

we can use the dual of the differentiation property as given in eq. (4.107). Thus, 


5 . d r l i _ l 

te u(l) < > j cl (Ola + jCO j ( a+jco ) 2 


and consequently, 


>'(/) = te~“u(j) 


Example 4.21 

Suppose that we now consider the LTI system with impulse response 
h(t) = e-'u(t) 

and consider the input 

x(t) = 2 a k e> kU ' 

3 

where 

a o = I, Oi = O-i = J 

oj = a, i =1, a, = o-j = ^ 

Then 

A '(co) = £ 2na k 5(co - Ink) 

3 


Y{co) = mco)X{co) = 2 2na k H{2nk) 5(co - 2 nk) 

A - - 3 




Converting this back to a Fourier series representation, we obtain 


M-Xirfm)"'- 


wliich is identical to the response obtained in Example 4.2 [see eqs. (4.24) and (4.25)]. 

4.7.1 Periodic Convolution 

In Example 4.21 the convolution property was applied to the convolution of a 
periodic signal with an aperiodic signal. If both signals are periodic, then the con¬ 
volution integral does not converge. This reflects the fact that an LTI system with 
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periodic impulse response^ is unstable and does not have a finite-valued frequency 
response. However, it is sometimes useful to consider a form of convolution for 
periodic signals with equal periods, referred to as periodic convolution. The periodic 
convolution of two signals x,(r) and xft) with common period 7j, is defined as 

HO = J r -H - r) dz (4.132) 

This operation is similar to usual convolution, which is sometimes called aperiodic 
convolution. As illustrated in Figure 4.29, we see that, just as with aperiodic convolu- 



Interval of integration of length T 0 


Figure 4.29 Periodic convolulion of two continuous-time periodic signals. 

tion, periodic convolution also involves multiplying x,(r) by a reversed and shifted 
version of x 2 (t), but in this case the product is integrated over a single period. As t 
changes, one period of x 2 (t — r) slides out of the interval of integration and the next 
one slides in. If t is changed by T 0 , then the periodic signal x 2 (t — t) will have been 
shifted through a full period and therefore will look exactly as it did before the shift. 
From this we can deduce that the result of periodic convolution is a periodic signal 
y(t). Furthermore, as shown in Problem 3.12, the result of periodic convolution does 
not depend on which interval of length T 0 is chosen for the integration in eq. (4.132), 
and also from Problem 4.16 we have that if (a*), A), and (c*) denote the Fourier series 


218 


Fourier Analysis for Continuous-Time Signals and Systems Chap. 4 


coefficients of x,(t), x 2 (t), and y(t), respectively, then 

c* = (4-133) 

which is the counterpart of the convolution property for periodic convolution. 

4.8 THE MODULATION PROPERTY 

The convolution property states that convolution in the time domain corresponds 
to multiplication in the frequency domain. Because of the duality between the time 
and frequency domains, we would expect a dual property to also hold (i.e., that 
multiplication in the time domain corresponds to convolution in the frequency 
domain). Specifically, 

(4.134) 

This can be shown by using the duality relations of Section 4.6.6 together with the 
convolution property, or by directly using the Fourier transform relations in a 
manner analogous to the procedure used in deriving the convolution property. 

Multiplication of one signal by another can be thought of as using one signal 
to scale or modulate the amplitude of the other, and consequently the multiplication 
of two signals is often referred to as amplitude modulation. For this reason eq. (4.134) 
is called the modulation property. As we shall see in Chapters 7 and 8 this property 
has several very important applications. To illustrate eq. (4.134) and to suggest several 
of the applications that we will discuss in these subsequent chapters, let us consider 
several examples. 

Example 4.22 

Let s(t ) be a signal whose spectrum 5(co) is depicted in Figure 4.30(a). Also consider 
the signal p(t) defined by 

HO = cos 6tV 

Then 

P(co) = 71 <5 (co — co„) + 71 (5 (co + co 0 ) 

as sketched in Figure 4.30(b), and the spectrum R(co) of r(t) = s(t)p(t) is obtained by 
an application of eq (4.134), yielding 

R(w) = A -S(CO) * P(u>) = iS(co - co 0 ) + ±S(co + C 0 O ) (4.135) 

which is sketched in Figure 4.30(c). Here we have assumed that co 0 > co,, so that the 
two nonzero portions of R(CO) do not overlap. Thus, we see that the spectrum of r(t) 
consists of the sum of two shifted and scaled versions of S(co). 

From eq. (4.135) and from Figure 4.30 it is intuitively clear that all of the infor¬ 
mation in the signal j(/) is preserved when we mu'tiply this signal by a sinusoidal signal, 
although the information has been shifted to higher frequencies. This fact forms the 
basis for sinusoidal amplitude modulation systems, and in the next example we provide 
a glimpse of how we can recover the original signal s(t) from the amplitude modulated 
signal r(r). 
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1 -c 

i ‘. I - 

From Figure 4.31(c) and the linearity of the Fourier transform, we see that 
g(i) is the sum of ^j(r) and a signal with a spectrum that is nonzero only at higher 
frequencies (centered around ±2a) 0 )- Suppose then that we apply the signal gU) as 
the input to an LTI system with frequency response H(o) that is constant at low fre¬ 
quencies (say, for |£t)| < CD,) and zero at high frequencies (for |<a| > fu 0 )- Then the 
output of this system will have as its spectrum H(co)G(o), which, because of the parti¬ 
cular choice of H(oi), will be a scaled replica of S(a>). Therefore, the output itself will 
be a scaled version of s(t). In Chapter 7 we expand significantly on this idea as we 
develop in detail the fundamentals of amplitude modulation. 

Example 4.24 

Again consider a signal r(r) defined as the product of two signals 
r( i) <= s(t)p(t) 

where p(t) is now taken to be a periodic impulse train 

P«) = jzjo - k7 "> 

As is illustrated in Figure 4.32, we see that r(/) is an impulse train with the amplitudes 
of the impulses equal to samples of s(l) spaced at time intervals of length T apart. That 
is, 

r(l) = s(r)p(r) = *(«) 30 ~ k7 "> - JL s( ~ kI "> 5 0 ~ kT) 



-2T -TO T 2T 3T 4T t 

(b) 


rltl 



(c) 

Fi('--e 4.32 Product of a signal s(l) and a periodic impulse train. 
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Recall from Example 4.15 .hat the spectrum of the periodic impulse train p(,) is itself 
a periodic impulse train. Specifically, 




and consequently from the modulation property 


. i +- ,./ 2nk\ 

R(oj) = 2^[S(«) * Pfco)] = -f k Sim) *8{a> T ) 


toS » J. hi in <h« precede ««»,*. if *> « ■* £ 

» lt. » 

fhfblic7d U ea n behind e s n amp e iing, and in Chapter 8 we explore the implications of this 
example in some depth. 


S(cj) 



---- n -0 2ff i? 

i? - — ° T T T 

T T 


(b) 



5 - 5 ? 


(el 

Figure 4.33 tilled in the frequency domain of multiplying a signal by a periodic 
impulse train. 
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4.9 TABLES OF FOURIER PROPERTIES AND OF BASIC 
FOURIER TRANSFORM AND FOURIER SERIES PAIRS 

In the preceding three sections and in the problems, we have considered some of the 
important properties of the Fourier transform. These are summarized in Table 4.1. 
As we discussed at the beginning of Section 4.6, many of these properties have 
counterparts for Fourier series, and these are summarized in Table 4.2. In most 


TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM 


Aperiodic signal 

Fourier transform 


X(co) 

y(t) 

Y (or) 

ax(l) + byit) 

aX(m) + f>y(o>) 

x(l — /o) 

t~l**‘X(<o) 

el^'41) 

X(a> — coo) 

**(/) 

A"*(-co) 

x(-i) 

X(—<o) 

x (at) 

iM?) 

x(l)*yO) 

X(a>)Y(fo) 

x(i)yO) 

l-A-fco). V(co) 


juiX(ct) 


i-X(co) + rrXfO) <5(co) 

1(0 t 

/*(/) 

j£x«o) 


f X(co) = X*(~co) 


dt«(A"(co)) = «<{X(-co)) 


Sm{X(co)} = —tfmfA'C—Q>)} 


| A"(co)| = | A"(—o»)| 


[<*(o>) - -<X (-co) 

x,U) = r,v{x(r)) Mr) real] 

<M*(o>)] 

x„{l) - od{x(t)} W<) real] 

ysml^ffco)) 

Duality 


/(«) ” \Z s{v)e 

- > v dv 

5 


g(i) <—>/(< o) 


5 


/(r) -<—> 2ng{ 

-o) 


Parseval’s Relation for Aperiodic Signals 

J + "|*(r)|M/ = ^j JA-(a.)F da> 
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cases these properties can be deduced directly from the corresponding property in 
Table 4.1 using the discussion of Section 4.5, in which the Fourier series was incor- 


TABLE 4.2 PROPERTIES OF FOURIER SERIES 


Periodic signal Fourier series coefficients 

XOI periodic with 

XOJ period 7'o 

Ax(l) + ByO) 

x(t - (o) 
e ,mi.rr .), x ( t ) 

**(0 

x(-t) 

Ok 

bk 

Aajf + Bbk 

ak-M 

a -k 

a-k 

x(ai), a > 0 (periodic with period ^ 

ak 

f x(r)y(t - t) dx 

Jr* 

ToOkbk 

*(0X0 

2 “ibk-i 

dx(l) 

dt 

..2 n 
jk To a “ 

f x(l) dt (finite-valued and periodic 
only if no = 0) 

(. jktt*IT 0 )) ak 

x(t) real | 

[a* = at k 
ffle(a*) = <Re(a_*} 

:ifl*i = io-*l 
= -<a-* 

x.(t) - St/U(0) MO real] 
jf„(0 - fld(XO) MO reall 

(R€{o*J 

Parseval’s Relation for Periodic Signals 

i- f MOI 1 *- 2 M 1 

I o JTt 



oorated into the framework of the Fourier transform. In some cases, however, as with 
convolution property or ParsevaPs relation, the transform property as it applies 
'riodic signals and the Fourier transform is not useful for periodic signals and 
eries, although a modified version is. 

• in Table 4.3 we have assembled a list of many of the basic and important 
■■m pairs. We will encounter many of these repeatedly as we apply 
-r analysis in our examination of signals and systems. All of these 
• for the last one in the table, have been considered as examples 
The last one is considered in Problem 4.19. 





TABLE 4.3 BASIC FOURIER TRANSFORM PAIRS 


Signal 

Fourier transform 

Fourier series coefficients 
(if periodic) 

E ak elkM 

2 it 2 Okb(co — kto o) 

Ok 


2nS(a> — coo) 

a\ — 1 

a* = 0, otherwise 

cos toot 

n|<5(ca — coo) + ‘5(o> + “o)l 

i 

ai = a_i = -j 
oj, - 0, otherwise 

sin e)o t 

y-[J( to — too) — S( to + <uo)] 

a, - -«-l - jy 
a* •» 0, otherwise 

x(r) = 1 

2nS(to) 

ao =■ 1, a* ■=* 0, k s* 0 

/has this Fourier series represen-N 
\tation for any choice of 7 o > 0/ 

Periodic square wave 
(1, 10 <T, 

40 “(o. Ti < |/|< y 

and 

x(t + To) = *(0 

B 

cuoFi ..._./kcoo7',\ . sin katoTi 

_ T _smc V X ) JS 

E Ht-nT) 


a* = y for all A 

wo-l 1 * 1,1 <r< 

(> 10, |r|>r, 


- 

llggliSiB 


- 



— 

«(0 

i + '“ 5(co > 

- 

l (< - to) 


— 

e~“'u(t), <fie(o) > 0 

1 

a + ja> 

- 

ffte(a) > 0 

1 

(a + jot) 1 

- 

<Re(a) > 0 

1 

(a +J<o )’ 

- 


>r Continuous-Time Signals and Systems Chap. 4 


225 

































THE POLAR REPRESENTATION 
OF CONTINUOUS-TIME FOURIER TRANSFORMS 


4.10.1 The Magnitude and Phase of Fourier Transforms 

In the preceding sections we have developed some insights into the properties of 
Fourier transforms and have seen some of the ways in which the tools of Fourier 
analysis can be used effectively in the study of signals and systems. From the synthesis 
equation (4.60) we know that we can recover a signal x(l) from its Fourier transform 
A'(a)), and therefore we can conclude that A'(co) must contain all the information in 
x(l). We have already gained some understanding of how this information is embed¬ 
ded in A'(to) by examining how various possible characteristics of x(l) (real, even, 
time-shifted, etc.) manifest themselves as corresponding properties of A'(co). In this 
section we discuss the polar representation of the Fourier transform and by doing so 
we will gain more insight into its characteristics. 

The polar or magnitude-phase representation of X(co) is 

X(co) = \X(co)\e liXM (4.137) 

From the synthesis equation (4.60) we can think of X(co ) as providing us with a 
decomposition of the signal x(t) into a “sum” of periodic complex exponentials at 
different frequencies. In fact, as mentioned earlier | A'(co) | 2 has the interpretation as 
the energy-density spectrum of x(t). That is, | X(o))\ 1 du>/2n can be thought of as the 
amount of the energy in the signal x(t) that lies in the frequency band betweeri w 
and co -f- dco. 

While | AXco)| provides us with the information about the relative magnitudes 
of the complex exponentials that make up x(t), <£X(co) provides us with information 
concerning the relative phases of these exponentials. Depending upon what this 
phase function is, we can obtain very different looking signals, even if the magnitude 
function remains unchanged. For example, consider again the example illustrated in 
Figure 4.3. In this case, a ship encounters the superposition of three wave trains, 
each of which can be modeled as a sinusoidal signal. Depending upon the relative 
phases of these three sinusoids (and, of course, on their magnitudes), the amplitude 
of their sum may be quite small or very large. The implications of phase for the ship, 
therefore, are quite significant. To see the effect of phase in more detail, consider the 
signal 

x(t) = 1 + i cos (2ni + $,) + cos (4 nt + $ 3 ) + § cos (6 nt + $,) (4.138) 

In Figure 4.4 we depicted x(t) in the case when <j>, — <j> l — = 0. In Figure 4.34 

we illustrate x(i) for this and for several other choices for the <j>,. As this figure demon¬ 
strates, the resulting signals can differ significantly, depending upon the values of the 

4>r 

Therefore, we see that changes in the phase function of X(co) lead to changes 
in the time-domain characteristics of the signal x(t). In some instances phase distortion 
may be important, whereas in others it is not. For example, consider the human 
auditory system. If A"(ct)) is the Fourier transform of a signal corresponding to an 
individual spoken sound (such as a vowel), then a human being would be able to 
recognize this sound even if the signal were distorted by a change in the phase of A^co). 
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Figure 4.34 The signal x(l) given in eq. (4.138) for several different choices of 
the phase angles i> 1 , fo, (a) i>, — = i >j =* 0; (b) in = 4 rad., in *=■ 

8 rad., i 3 — 12 rad.; (c) i >i = 6 rad., fa = —2.7 rad., i>] =0.93 rad.; 

(d) in = 1.2 rad., fa = 4.1 rad., in -7.02 rad. 

For example, the sound would be recognizable if the acoustic signal produced had a 
Fourier transform equal to | X(oo) | (i.e., a signal with zero phase and the same magni¬ 
tude function). On the other hand, although mild phase distortions such as those 
affecting individual sounds do not lead to a loss of intelligibility, more severe phase 
distortions of speech certainly do. For example, if x(t) is a tape recording of a sentence, 
then the signal x(—l) represents the sentence being played backward. From Table 
4.1, we know that 

SM-O) = x(-co) 

where X(co) is the Fourier transform of x(t). Furthermore, since x(t) is real, 
| A'(—co)| = | A'(co)| and <£X(—(o) = —d£X(co). That is, the spectrum of a sentence 
played in reverse has the same magnitude function as the spectrum of the original 
sentence and differs only in phase, where there is a sign reversal. Clearly, this phase 
change has a significant impact on the recognizability of the recording. 

A second illustrative example of the effect and importance of phase is found in 
examining images. A black-and-white picture can be thought of as a signal Jc(/ t , / 2 ) 
with two independent variables. Here /, denotes the horizontal coordinate of a point 
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on a picture, t x is the vertical coordinate, and *(/„ r 2 ) is the brightness of the image 
at the point ((„/,). Although we will not examine signals with two independent 
variables at any length in this book, we will use examples of them (i.e., pictures) on 
several occasions because such examples are extremely useful in visualizing some of 
the concepts that we will develop. In the present context, in order to discuss the 
effect of phase for images, we need to introduce Fourier analysis for signals with two 
independent variables. For our purposes we do not need to develop this topic in any 
detail but can simply observe that the techniques of two-dimensional Fourier analysis 
are quite similar to those that we have developed for signals with one independent 
variable. Specifically, in two dimensions we decompose a signal x(f,, r 2 ) into a sum 
(integral) of products of complex exponentials that oscillate at possibly different 
rates in each of the two directions, that is, signals of the form 

glmhgJm" 

The result of this decomposition is a two-dimensional Fourier transform ^(tiinffli) 
which contains the information about how the signal x(t t , f 2 ) is constructed from these 
basic signals. Several elementary aspects of two-dimensional Fourier analysis are 
addressed in Problem 4.26. 

Returning to the question of phase in pictures, we note that in viewing a picture, 
some of the most important information for the eyes is contained in the edges and 
regions of high contrast. Intuitively, regions of maximum and minimum intensity 
in a picture are places at which the complex exponentials at different frequencies are 
in phase. Therefore, it seems plausible to expect the phase of the Fourier transform 
of a picture to contain much of the information in the picture, and in particular the 
phase should capture the information about the edges. To substantiate this expecta¬ 
tion, in Figure 4.35(a) we have repeated the picture of Fourier shown in Figure 4.2. 
In Figure 4.35(b) we have depicted the magnitude of Fourier’s transform, where in 
this image the horizontal axis is G),, the vertical is co lt and the brightness of the image 
at the point (a> 2 , a) 2 ) is proportional to the magnitude of the transform X(co,, ru 2 ) of 
the image in Figure 4.35(a). Similarly, the phase of this transform is depicted in Figure 
4.35(c). Figure 4.35(d) is the result of setting the phase [Figure 4.35(c)] of X(co t , w 2 ) to 
zero (without changing its magnitude) and inverse transforming. In Figure 4.35(e) 
the magnitude of X(co u co 2 ) was set equal to 1, but the phase was kept unchanged. 
Finally, in Figure 4.35(f) we have depicted the image obtained by inverse transforming 
the function obtained by using the phase in Figure 4.35(c) and the magnitude of the 
transform of a completely different image, specifically the picture shown in Figure 2.2! 
These figures clearly illustrate the importance of phase in representing images. 

Returning to signals with a single independent variable, there is one particular 
type of phase distortion that is quite easy to visualize. This is the case of linear phase 
in which the phase shift at frequency co is a linear function of co. Specifically, if we 
modify <*(<») by adding to it a co, then, from eq. (4.137), the resulting Fourier 
transform is X(co)e 'and from the time-shifting property (4.85), the resulting signal 
is x(t + a). That is, it is simply a time-shifted version of the original signal. In this 
case, the phases of the complex exponentials at different frequencies are shifted 
so that the relative phases of these signals at time t + a are identical to the relative 
phases of the original signal at time t. Therefore, when these exponentials are super- 
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posed, we obtain a shifted version of x(/). If the phase shift is a nonlinear function 
of co, then each complex exponential will be shifted in a manner that results in a change 
in the relative phases. When these exponentials are superposed, we obtain a signal 
that may look considerably different than x(/). This is precisely what is illustrated in 
^ Figure 4.34. Figure 4.34(b) is an example of linear phase, while Figure 4.34(c) and (d) 
depict two examples of nonlinear phase. 

4.10.2 Bode Plots 

In Section 4.7 we saw that the Fourier transforms of the input and output of an 
LTI system with frequency response H(co) are related by 
Y(co) = H(co)X(co) 

or, equivalently, in terms of the polar representation, we have that 

| y(to)| = |//(g>)||A'(cd)| (4.139) 

< y(o) = <//(&>) + <2f(o>) (4.140) 

Because of the multiplicative form of eq. (4.139) the magnitude of the frequency 
response of an LTI system is sometimes referred to as the gain of the system. 

As we will find in the remainder of this chapter and in subsequent chapters, it is 
often convenient to represent Fourier transforms graphically when using frequency- 
domain techniques to examine LTI systems. Earlier in this chapter we used a graphical 
representation for X(co) consisting of separate plots of | A"(a>)| and <£ 2f(ct>) as functions 
of co. Although this representation is useful and in fact will be used extensively 
throughout this book, eqs. (4.139) and (4.140) suggest a modification to this represen¬ 
tation that is also of great value in LTI system analysis. Specifically, note that if we 
have plotted ffH(co) and <3f(w) as a function of to, then < T(to) can be obtained by 
adding the corresponding points on these two graphs. Similarly, if we plot log|7/(ei>)| 
and log | X{cd) |, we can add these to obtain log | y(co)|. Such a representation using 
the logarithm of the magnitude function often facilitates the graphical manipulations 
that are performed in analyzing LTI systems. For example, since the frequency 
response of the cascade of LTI systems is the product of the individual frequency re¬ 
sponses, we can obtain plots of the log magnitude and phase of the overall frequency 
response simply by adding the corresponding plots for each of the component systems. 

The most widely known graphical representation of the type just described is 
the Bode plot. In this representation the quantities <£//(cd) and 20 log 10 |//(cu)| are 
plotted versus frequency. The latter of these quantities, which is proportional to the 
log-magnitude, is referred to as the magnitude expressed in decibels (abbreviated 
dB). Thus, 0 dB corresponds to a value of |//(a>)| equal to 1; 20 dB is equivalent to 
177(a))| = 10; —20 dB corresponds to |//(co)[ = 0.1; 40 dB is the same as |7/(o>)| = 
100; and so on. Also it is useful to note that 1 dB is approximately equivalent to 
177(o>)| = 1.12, and 6dB approximately corresponds to \H(a>) \ = 2. Typical Bode 
plots are illustrated in Figure 4.36. In these plots a logarithmic scale is usually used 
for co. Not only does this allow us to obtain adequate resolution when the frequency 
range of interest is large, but also the shape of a particular response curve does not 
change if frequency is scaled (see Problem 4.46). Also, as we shall see in the next 
two sections, the use of a logarithmic frequency scale greatly facilitates the plotting 
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form of (a); (c) phase ofThe Fourier f ^ ^ (e) pic(ure whose Fourier transform 
has magnitude as in (b) an p . /\. /q picture whose Fourier transform a 

« SSiS £?» *" Fi ‘“" “ 


. to- lt. 

in Figure 4.J6 "“•'“'(iS teal, then |H(»)I is an even function of® 
As w« discussed m See"-" * ' '< ^ of lhis , lhe plots for negative » are supe • 

SLf2rtS” front the plots foe P.siuve » 


230 


P.rrria, Analysis for C—-T,®. Si.™,. and »— ‘ 



Sec. 4.10 The Polar Representation 


of Continuous-Time Fourier Transforms 


231 








we r 


lue a 
ail in 
ans f< 
righl 

2 _ 

: G) -f| 

ansicl 

-—ij 

/CO | 

ized | 

n thj 
raticj 
e frej 
ifferj 
rtialj 
vers| 
jrieri 
/co, ( 
: the! 
; illij 

5 thaj 


f 2 
(7co| 


k a p 

IT 2 1 

lined 

appj 

c 

-42 1 , 


I) 2 

'ime I 


I 

to be preferred. For example, in Chapters 6 to 8 we will encounter LTI systems whose 
magnitude functions are zero over different ranges of frequency and I over others. 
Since log (0) = -oo, the Bode plot is not particularly useful for these systems, and 
the use of a linear scale for | A'(oz) i is far more convenient. On the other hand, in the 
next two sections we will consider a class of systems for which Bode plots are of 
great value. In addition, because the logarithm expands the scale for small values of 
| X{co) |, Bode plots are often useful in displaying the fine detail of frequency responses 
near zero. For these reasons we have introduced both the linear and logarithmic 
graphical representations for the magnitude of Fourier transforms, and we will use 
each as is appropriate. 


II THE FREQUENCY RESPONSE OF SYSTEMS 

CHARACTERIZED BY LINEAR CONSTANT-COEFFICIENT 
DIFFERENTIAL EQUATIONS 


4.11.1 Calculation of Frequency and Impulse Responses 
for LTI Systems Characterized 
by Differential Equations 


As we discussed in Sections 3.5 and 3.6. a particularly important and useful class 
of continuous-time LTI systems are those for which the input and output satisfy a 
linear constant-coefficient differential equation of the form 


V a dky(t) 
*-o * dt k 


In this section we consider the question of determining the frequency response of 
such an LTI system. In principle, this could be done using the technique reviewed in 
Chapter 3 for solving equations such as eq. (4.141). Specifically, we could use that 
procedure to determine the impulse response of the LTI system, and then by taking 
the Fourier transform of the impulse response, we would obtain the frequency 
response. However, because of the properties of the Fourier transform discussed 
in preceding sections, there is a much simpler and much more direct procedure which 
we will describe for obtaining the frequency response. Once the frequency response 
is so obtained, the impulse response can then be determined using the inverse trans¬ 
form, and as we will see, the technique of partial fraction expansion makes this pro¬ 
cedure an extremely useful method for calculating the impulse response and thus for 
characterizing and computing responses of LTI systems described by linear constant- 
coefficient differential equations. 

To outline the procedure alluded to in the preceding paragraph, consider an 
LTI system characterized by eq. (4.141). We know from the convolution property 
that 


Y(co) = H{w)X{co) 


or, equivalently, 


H(co) = 


Y(o >) 
X(co) 


(4.142) 
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where X(co), Y(a>), and H{co) are the Fourier transforms of the input x(t), output 
y(t), and impulse response hit), respectively. Here, of course, we are assuming implic¬ 
itly that these three Fourier transforms all exist. Next, consider applying the Fourier 
transform to both sides of eq. (4.141) to obtain 

From the linearity property (4.83) this becomes 


and from the differentiation property (4.87), 

E a k (joi) k Y(oi) = £ b k (jm) k X(co) 
0 *-0 


or, equivalently, 


Y(a)[ E «*(»*] = *(<u)[e 


Thus, from eq. (4.142), 

Y(o)) E b k (ja>) k 

H{co) = Sgj = *5“- (4-145) 

X{W) E «*(»* 

k m 0 

From eq. (4.145) we observe that //(co) is a rational function, that is, it is a ratio of 
polynomials in (jco). The coefficients of the numerator polynomial are the same 
coefficients as those that appear on the right-hand side of eq. (4.141), and the coeffi¬ 
cients of the denominator polynomial are the same coefficients as appear on the left 
side of eq. (4.141). Thus, we see that the frequency response given in eq. (4.145) for 
the LTI system characterized by eq. (4.141) can be written down directly by 
inspection. 

Example 4.25 

Consider the LTI system that is initially at rest and that is characterized by 

+ ay(t ) = x(t) (4.146) 

with a > 0. From eq. (4.145), the frequency response is 

W+a (4 ’ 147) 

Comparing this with Example 4.7, we see that eq. (4.147) is the Fourier transform of 
c~°':i(t). Thus, the impulse response of the system is recognized as 
hit) = e~“u(t) 

Example 4.26 

Consider an LTI system initially at rest that is characterized by the differential equation 

iii0) + 4 m + = + 

From eq. (4.145), the frequency response is 

mo}) = UWTWWf 3 (4 - 148) 
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by a linear constant-coefficient differential equation can be written as the product 
of first- and second-order terms. This implies that such an LTI system can be realized 
as the cascade of first- and second-order systems. For this reason first- and second- 
order systems play an extremely important role in the analysis and synthesis of linear 
systems, and we will discuss their properties in more detail in the next section. 

To illustrate the form of a cascade structure, consider for convenience the case 
when N is even, M = N, and H(co ) is represented as the product of second-order 
terms alone: 


«(«■>) = 


b_N TT Pak + P I k(j<X>) + (yCp) 2 
as *-1 «o* + a|*0'«>) + (jco) 1 


(4.155) 


This corresponds to multiplying together pairs of the remaining first-order terms in 
both the numerator and denominator of eq. (4.154). 

Having H(co ) in the form of eq. (4.155), we can then realize the LTI system with 
this frequency response as a cascade of N/2 second-order systems, each of which is 
described by a differential equation of the form 


d 2 y(t) 
dt 2 


+ a ik 


dy(t) 

dt 


+ <w(0 = fiokX(0 + P\k 


dx(t) d 2 x(t) 
dt ■ r dt 1 


(4.156) 


In Section 3.6 we saw how to realize such a differential equation using adders, coeffi¬ 
cient multipliers, and integrators, and in Figure 4.37 we have illustrated the cascade 
realization of a sixth-order system using the direct form II realization (Figure 3.36) 
for each subsystem of the form of eq. (4.156). Note that the cascade structure for a 
given H(co) is by no means unique. For example, we have arbitrarily paired second- 
order numerator polynomials with second-order denominator polynomials and have 
also chosen an arbitrary pairing of the first-order terms in eq. (4.154) that are to be 
multiplied together. Problems 4.50 and 4.51 contain examples that illustrate the 
cascade structure and also indicate the flexibility in the choice of a cascade structure 
for an LTI system with a given rational frequency response. 

The second realization that we can now describe is the parallel-form structure 
which is obtained by performing a partial fraction expansion of H(co) in eq. (4.145) 
or, equivalently, in eq. (4.153). For simplicity, let us assume that all of the v* in 
eq. (4.153) are distinct and that M = N. In this case, a partial fraction expansion 
yields 

H(co) = + E . - J (4.157) 

\a N J k- 1 v k + jco 

Again, in order to obtain an implementation involving only real coefficients, we can 
add together the pairs involving complex conjugate v*’s to obtain 


//(®) 




Y°k + YtkUa>) 


ao* + <*i kijai) + (jco) 1 T v, -|- jco 


N-IQ 

+ £ 


(4.158) 


Thus, using eq. (4.158), we can realize the LTI system with frequency response H(co) 
as the parallel interconnection of LTI systems with frequency responses corresponding 
to each term in eq. (4.158). To illustrate the parallel-form structure, consider the 
case in which N is even and H(co) is represented as a sum of only second-order terms: 
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/h \ N/1 

&)+.?, 


7 ok + ritO'w) 

a o * + <*1*0'®) + (jo)) 1 


This corresponds to adding together pairs of the remaining first-order terms in eq. 
(4.158). In Figure 4.38 we have illustrated the parallel-form realization for a sixth- 
order system where we have used the direct form II realization of Figure 3.36 for 
each term in eq. (4.159). Other examples of parallel-form structures are considered 
in Problems 4.50 and 4.51. 

From the discussions in this section and in Section 3.6 the reader can see that 
there are a wide variety of possible structures that can be chosen for the implemen¬ 
tation of LTI systems described by linear constant-coefficient differential equations. 
While all of these are equivalent in the sense that they ideally provide realizations of 
the same specified frequency response, there is the unavoidable fact that in practice 
implementations corresponding to different structures do not perform identically. 
For example, in any real system it is impossible to set the coefficients in a structure to 
the precise values desired and in fact these coefficient values may drift over time due, 
for example, to temperature variations. This raises the issue of the sensitivity of a 
realization to changes in its parameters, and in general different structures have 
different sensitivity properties. While we will not discuss this topic in this book, 
the methods of analysis we have developed provide the foundation for the examination 
of this and related questions which are of great importance in the choice of a structure 
for the implementation of an LTI system.t 

In this section we have seen that the properties of the Fourier transform greatly 
facilitate the analysis of LTI systems characterized by linear constant-coefficient 
differential equations and in fact reduce many of the necessary calculations to straight¬ 
forward algebraic manipulations. It is important to note, however, that not all LTI 
systems described by linear constant-coefficient differential equations have frequency 
responses. For example, if we had considered the case of a < 0 in Example 4.25, 
then the impulse response of the system specified by eq. (4.146) and the assumption 
of initial rest is still given by e'“'i/(t), but in this case h(t) is not absolutely integrable 
and //(w) does not exist. Thus, the expression for the frequency response in eq. (4.147) 
or more generally in eq. (4.145) yields the frequency response of an LTI system only 
when the system has a frequency response (i.e., when its impulse response is absolutely 
integrable or equivalently when the system is stable). Therefore, whenever we consider 
the use of the tools of Fourier analysis for LTI systems described by differential 
equations we will be assuming implicitly that the system has a frequency response, 
which can, of course, be checked by computing the impulse response and seeing if 
it is absolutely integrable. In Chapter 9 we develop techniques very similar to those 
described here that can be used for stable and unstable systems. 


|We refer the interested reader to S.J. Mason and II. J. Zimmcrmann, Electronic Circuits, 
Signals, and Systems (New York: John Wiley and Sons, Inc., I960) for a brief, general introduction 
to the subject of sensitivity and to A. V. Oppenheim and R. W. Schafer, Digital Signal Processing 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1975) for a discussion of sensitivity and a number of 
other issues that arise in the choice of a structure for implementation. While the discussion in Digital 
Signal Processing focuses on discrete-time systems, the general concepts introduced and discussed 
therein are also relevant for the implementation of continuous-time systems. 
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FIRST-ORDER AND SECOND-ORDER SYSTEMS 

As we have just seen in the preceding section, first- and second-order systems represent 
basic building blocks out of which we can construct parallel or cascade realizations 
of systems with higher-order frequency responses. In this section we investigate the 
properties of these basic systems in somewhat greater detail. 

4.12.1 First-Order Systems 

The differential equation for a first-order system is often expressed in the form 

t ^ + HO = x(t) (4.160) 

where t is a coefficient whose significance will be made clear shortly. The correspond¬ 
ing frequency response for the first-order system is 

H(co) = . 1 , , (4.161) 

JCOT +1 

and its impulse response is 

h{t) = -!*-"'«(/) (4.162) 

T 

which is sketched in Figure 4.39(a). In addition, the step response of the system is 
given by 

s(t) = /,(f) * u(t) = [I - e-"']u(t) (4.163) 


hill 



' lb) 


Figure 4.39 (a) Impulse response and (b) step response of a first-order system. 
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This is s’ketchedm Figure 4.39(b). The parameter x is called the time constant of the 


system, and it controls the rate at which the first-order system responds. For example, 
as illustrated in Figure 4.39, at / = x the impulse response has reached (1/e) times 
its value at t = 0, and the step response is within 1/e of its final value. Therefore, 
as x is decreased, the impulse response decays more sharply, and the rise time of the 


step response becomes shorter. That is, the step response rises more sharply toward 
its final value. 


Figure 4.40 depicts the Bode plot of the frequency response of eq. (4.161), 
where we have plotted the log magnitude and angle of H(co) versus to, using a loga¬ 
rithmic scale for co. In this figure we illustrate another advantage in using a 
logarithmic frequency scale, as we can, without too much difficulty, obtain a useful 
approximate Bode plot for a first-order system. To see this, let us first examine the 
plot of the log magnitude of the frequency response. Specifically, from eq. (4.161) 
we obtain 


20 log, j | H(co) | = -10 log, 0 [(cot ) 1 + 1] (4.164) 

From this we see that for cot <C 1, the log magnitude is approximately zero, while 
for cot > 1, the log magnitude is approximately a linear function of log 10 (co). That is, 




o.l/r 1/r 10/r 100/r 


Figure 4.40 Bode plot for a first-order system. 
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20 log , o j H{co) | — 0 for co <S 1 /t (^4.165a) 

20 log, „ | //(to) | — —20 log l0 (cot) — —20 log 10 (co) — 20 log 10 (t) 

for co > 1/t (4.165b) 

In other words, for a first-order system, the low and high frequency asymptotes of 
the log magnitude are straight lines. The low frequency asymptote [given by eq. 
(4.165a)] is just the OdB line, while the high frequency asymptote [specified by eq. 
(4.165b)] corresponds to a decrease of 20 dB in | //(co) j for every decade, i.e., factor 
of 10, in co. This is sometimes referred to as the “20 dB per decade” asymptote. 

Note that the two asymptotic approximations given in eq. (4.165) are equal at 
the point log, 0 (.co) — -log 10 (T), or equivalently co — 1/t. Interpreted graphically, 
this means that the two straight-line asymptotes meet at co = 1/t, and this suggests 
a straight-line approximation to the magnitude plot. That is, our approximation to 
20 log,„ | H(co)\ equals 0 for co^ 1/t and is given by eq. (4.165b) for co ^ 1/t. This 
approximation is also sketched (as a dashed line) in Figure 4.40. The point at which 
the slope of the approximation changes is precisely co = 1/t which, for this reason, 
is often referred to as the break frequency. Also, note that at co — 1/t the two terms 
[(cot)* and 11 in the logarithm in eq. (4.164) are equal. Thus at this point the actual 
value of the magnitude is 

201og 10 |//^j= — 10 log, 0 (2) ~ —3 dB (4.166) 

For this reason the point co — 1/t is sometimes called the ’id!) point. From Figure 
4.40 we see that only near the break frequency is there any significant error in the 
straight-line approximate Bode plot. Thus, if we wish to obtain a more accurate 
sketch of the Bode plot, we need only modify the approximation near the break 
frequency. 

It is also possible to obtain a useful straight-line approximation to <//(«). 
Specifically. — 


tan" '(cut) — 


■■ 

0.1 

0 

W ^ X 

— [log 10 (cox) + 1] 

°i<co<I° (4.167) 

T T 

71 

. 10 

CO > — 

2 

T 


co in the range 


0.1 . ^10 
— < co < — 


Also, zero is the correct asymptotic value of <£ //(co) for co 1/t, and —n/2 is the 
correct asymptotic value of <)( H(co) for co^> 1/t. Furthermore, the approximation 
tgrees with the actual value of <£ //(co) at the break frequency co — 1/t, at which point 

< 41 “> 

This asymptotic approximation is also plotted in Figure 4.40, and from this we can 
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see how, if desired, we can modify the straight-line approximation to obtain a more 
accurate sketch of <£ H(co). 

From this first-order system we can again see the inverse relatio.^hip between 
time and frequency. As we make t smaller, we speed up the time response of the 
system [i.e., h(t) becomes more compressed toward the origin] and we simultaneously 
make the break frequency large [i.e., H(co) becomes broader since |//(cu)| ^ 1 for 
a larger range of frequencies]. This can also be seen by multiplying the impulse 
response by t and observing the relationship between xh(t) and H(co): 

xh(t) — e~' / ’u(t) i H(co) = -—!—- 

7 cor + 1 

Thus, t h{t) is a function of tlx and H{co) is a function of cot, and from this we see that 
changing x is essentially equivalent to a scaling in time and frequency. 

4.12.2 Second-Order Systems 

The linear constant-coefficient differential equation for a second-order system is 

d -jfP + 2 C«» + coly(t) = colx(t) (4.169) 

Equations of this type arise in many physical systems, including RLC circuits and 
mechanical systems, such as the one illustrated in Figure 4.41, composed of a spring, 
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then [except for a scale factor of k on x(/)] the equation of motion for the system of 
Figure 4.41 reduces to eq. (4.169). 

The frequency response for the second-order system of eq. (4.169) is 

w(£u) = (jcoy + 2£co"„Oco) + ox, (4 ' 171) 
The denominator of //(at) can be factored to yield 

H(co) - _ c ^j co _ Ci) 

where _ 

c, = -C", + - 1 (4.172) 

c 2 = — £a>„ — ajty — 1 

For £ 1, c, and c 1 are different, and we can perform a partial fraction expansion 

to obtain 

H(co) = (4-173) 

V JCO — C, JW — Cl 


In this case we can immediately obtain the impulse response for the system as 

h(l) — M[e“' — e c, ‘]u(t) (4.175) 

If £ = 1, then c, = c, = — a>„, and 

H(co) = , . Vi (4-176) 

(ytu + co„y 

From Table 4.1 we find that in this case the impulse response is 

h(t) = (4.177) 

Note that from eqs. (4.172), (4.174), (4.175), and (4.177), we can see that 
h(t)/w„ is a function of co„/. Furthermore, eq. (4.171) can be rewritten as 


('£)’+ 2 «('S) + I 


from which we see that the frequency response is a function of o>/a>„. Thus, changing 
<u„ is essentially identical to a time and frequency scaling, 

The parameter £ is referred to as the damping ratio and the parameter co. as 
the undamped natural frequency. The motivation for this terminology becomes clear 
when we take a more detailed look at the impulse response and the step response of 
a second-order system. First, from eq. (4.172) we see that for 0 < f < 1, c, and c 2 
are complex, and we can rewrite the impulse response in eq. (4 175) in the form 

h(t ) = ~. 0 ~y IW -{exp [yXw.v'l - C 2 )'] - exp {-j(a^\ — C 2 )'1M0 


= -£s£2-[sin («„yi^T T )/]u(/) (4.178) 

v 1 C 

Thus, for 0 < £ < 1 the second-order system has an impulse response that 
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has a damped oscillatory behavior, and in this case the system is referred to as being 
underdamped. If f > 1, both c, and c 1 are real and the impulse response is the differ¬ 
ence between two decaying exponentials. In this case the system is overdamped. The 
case of £ = 1, when c, = c lt is called the critically damped case. The impulse responses 
(multiplied by l/a>„) for second-order systems with different values of £ are plotted 
versus t in Figure 4.42(a). 



Figure 4.42 (a) Impulse responses and (b) step responses for second-order 
systems with dilTerent values of the damping ratio £. 

The step response of a second-order system can be calculated from eq. (4.175) 
for £ 1. This yieVs the expression 

s(t) = h(t) * u(t) — |l + - ^JJ t/(t) (4.179) 

Fo 1 - £ = I, we can use eq. (4.177) to obtain 

s(r) = [1 - e-** - co n te-°»‘]u(t) (4.180) 
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The step response of a second-order system is plotted versus t in Figure 4.42(b) for 
several values of £. From this figure we see that in the underdamped case, the step 
response exhibits both overshoot (i.e., the step response exceeds its final value) and 
ringing (i.e., oscillatory behavior). For £ = 1, the step response has the fastest 
response (i.e., the shortest rise time) that is possible without overshoot. As £ increases 
beyond 1, the response becomes slower. This can be seen from eqs. (4.172) and (4.179). 
As £ increases, c, becomes smaller in magnitude, while c 1 increases in magnitude. 
Therefore, although the time constant (l/|c 2 |) of e c '‘ decreases, the time constant 
(l/|c,|) of e c " increases, and it is this fact that leads to the slow response for large 
values of £. In terms of our spring-dashpot example, as we increase the magnitude of 
the damping coefficient b beyond the critical value at which £ in eq. (4.170) equals 1, 
the motion of the mass becomes more and more sluggish. Finally, note that, as we 
have said, the value of co. essentially controls the time scale of the responses h(t) 
and y(r). For example, in the underdamped case we have that the larger co, is, the 
more compressed is the impulse response as a function of t and the higher the fre¬ 
quency of the oscillations in both h(t) and s(t). In fact, from e q. (4.178) we see that 
the frequency of the oscillations in h(t) and s(t ) is co„^/\ — £ 2 , which does increase 
with increasing co„. Note, however, that this frequency depends explicitly on the 
damping ratio and does not equal (and is in fact smaller than) co. except in the un¬ 
damped case, £ = 0. For our spring-dashpot example, we therefore conclude that 
the rate of oscillation of the mass equals co. when no dashpot is present, and the 
oscillation frequency decreases when we include the dashpot. 

In Figure 4.43 we have depicted the Bode plot of the frequency response given 
in eq. (4.171) for several values of £. In this case we have plotted 20 log 10 1 H(co) | and 
//(co) versus co, using a logarithmic frequency scale. As in the first-order case, the 
logarithmic frequency scale leads to linear high- and low-frequency asymptotes for the 
log magnitude. Specifically, from eq. (4.171) we have that 

20 log, 0 1 //(co) I — 10 log, 0 {[> - ©7 + 4£ 2 © 2 ) < 4 - 181 > 

From this expression we can deduce that 

20 log, 0 1 //(co) | — 0 forco«co„ (4.182a) 

20 log, 0 1 //(co) | ~ -40 log, 0 = -40 log,o (co) + 40 log, 0 (co r ) 

for co co. (4.182b) 

Therefore the low frequency asymptote of the log magnitude is the 0 dB line, while 
the high frequency asymptote (given by eq. (4.182b)) has a slope of — 40 dB per 
decade, i.e. | //(co) | decreases by 40 dB for every increase in co of a factor of 10. Also, 
note that the two straight line asymptotes meet at the point co = co.. Thus, we obtain 
a straight-line approximation to the log magnitude by using the approximation given 
in eq. (4.182a) for coco. and using the straight line of eq. (4.182b) for co > co.. 
For this reason, co. is known as the break frequency of the second-order system. 
This approximation is also plotted (as a dashed line) in Figure 4.43. 

We can also obtain a straight-line approximation to <£ //(co) whose exact 
expression can be obtained from eq. (4.171) as 


<£ //(co) = —tan"' 


( 2£(co/co„) \ 
\1 — (co/co.y) 


(4.183) 
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Figure 4.43 Bode plots for second-order systems with several different values 
of damping i • 'o £. 


Our approximation to //(co) is 

1 0 co <,0.\ co. 

-y[log 10 g) + lj 0.1 co„ < co <; 10co„ (4.184) 

—n co 2> 10co„ 

which is also plotted in Figure 4.43. Note that the approximation and the actual 
value again are equal at the break frequency co = co., where 

< //(C0„)= -y 

It is important to observe that the asymptotic approximations we have obtained 
for a second-order system do not depend on £, while the actual plots of | //(co)| and 
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<£ H(co) certainly do, and thus to obtain an accurate sketch, especially near the 
break frequency co = ®„, one must take this discrepancy into account by modifying 
the approximations to conform more closely to the actual plots. This discrepancy is 
most pronounced for small values of £. In particular, note that in this case the actual 
log-magnitude has a peak around co = co„. In fact, straightforward calculations 
using eq. (4.181) show that for £ < ^T/2 - 0.707, |//(o>)| has a maximum value at 

= coj 1 - 2£ 2 (4.185) 

and the value at this maximum point is 

(4,86) 

For £ > 0.707, however, H(co) decreases monotonically as co increases from zero. 
The fact that H(co) can have a peak is extremely important in the design of RLC 
circuits. In some applications one may want to design such a circuit so that it has a 
sharp peak in the magnitude of its frequency response at some specified frequency, 
thereby providing large amplifications for sinusoids at frequencies within a narrow 
band. The quality Q of such a circuit is defined to be a measure of the sharpness of 
the peak. For a second-order circuit described by an equation of the form of eq. 
(4.169), Q is usually taken as 



and from Figure 4.43 and eq. (4.186) we see that this definition has the proper behav¬ 
ior: the less damping there is in the system, the sharper the peak in |//(tu)|. 

In the preceding section and again at the start of this section, we indicated that 
first- and sccond-ordcr systems can be used as basic building blocks for more complex 
LTI systems with rational frequency responses. One consequence of this is that the 
Bode plots given in this section essentially provide us with all of the information 
wc, need to construct Bode plots for arbitrary rational frequency responses. Specifi¬ 
cally, in this section we have described the Bode plots for the frequency responses 
given by eqs. (4.161) and (4.171). In addition, we can readily obtain the Bode plots for 

H(co) = 1 + jure 

and 

//(co) = 1 + 2 £@ + © 

from Figures 4.40 and 4.43 by using the fact that 

20 log,„ | H(( 0 )| = —2° |o g 10 

and 

Furthermore, since a rational frequency response can be factored into the product 
of first- and second-order terms, its Bode plot can be obtained by summing the plots 
for each of the terms. For example, consider 

//(W) = (1 +;«)(1 +jco/m 

The Bode plots for the two first-order factors in II(co) are shown in Figure 4.44(a) 
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and (b), while the Bode plot for H(a>) is depicted in Figure 4.44(c). Here the actual 
Bode plot and the asymptotic approximation are each obtained by summing the 
corresponding curves for the two first-order factors. Several other examples of the 
construction of Bode plots in this manner are considered in Problem 4.45. 

Finally, note that in our discussion of first-order systems we restricted our 
attention to values of r > 0, and for second-order systems we examined only the 
case when ( > 0 and co* > 0. It is not difficult to check that if any of these parameters 
are negative, then the corresponding impulse response is not absolutely integrable. 
Thus, in this section we have restricted attention to those first- and second-order 
systems which are stable and consequently for which we can define frequency 
responses. 


.13 SUMMARY 

In this chapter we have developed the tools of Fourier analysis for continuous-time 
signals and systems. As we discussed in Sections 4.1 and 4.2, one of the primary 
motivations for the use of Fourier analysis is the fact that complex exponential signals 
are eigenfunctions of continuous-time LTI systems. That is, if the input to an LTI 
system is a complex exponential, then the output is simply that same complex expo¬ 
nential scaled by a complex constant. The other important property of complex 
exponentials is that a wide variety of signals can be represented as weighted sums or 
integrals of these basic signals. In this chapter we have focused our attention on the 
set of periodic complex exponentials. Using these signals we considered the Fourier 
series representation of periodic signals and the Fourier transform representation of 
aperiodic signals, and we also described in detail the relationship between these 
representations. 

The Fourier transform possesses a wide variety of important properties that 
describe how different characteristics of signals are reflected in their transforms. 
Among these properties are two that have particular significance for our study of 
signals and systems. The first of these is the convolution property. Because of this 
property one is led to the, description of an LTI system in terms of its frequency 
response. This description plays a fundamental role in the frequency-domain 
approach to the analysis of LTI systems which we will explore at greater length in 
subsequent chapters. A second property of the Fourier transform that has extremely 
important implications is the modulation property. This property provides the basis 
for the frequency-domain analysis of modulation and sampling systems which we 
examine further in Chapters 7 and 8. 

Finally, in this chapter we have seen that the tools of Fourier analysis are 
particularly well suited to the examination of LTI systems characterized by linear 
constant-coefficient differential equations. Specifically, we have found that the 
frequency response for such a system could be determined by inspection and that the 
technique of partial fraction expansion could then be used to facilitate the calculation 
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of the impulse response of the system. The form of the frequercy response for LTI 
systems specified by differential equations also led us directly to the development of 
the cascade and parallel-form structures for the implementation of such LTI systems. 
These structures point out the important role played by first- and second-order 
systems. We discussed the properties of these basic systems at some length and in the 
process utilized a convenient graphical representation, the Bode plot, for displaying 
the magnitude and phase of the frequency response of an LTI system. 

The purpose of this chapter has been to introduce and to develop some facility 
with the tools of Fourier analysis and some appreciation for the value of the fre¬ 
quency domain in analyzing and understanding the properties of continuous-time 
signals and systems. In Chapter 5 we develop an analogous set of tools for the discrete¬ 
time case, and in Chapters 6 through 8 we will use the techniques of continuous-and 
discrete-time Fourier analysis as we examine the topics of filtering, modulation, 
and sampling. 


PROBLEMS 


4.1. Determine the Fourier series representations for each of the following signals, 
v/ (a) e noo ‘ 
y (b) cos [7i(r — l)/4] 
y- (c) cos 4 t + sin St 
y (d) cos 4r + sin 6 1 
y (e) x •(/) is periodic with period 2, and 

x(t) — e~‘ for — 1 < t < 1 


yi (f) ,v(r) as illustrated in Figure P4.1(a) 
yt (g) •*(/) = [1 + cos 27 U][cos (lO/rr + n/4)] 
^ (h) x(t) is periodic with period 2, and 


(1 — t) + sin 2nt, 0 < t < 1 


y (i) x(t) as depicted in Figure P4.1(b) 
‘ 0) x(t) as depicted in Figure P4.1(c) 
(k) x(t) as depicted in Figure P4.1(d). 
y (1) .v(r) is periodic with period 4 and 


sin nt 0 <, t <,2 


(in) ,v(/} as depicted in Figure P4.1(e) 
(n) x(t) as depicted in Figure P4.1(f). 
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4.2. One technique for building a dc power supply is to take an ac signal and full-wave 
rectify it. That is, wc put the ac signal x (r) through a system which produces y(0 = 
|40l as its output. 
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(a) Sketch the input and output waveforms if .v(r) = cos r. What are the fundamental 
periods of the input and output? 

(b) If 40 = cos I, determine the coefficients of the Fourier series for the output y(t). 

(c) What is the amplitude of the dc component of the input signal? What is the ampli¬ 
tude of the dc component of the output signal ? 

V 4.3. As we have seen in this chapter, the concept of an eigenfunction is an extremely impor- 
/ tant tool in the study of LTI systems. It is also true that the same can be said of linear 
but time-varying systems. Specifically, consider such a system with input 40 and 
output y(l). We say that a signal <f>(t) is an eigenfunction of the system if 

4>(t) —- A(6(r) 

That is, if 40 = 0(0, then 40 — A0(O, where the complex constant A is called the 
eigenvalue associated with <f>(t). 

(a) Suppose that we can represent the input 40 to our system as a linear combination 
of eigenfunctions 0*(O, each of which has a corresponding eigenvalue A*. 

40 = 2 e*0*(O 

Express the output y(t) of the system in terms of {c*}, {0*(O}. and {A*}. 
y(b) Consider the system characterized by the differential equation 

nn ' dt 2 + ' dt 

Is this system linear? Is this system time-invariant? 
y (c) Show that the set of functions 

Mo - o 

are eigenfunctions of the system in part (b). For each <fik(t), determine the cor¬ 
responding eigenvalue A*. 
y( (d) Determine the output of this system if 

x(t) — lor 10 + 3 1 + At* + n 
4.4^(a) Consider an LTI system with impulse response 

h(t) — e~*'u(t) 

Find the Fourier series representation of the output y(t) for each of the following 
inpufs. 

(i) x(t) = cos 2 Ttt 

(ii) x{t) = sin 47tr + cos (6nt + n/4 ) 

(iii) x(t) = S M — «) 

(iv) 40= E_(-D"<5('- «) 

(v) 40 is the periodic square wave depicted in Figure P4.4. 
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(b) Repeat part (a) for 


0 ^ / < 1 
otherwise 


(sin 2m + cos 471/, 

"Ho, 

(c) Repeat part (a) for 

h(t) = e -41 ' 1 

4.5. As we have seen, the techniques of Fourier analysis are of value in examining continu¬ 
ous-time LTI systems because periodic complex exponentials are eigenfunctions for 
LT1 systems. In this problem we wish to substantiate the following statement: Although 
some LTI systems may have additional eigenfunctions, the complex exponentials are 
the only signals that are eigenfunctions for every LTI system. 

Y (a) What are the eigenfunctions of the LTI system with unit impulse response h(t) = 

S(t)2 What are the associated eigenvalues? 

V (b) Consider the LTI system with unit impulse response HO = S(t - T). Find a signal 
C" that is not of the form e“ but that is an eigenfunction with eigenvalue 1. Similarly, 

find eigenfunctions with eigenvalues ^ and 2 which are not complex exponentials. 
(Hint: You can find impulse trains that meet these requirements.) 
y (c) Consider a stable LTI system with impulse response h(t) that is real and even. Show 
* that cos cot and sin cot are eigenfunctions of this system. 

(d) Consider the LTI system with impulse response h(t) = u(t). Suppose that <f>(t) is 
an eigenfunction of this system with eigenvalue X. Find the differential equation 
that <f>(t) must satisfy and solve this differential equation. This result together with 
those of the preceding parts should prove the validity of the statement made at the 
beginning of the problem. 

4.6. Consider the signal 

x(t) — cos 2nt 

Since *(/) is periodic with a fundamental period of 1, it is also periodic with a period 
of N, where N is any positive integer. What are the Fourier series coefficients of *(/) 
if wc regard it as a periodic signal with period 37 

4.7. Two time functions u(l) and v(t) arc said to be orthogonal over the interval (a, b ) if 

J* u(t) v*(t) tit = 0 (P4.7-1) 

If, in addition, 

|u(/)| 2 z// = 1 = jji>(/)| 2 r// 

the functions are said to be normalized and hence arc called orthonormal. A set of 
functions ($*(/)] >s called an orthogonal (orthonormal) set if each pair of functions in 
this set is orthogonal (orthonormal). 

(a) Consider the pairs of signals HO and v(t ) depicted in Figure P4.7. Determine if 
each pair is orthogonal over the interval (0, 4). 

(b) Are the functions sin mco 0 t and sin nCO a t orthogonal over the interval (0, T), where 
T = 271/070? Are they orthonormal? 

(c) Repeat part (b) for the functions <f> m (t) and $„(/), where 

tf) k (t) = ,j . [cos kco$t T sin /:07 q/] 

(d) Show that the set of functions <f> k (t) = e' w arc orthogonal over any interval of 
length T = 27 l/G 7 0 . Arc they also orthonormal? 
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Exponentials with Exponentials with 



(d) 

Figure P4.7 


y (c) Let jt(/) be an arbitrary signal and let x„(t) and .v,(/) be. respectively, the odd and 
even parts of jr(/). Show that x,(t) and x ,(0 are orthogonal over the interval 
(-T, T) for any T. 

(f) Show that if {$*(/)) is a set of orthogonal signals on tie interval (a, b), then the set 
{(1/V A k )<{> k (t)} is orthonormal, where 
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(g) Let [<f>i(r)} be a set of orthonormal signals on the interval (a, b ), and consider a 
signal of the form 

x(i) = J a,<f>,(t) 

where the a, are complex constants. Show that 

jV(r)PA= Sla.l 1 

(h) Suppose that $i(r),..., are nonzero only over the time interval 0 <. t <^T 
and that they are orthonormal over this time interval. Let L, denote the LTI system 
with impulse response 

hit) = <t>,(T - l ) (P4.7-2) 

Show that if <f>j(i) is applied to this system, then the output at time 7" is 1 if i — j 
and 0 if j. The system with impulse response given by eq. (P4.7-2) was referred 
to in Problems 3.27 and 3.28 as the matched filter for the signal <t>,(t). 

4.8. The purpose of this problem is to show that the representation of an arbitrary periodic 
signal by a Fourier series, or more generally as a linear combination of any set of orthog¬ 
onal functions, is computationally efficient and in fact is very useful for obtaining 
good approximations of signals.} 

Specifically, let (0,(r)}, i = 0, ± 1, ± 2,.... be a set of orthonormal functions on 
the interval a <, t <, b, and let x (/) be a given signal. Consider the following approxi¬ 
mation of *(/) over the interval a < t <b: 

*«(') = (P4-8-1) 

where the a, are constants (in general, complex). To measure the deviation between 
x(r) and the series approximation X N (t), we consider the error e N (t) defined as 

**(/) = x(t) - X N (t) (P4.8-2) 

A reasonable and widely used criterion for measuring the quality of the approximation 
is the energy in the error signal over the interval of interest, that is, the integral of the 
squared-error magnitude over the interval a <, t < b: 

£= j“M0Mr (P4.8-3) 

(a) Show that E is minimized by choosing 

a, = j x(t)<f>'{t) dt (P4.8-4) 

Hint: Use eqs. (P4.8-1 )-(P4.8-3) to express E in terms of a,, $,(/), and x{t). Then, 
express a, in rectangular coordinates as a, = b, + jc,, and show that the equations 

dE „ . dE n 


3 ^ = 0 and 
db, 


1=0, ±1, :L2, . 


are satisfied by the a, as given in eq. (P4.8-4). 

(b) How does the result of part (a) change if the ($,(»)) are orthogonal but not ortho¬ 
normal, with 

A, - f 

tSee Problem 4.7 for the definitions of orthogonal and orlhonormal functions. 
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such that 


f \x{t) - mv * 

Jo 


is minimized. 

(e) Show that *„(/) in eq. (P4.8-1) and e N (i) in eq. (P4.8-2) are orthogonal if the a, 
are chosen as in eq. (P4.8-4). 

The results of parts (a) and (b) are extremely important in that they show that 
each coefficient a, is independent of all other a/s, i j. Thus, if we add more terms to 
the approximation [e.g., if we compute the approximation i w+] (/)], the coefficients of 
<f>i(t), i = /V, previously determined will not change. In contrast to this, con¬ 

sider another type of series expansion, the polynomial Taylor series. The infinite Taylor 
series for e* is given by e 1 = 1 + t + t 2 l 2! + ... but as we shall show, when we con¬ 
sider a finite polynomial series and the error criterion of eq. (P4.8-3), we get a very 
different result. 

Specifically, let <j> 0 U) = 1, $,(/) = /, tj>i(t) = t 2 , and so on. 

(f) Are the <p,(t) orthogonal over the interval 0 <; / <; 1 ? 

(g) Consider an approximation of x (/) = e* over the interval 0 <, t <, 1 of the form 

*o (/) = a a <j> a (t) 

Find the value of a 0 that minimizes the energy in the error signal over the interval. 

(h) We now wish to approximate e' by a Taylor series using two terms 2 ( (f) = 
a„ + ait. Find the optimum values for a 0 and a t . [Hint: Compute E in terms of 
a 0 and a u and then solve the simultaneous equations 

dE n , dE „ 

- 0 and -j— = 0 

QQ o 0O\ 

Note that your answer for a 0 has changed from its value in part (g), where there was 
only one term in the series. Further, as you increase the number of terms in the 
series, that coefficient and all others will continue to change. We can thus see the 
advantage to be gained in expanding a function using orthogonal terms.] 

4.9. Let x(t) be a periodic signal, with fundamental period T a and Fourier series coefficients 
a k . Consider each of the following signals. The Fourier series coefficients for each can 
be expressed in terms of the a* as is done in Table 4.2. Show that the expression in 
Table 4.2 is correct for each of these signals. 

J (a) j:(/ - t 0 ) 

Jr (b) 4-/) 


(d) J x(x) dx (for this part, assume that a 0 = 0) 


'p) -dT 

(f) jr(at), a > 0 (for this part, determine the period of the signal) 

4.10-f As we discussed in the text, the origins of Fourier analysis can be found in problems 
of mathematical physics. In particular, the work of Fourier was motivated by . his 
investigation of heat diffusion. In this problem we illustrate how Fourier series enter 
into this investigation. 

Consider the problem of determining the temperature at a given depth beneath 

(This problem has been adapted from A. Sommerfeld, Partial Differential Equations in Physics 
(New York.: Academic Press, 1949), pp. 68-71. 
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the surface of the earth as a function of time, where we assume that the temperature 
at the surface is a given function of time T(t), periodic with period 1 (where the unit of 
time is one year). Let T(x, t) denote the temperature at a depth x below the surface at 
time /. This function obeys the heat diffusion equation 

dT(x, t) _ I i.i d 2 T(x, t) (P4 10-11 

~Tt 2 * dx 2 1 J 

with auxiliary condition 

T(0, /) = TO) (P4.10-2) 

Here k is the heat diffusion constant for the earth (k > 0). Suppose that we expand 
T(t) in a Fourier series 

T(t) = S ‘V'" 2 ’" (P4.10-3) 

Similarly, let us expand T(x, t ) at any given depth x in a Fourier series in /: 

T(x, t) = 2 6„(aV" 2 " (P4.10-4) 

where the Fourier coefficients b,(x) depend upon depth x. 

(a) Use eqs. (P4.10-1MP4.10-4) to show that b.(x) satisfies the differential equation 

= ~Ts~ b„(x) (P4.10-5a) 

dx 2 k 1 

with auxiliary condition 

A„(0) = o, (P4.10-5b) 

Since eq. (P4.!0-5a) is a second-order equation, we need a second auxiliary condi¬ 
tion. On physical grounds we can argue that far below the earth’s surface the varia¬ 
tions in temperature due to surface fluctuations should disappear. That is, 

lim T(x, t) = a constant (P4.10-5c) 

(b) Show that the solution to eq. (P4.10-5) is 

la, exp [—\/2n | /i ] (1 +j)x/k], n ;> 0 

bJx) = ( __ 

la„ exp [— x/2n |/t| (1 —j)x/k], n <, 0 

(c) Thus, the Lmperature oscillations at depth x are damped and phase-shifted ver¬ 
sions of the temperature oscillations at the surface. To see this more clearly, let 

T(t) — a 0 + a , sin 2 nt 

(so that Qq represents the mean yearly temperature). Sketch T(t) and T(x, t) over 
a one-year period for 

--‘VI 

a 0 = 2, and a x = 1. Note that at this depth the temperature oscillations are 
not only significantly damped, but the phase shift is such that it is warmest in winter 
and coldest in summer. This is exactly why vegetable cellars are constructed! 
4.11. Consider the closed contour, shown in Figure P4.ll. As illustrated, we can view this 
curve as being traced out by the tip of a rotating vector of varying length. Let r(8) 
denote the length of the vector as a function of the angle 9. Then r{6) is periodic in 6 
with period 2 n, and thus has a Fourier series representation. Let (a*) denote the Fourier 
coefficients of r(9). 
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j Figure P4.ll 

(a) Consider now the projection x(6) of the vector r(9) onto the a: axis, as indicated 
in the figure. Determine the Fourier coefficients for x(6 ) in terms of the a k ’s. 

(b) Consider the sequence of coefficients 

b k = a k e tk *'* 

Sketch the figure in the plane that corresponds to this set of coefficients. 

(c) Repeat part (b) if 

b k - a k o[k] 

(d) Sketch figures in the plane such that r{8) is not constant but does have each of the 
following properties: 

(i) r{0) is even. 

(ii) The fundamental period of r(0) is n. 

(iii) The fundamental period of r(0) is n/2. 

4.12. (a) A continuous-time periodic signal x(t) with period T is said to be odd-harmonic 
if in its Fourier series representation 

*(/) = E a k e> klu/T> ' (P4.12-1) 

a k = 0 for every even integer k. 

(i) Show that if x(l) is odd-harmonic, then 

.r(r) = ~*(' + y) ( p4 - 12 - 2 ^ 

(ii) Show that if x(i) satisfies eq. (P4.12-2), then it is odd-harmonic. 

(b) Suppose that x(r ) is an odd-harmonic periodic signal with period 2, such that 

x(l) = I for 0 < t < 1 

Sketch x(l) and find its l : ourier series coefficients. 

(c) Analogously, we could define an evcn-harmonic function as one for which a k = 0 
for k odd in the representation in eq. (P4.12-1). Could T be the fundamental period 
for such a signal? Explain your answer. 

(d) More generally, show that T is the fundamental period of x(i) in eq. (P4.12-1) if 
one of two things happens: 

1. Either a, or n_, is nonzero, 
or 

2. There are two integers k and I that have no common factors and arc such 
that both a k and a, are nonzero. 
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4.13. Let x(l) be a real, periodic signal with Fourier series representation given in toe sine- 

cosine form of eq. (4.20): 

x(t) = a 0 + 2 2 [B k cos kco a t — C* sinAov] (P4.13-1) 

*-1 

(a) Find the exponential Fourier series representation of the even and odd parts of 
x(t)\ that is, find the coefficients a* and in terms of the coefficients in eq. 
(P4.13-1) so that 

Sf{*(/)) = £ 

0d{x(/)} = ^2 P k e llc “°' 

(b) What is the relationship between a* and a_* of part (a)? What is the relationship 
between fi k and /?-*? 

(c) Suppose that the signals x(t) and z(t) shown in Figure P4.13 have the sine-cosine 
series representations 

x(t) = a 0 + 2 ± \B k cos (~~) - C* si l (^~)] 

z(r) = d a + 2 £ \E k cos - F k sin (^p)j 

Sketch the signal 

y(r) = 4(rr„ + <?„) + 2 £ |[b* + y£ t ] cos (^) F F„ sin (~)l 


x(t) 



-5 -3 -2 0 1 3 4 6 7 9 t 


z(t> 



Figure P4.13 


4.14. In this problem we derive the Fourier series counterparts of two important properties 
of the continuous-time Fourier transform—the modulation piopcrty and TarsevaPs 
theorem. Let x(t) and y(t ) both be continuous-time periodic signals having period T 0 
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odic signals, that is, to show that 




1 f Tl 
^Jo 


\xiO\* dt = 


4.15. Suppose that a periodic continuous-time signal is the input to an LTI system. The signal 
x(t) has a Fourier series representation 


x(t) = E 


where a is a real number between 0 and 1, and the frequency response of the system 
is given by 


//(W) - 


| co | < W 
|co|> W 


How large must IK be in order for the output of the system to have at least 90% of the 

average energy per period of x(r)? 

4.16. In the text and in Problem 3.12 we defined the periodic convolution of two periodic 
signals j?i(r) and * 2 (r) that have the same period T 0 . Specifically, the periodic con¬ 
volution of these signals is defined as 


pit) = St t it) ® M<) = £ Ml)Mt ~ f) dx (P4.16-1) 

As shown in Problem 3.12, any interval of length T 0 can be used in the integral in eq. 
(P4.16-1), and pit) is also periodic with period T 0 . 

(a) If *,(/), MO. and P(0 have Fourier series representations 


*,(/) = £ n*e M U./T.» j?,(0= S V'" c(! " T,) '. 


po) - 

show that 

Cm = T a a k b k 

(b) Consider the periodic signal X(t) depicted in Figure P4.16-1. This signal is the 
result of the periodic convolution of another periodic signal 2{t) with itself, fund 
2{t) and then use part (a) to determine the Fourier series representation for x(r). 


xlt) 

J 


- 3-2 0 23 

Figure P4.16-1 


(c) Suppose now thatx,(r) and x 2 it) are the finite-duration signals illustrated in Figure 
P4.16-2(a) and (b). Consider forming the periodic signals X,0) and X 2 (t), which 
consist of periodically repeated versions of x,(t) and x 2 {t) as illustrated for St,it) 
in Figure P4.16-2(c). Let >■(/) be the usual, aperiodic convolution of x,(r) and x 2 (t), 

yiO. = x,(r) ♦ Xi(t) 
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and let >(.') be the periodic convolution of x,(/) and x 2 (t), 

y(t) = *,(/) ® Xi(i) 

Show that if To is large enough, we can recover y(t) completely from one period 
of y(l), that is, 

/s (KO, \‘\<.ToI2 

yU) |o, III > To/2 

(d) Let T - 1 and let x,(r) and x 2 (>) be as in Figure P4.16-2(a) and (b). Use the results 
of parts (a) and (c) to find a representation of y(t) = x,(/) * x 2 (r) of the form 

f ’y Cke im |/| ^ r„/2 

y(') = 


4.17. Compute the Fourier transform of each of the following signals. 


(u) [e— 1 cos ovMf), “ > 0 
, (c) t?“ ,t ' 1 sin 2 1 
£ (e) x(t) as in Figure P4.17(a) 

, , ,,, _ 11 4- cos nt, |r|^ 1 

7< (g) *(/)-- | 0( |/| > 1 


y (i) [le -1 ' sin 4r]«(r) 

' ... Tsin ntirsin 2 n(t - 1)1 
f (k) L^rJL" nil - tt\ 

(m) x(l) as in Figure P4.17(c) 

(1 — t 1 , 0 < / < 1 

(°) x ^ ~~ |o, otherwise 


Y (b) I 1) 

(d) e~ 3, lu(t 1-2) - n(l - 3)] 
y (f) «i(/) + 2<5(3 — 2/) 

Y (h) 2 «*<H' - 1*1 < 

A — 0 

y (j) sin t + cos (2 nt + n/4) 
/(o^)x(r) as in Figure P4.17(b) 
y (n) x(r) as in Figure P4.17(d) 
(P) 2 
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(d) X(a) = 2[<5(a> - I) - <5(co + D] + 3[(5(co - 2n) + 5{m + 2n)] 

' (e) X(a) as in Figure P4.18(b) 

4.19. Use properties of the Fourier transform to show by induction that the Fourier trans¬ 
form of 

*(') = (< /_ yy-j g ~•'»(')■ a > 0 

is 


1 

(a + jw)~ 

4.20. Often one would like to determine the Fourier transform of a signal which is defined 
experimentally, by a set of measured values or by a trace on an oscilloscope, for which 
no closed-form analytic expression for the signal is known. Alternatively, one might 
wish to evaluate the Fourier transform of a signal that is defined precisely in closed form 
but is so complicated that the evaluation of its transform is virtually impossible. In 
both cases, however, one can use numerical methods to obtain an approximation to 
the Fourier transform to any desired accuracy. One such method is outlined in part 

(a) and is based on a piece-wise polynomial approximation of the signal to be 
transformed. 

(a) If the function x(t) to be transformed is sufficiently smooth, x(l) may be approxi¬ 
mated by a small number of polynomial pieces. In the following discussion, only 
first-order polynomials will be considered; the extension to higher-order poly¬ 
nomials follows in a straightforward manner. Figure P4.20-1 shows a function x(/) 



Figure P4.20-1 

and a function 4>(t) comprising straight-line segments (the points t, indicate 
the beginning and end points of the linear segments). Since </>(t) ~ x (r), then 
<P(a>) ~ X(a). By evaluating the transform <!>(«), show that 

W®) = k 

Determine the k , in terms of the time instants t t , h .and the values of x(l) 

at these times. 

(b) Suppose that x(t ) is the trapezoid shown in Figure P4.20-2. Since x(t) already 
consists of linear segments no approximation is necessary. Determine X(a) in 
this case. 
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(c) Suppose that we want to evaluate numerically the Fourier transform of a signal 
x(l ) which is known to be time-limited, that is, 

*(/) = 0 for | /1 > T 

Furthermore, suppose that we choose the points i, sufficiently close together so 
that the first-order polynomial approximation tf>(t) is sufficiently accurate to ensure 
that the absolute error, |x(t) — 0(f) |, is bounded by some constant f for |/| < T, 
that is, 

£(/) = |*(/) - 0(r)| ^ f for |/| < 7* 

[Note: Since *(/) is time-limited, £(») = 0 for |r| > 7)] Show that the energy of the 
error in the Fourier transform approximation, 0(co), to X(d) is less than 4nTe 2 , 
that is 


J“ | X(co) - 0(a)) | 2 da ^ 4nTc 2 


4.21. (a) Let x(i) be a real, odd signal. Show that X(a) — £F[jr(r)} is pure imaginary and odd. 

(b) What property does the Fourier transform of a signal x(i) hi.ve if *(-/) = x"(i)2 

(c) Consider a system with input x(t) and output 

xo = 0} 

Express the Fourier transform of y(l) in terms of that for *(/). 

(d) Show that if x(t) and y(r) are two arbitrary signals with Fourier transforms X(a) 
and Y(a), respectively, then 


J x{t)y*(.l) dt = ^ J X(a) F*(W) da 


This result is a generalization of Parseval’s theorem. 

(e) Let *(/) be a given signal with Fourier transform X(a). Define the signal 


(i) Suppose that 


What is the value of 


Jj/wr 


(ii) What is the inverse Fourier transform of /(co/4)? 

(f) Derive the modulation property 

x(t)y{t) <-> ^Wa ). L(w)j 
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(g) Show dial if the impulse response /i(f) of a continuous-time LTI system is real, 
then the response of the system to x(l) = cos co 0 t is given by 
y(t) = <R £{H{CO 0 )e>““’} 


where H(a>) is the system 
4.22. Consider the signal 


frequency response. 



0 </< 1 

elsewhere 


Determine the Fourier transform of each of the signals shown in Figure P4.22. You 
should be able to do this by explicitly evaluating only the transform of x 0 (/) and then 
using properties of the Fourier transform. 



Figure P4.22 


4.23. A real, continuous-time function x{t) has a Fourier transform 3 f(aj) whose magnitude 

obeys the relation , . . 

ln|2f(w)| = -|w| 

Find x{l) if *(/) is known to be: 

(a) an even function of time 

(b) an odd function of time 

4.24. (a) Determine which of the real signals depicted in Figure P4.24, if any, have Fourier 

transforms that satisfy each of the following: 

(i) <R£{X(m)} = 0 

(ii) Hm[X{a>)} — 0 

(iii) There exists a real a such that e 1 ’"X(w) is real. 


(iv) J~ A'(w) dco = 0 

(v) | wX(a >) dco — 0 


(vi) A'(oj) periodic 

(b) Construct a signal that has properties (i), (iv), and (v) and does not have the others. 
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4 25. Let ,Y((2)) denote the Fourier transform of the signal x(t) depicted in Figure P4.25. 



-10 12 3 


t Figure P4.25 


(a) Find <£ X(a>). 

(b) Find Jf(0). 


I f ” X(a>) i 


(d) Evaluate J X(co) ^ e J1 “ da>. 

(e) Evaluate J | A'(CO )! 2 r/CO. 

(0 Sketch the inverse Fourier transform of (ft£[X(CO)}. 

Note: you should perform all of these calculations without explicitly evaluating A'(co). 
4.26. As mentioned in the text, the techniques of Fourier analysis can be extended to signals 
having two independent variables. These techniques play as important a role in some 
applications, such as image processing, as their one-dimensional counterparts do in 
others. In this problem we introduce some of the elementary ideas of two-dimensional 
Fourier analysis. 

Let x(ti, t 2 ) be a signal depending upon the two-independent variables I, and t 2 . 
The two-dimensional Fourier transform of x(t ,, t 2 ) is defined as 


X(ca u W 2 )-j J *(t,,t 2 )e 


y{wii t + wi/i) dt\ 


(a) Show that this double integral can be performed as two successive one-dimensional 
Fourier transforms, first in with t 2 regarded as fixed, and then in t 2 . 

(b) Use the result of part (a) to determine the inverse transform, that is, an expression 
for Jt(r,, t 2 ) in terms of X(CD U Ci) 2 ). 

(c) Determine the two-dimensional Fourier transforms of the following signals: 

(i) *(/ 1 , h) = e~' , * 1 "u(t , — l)u(2 — r 2 ) 

fe-l'.l-l>.l \{-\ <t { <,\ and -\ <.t 2 <.\ 

(ii) x(t x ,t 2 ) — |q otherwise 

(e-K.I-l-.l if 0^ r, ^ 1 or 0<, t 2 ^ 1 (or both) 

(in) x(, u t 2 ) — | 0 otherwise 

(iv) a•(?,, r 2 ) as depicted in Figure P4.26-1 

(v) e-ln + nl-lii-ul 



(t 1# t 2 ) - 1 shaded area 
and 0 outside 
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(d) Determine the signal *(/,, t 2 ) whose two-dimensional Fourier transform is 


X(co u co 2 ) = — S(cd 2 - 2m.) 

(e) Let x (r,, t 2 ) and h(t u t 2 ) be two signals with two-dimensional Fourier transforms 
X(a> u co 2 ) and H((O t , co 2 ). Determine the transforms of the following signals in 
terms of X(co lr co 2 ) and H((O u co 2 ). 

(i) x(t i — Ti, t 2 — T 2 ) 

(ii) x(at t ,bt 2 ) 

(iii) yUu h) = | J x^x.tfMfx -T|,D -T 2 )t/T, dx 2 

(f) Just as one can define two-dimensional Fourier transforms, one can also consider 
two-dimensional Fourier series for periodic signals with two independent variables. 
Specifically, consider a signal x(t,, t 2 ) which satisfies the equation 

x(t\, 1 2 ) = x(t, -F T,, t 2 ) = x(t u t 2 -f T 2 ) for all t 2 
This signal is periodic with period T, in the f, direction and with period T 2 in the 
t 2 direction. Such a signal has a series representation of the form 

x(/,,f 2 ) = E £ + 

where 

to, = 271/T,, m 2 = 2 7t/T 2 
Find an expression for a m , in terms of f 2 ). 

(g) Determine the Fourier series coefficients a m . for the following signals: 

(1) cos (27», -F 2 1 2 ) 

(2) The signal illustrated in Figure P4.26-2. 
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I.,,': f. ■ tKi.-Si.■ is. . — .' t'si-viD issVi.!! 

(a) Compute the convolution of each of the following pairs of signals 40 and MO by 
calculating X{co) and H(a>), using the convolution property, and inverse transform¬ 
ing. 

(i) MO = «-"«(0, MO = c~ 4, M0 

(ii) 40 = /e _i, «(0. MO = te~"u(t) 

(iii) 40 = e"'M0, MO = e'M-O 

(b) Suppose that 40 = r u ~”u(t - 2) and MO is as depicted in Figure P4.27. Verify 



-1 3 t Figure P4.27 

the convolution property for this pair of signals by showing that the Fourier 
transform of 40 — 40 * MO equals H(co)X(co). 

4.28. As we pointed out in Chapter 3, the convolution integral representation for continuous¬ 
time LTI systems emphasizes the fact that an LTI system is completely specified by its 
response to <5(0- It is also true, as illustrated in Problems 3.17 and 3.18, that continuous¬ 
time or discrete-time LTI systems are also completely specified by their responses to 
other specific inputs. On the other hand, there are some inputs for which this is not the 
case; that is. many different LTI systems may have the identical response to one of 
these inputs. 

(a) To illustrate this point, show that the three LTI systems with impulse responses 

MO = MO 

MO = —2<5(0 + 5<r 2 'MO 
MO = 2te~'u(t) 

all have the same response to 40 = cos /. 

(b) Find the impulse response of another LTI system with the same response to 
cos /. 

4.29. In Problems 2.23 and 3.28 we defined and examined several of the properties and uses 
of correlation functions. In this problem we examine the properties of such functions 
in the frequency domain. Let 40 and 40 be two real signals. The cross-correlation 
function 0,,(O is defined as 

0,,(O = J + x(l + t)4t) dx 

Similarly, we can define 0,40, 0,40, and 0,40 !<bc last two of these arc called the 
autocorrelation functions of the signals 40 and 4'), respectively]. Let <b„(“), O M 
t[>Mft)), and <!>„(«) denote the Fourier transforms of 0„(O, 0,4'), 0,40, and 0,40, 

respectively. 

(a) What is the relationship between <I>,,(ft)) and <I>,4o>)? 

(b) Find an expression for < I ) ,,(m) in terms of X((o) and F(ft)). 

(e) Show that <I»,4<U) is real and nonnegative for every ft). 

(d) Suppose now that 40 is the input to an LTI system with a real-valued impulse 
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response and with frequency response H(co), and that y(t) is the output. Find expres¬ 
sions for ®„( w ) and 0„(co) in terms of <D„(ft)) and H( ft)). 

(e) Let 40 be as is illustrated in Figure P4.29, and let the LTI system impulse response 
be MO = fT-'MO, a > 0. Compute 0,4co), O,,(co), and O„(co) using the results 
of the preceding parts of this problem. 



(f) Suppose that we are given the following Fourier transform of a function 0(r): 

$(«) = gi+l°? 

K ’ co 2 + 25 

Find the impulse responses of two causal, stable LTI systems that both have auto¬ 
correlation functions equal to 0(/). Which one of these has a stable, causal inverse? 

4.30. As we pointed out in this chapter, LTI systems with impulse responses that have the 
general form of the sine function play an important role in LTI system analysis. The 
reason for this importance will become clear in Chapters 6 through 8 when we discuss 
the topics of filtering, modulation, and sampling. In this problem and several that 
follow we give some indication of the special properties of systems of this type. 

(a) Consider the signal 

4') = cos 2ni + sin 6 nt 

Suppose that this signal is the input to each of the LTI systems with impulse 
responses given below. Determine the output in each case. 

0) MO = ^ 

(ii ) M/)- [ s i" 4 ”Wn8m] 

(iii) MO = [si n 47r 0t cos 

(b) Consider an LTI system with impulse response 


Determine the output y,(t) for each of the following input waveforms MO- 
O’) MO “ lh c symmetric square wave depicted in Figure P4 30(a) 

(ii) MO = the symmetric square wave depicted in Figure P4.30(b) 

(iii) Mr) = MO cos 571 1 


(iv) MO = t i(t - -x) 


(v) MO is a real signal whose frequency response for positive frequencies has 
a constant phase angle of r./2 and whose magnitude tor ft) > 0 is sketched in 
Figure P4.30(c). 

(vi) MO = j-~ 2 
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(t) 


■5 "s 5 5 

(a) 



‘13 3 

(b) 



(cl 

Figure P4.30 

4.31. Consider (he interconnection of four LTI systems depicted in Figure P4.31, where 

rsin co,n 

~ dil 2m J 

H 1 (co) = 

, ,, sin 3ft) c r 
*»« - -iJ— 

h,{t) = “(') 



(a) Determine and sketch //i(ft)). 

(b) What is the impulse response h(t ) of the entire system . 

(e) What is the output y(t) when the input is 

jc(f) = sin 7ft) c / + cos (&M/2)? 

4 32 An important property of the frequency response H(co) of a continuous-time LTI 
system with a real, causal impulse response «r) is that //(«) is completely spec.fied by 
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its real part, 6 \.£.{H(( 0 )}. This problem is concerned with deriving and examining some 
of the implications of this property, which is generally refer ed to as real-part suffi¬ 
ciency. 

(a) Prove the property of real-part sufficiency by examining the signal h,(t), which is 
the even part of h(t). What is the Fourier transform of h,(t )? Indicate how h{t ) can 
be recovered from /r,(r). 

(b) If the real part of the frequency response of a causal system is 

(R«{//(ft))} = cos ft) 

what is h(t )2 

(c) Show that h(t) can be recovered from hjt), the odd part of h(t), for every value of t 
except t = 0. Note that if h(t) does not contain any singularities [5(0, uft), 
etc.] at t — 0, then the frequency response 

//(ft)) = J + “ h(t)e-i- dt 

will not change if the value of h(t) is set to some arbitary finite value at the single 
point t — 0. Thus, in this case, show that //(ft)) is also completely specified by its 
imaginary part. 

(d) Assume now that h(t) does not have any singularities at t — 0. Then, in parts (a) 

and (b) we have seen that either the real or imaginary part of //(ft)) completely 
determines //(ft)). In this part we will derive an explicit relationship between H x (a>) 
and the real and imaginary parts of //(ft)), under these conditions. To begin, 

note that since h(t) is causal, 

h(t) = /»(/)«(/) (P4.32-1) 

except perhaps at / = 0. Since )t(t) contains no singularities at t = 0, the Fourier 
transforms of both sides of eq. (P4.32-1) must be identical. Use this fact, together 
with the modulation property, to show that 

H{w)= =rn\[_ {P4 - 32 ' 2) 

Use eq. (P4.32-2) to determine ar, expression for H K (co) in erms of //,(<») and one 
for ///(ft)) in terms of //*(ft)). 

(e) The operation 

^ | T~l dx (P4.32-3) 

is called the Hilbert transform. We have just seen that for a real, causal impulse 
response h(t), the real and imaginary parts of its transform can be determined from 
one another using the Hilbert transform. 

Now consider eq. (P4.32-3) and regard y{t) as the output of an LTI system 
with input x(t). Show that the frequency response of this system is 

( —j, ft) > 0 

//(ft)) “ ] 

[ J, CO <0 

(0 What is the Hilbert transform of the signal x(t) — cos 3/7 
4.33. (a) Let x(t) have Fourier transform X(co), and let p(t) be periodic with fundamental 
frequency ft) 0 and Fourier series representation 

P(i) - S a.e‘ nm ' 
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» "" F0U ' kT M (P4.33-1) 

U SwP o« to. *») U .. 4.pi«.d in Figure P4.33-1. Sketch to .pee,rum of XO 
in eq. (P4.33-1) for each of the following choices for pit). 


XM 



-1 1 cj Figure P4.33-1 

(i) pO) = c ° s u/2) 

(ii) p(/) = cos / 

(iii) p(i) = cos 2/ 

(iv) pit) = (sin /)(sin 2t) 

(v) p(/) = cos 2/ - cos / 

(vi) pit) = 2 ^(* ~ 

(vii) />(/) = £_ — 

(viii) p(t) = 2 &0 ~ 4nn ) 

(ix) pit) = *(/ - 2*") - i J. *(/ - *«) 


(x) p(/) = the periodic square wave shown in Figure P4.33-2 

pit) 



, i 2 " 3 ” 5 " 1 

- 3it * 6 S 

Figure P4.33«2 

4.34. (a) Consider the system depicted in Figure P4.34, where 
,, sin(3fFr/2) 

*(') =- nt 

p(t) = cos 2 Wt + 4 cos 8 IF/ 
hit) = 4 + f_ c k ei k,y ‘ 

Find the Fourier series representation for >•(/). 



; . Figure P4.34 

pit) 
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(b) Suppose now that x(t) is real and is given by 



x(t) = Yj a k e lkw ‘ 
p(t) = cos Wt 

h(t) = giPgj/2) 
v ’ nt 

What is >>(/)? 

(c) What is y(t) if x(t) and h(t) are as in part (b), but 

pO) = sin Wt 

(d) Again consider x(t) and h(t) as in part (b). How would you choose p(t) in the system 
of Figure P4.34 if you wished to determine the real part of any particular Fourier 
coefficient of x(/)? How would you choose p{t) to determine the imaginary part of 
the coefficient ? 

4.35. In the text we pointed out on several occasions that there is an inverse relationship 
between time and frequency. In this problem we examine in more detail one partic¬ 
ular example of the consequences of this inverse relationship and in so doing intro¬ 
duce some qualitative concepts that are of great importance in signal and system 
analysis. 

Let H(cd) be the frequency response of a continuous-time LTI system, and sup¬ 
pose that //(ft>) is real, even, and positive. Also, assume that 

max {//(<u)} = H( 0) 

(a) Show that: 

(i) The impulse response, hit), is real. 

(ii) max flA(/)|) = HO). 

Hint: If /(/, co) is a complex function of two variables, then 
|| + f(t, o»rfci)|^ J* \fit,m)\da> 

One important concept in system analysis is the bandwidth of an LTI system. 
There are many different mathematical ways in which to define bandwidth, but they 
all are related to the qualitative and intuitive idea that a system with frequency response 
G(a>) essentially “stops” signals of the form e ,M for values of co where G(co) vanishes or 
is small and “passes” those complex exponentials in the band of frequency where G(a>) 
is not small. The width of this band is the bandwidth. These Ideas will be made much 
clearer in our discussion of filtering in Chapter 6, but for now we will consider a special 
definition of bandwidth for those systems with frequency responses that have the 
properties specified previously for H{( 0 ). Specifically, one definition of the bandwidth 
B. of such a system is the width of a rectangle of height //(0), which has an area equal 
to the area under Hico). This is illustrated in Figure P4.35-1. Note that since Hi 0) = 
max„ H(m), the frequencies within the band indicated in the figure are those for which 
Him) is largest. The exact choice of the width in Figure P4.35-1 is of course a bit arbi¬ 
trary, but we have chosen one definition that allows us to compare different systems 
and to make precise a very important time-frequency relationship. 

(b) What is the bandwidth of the system with frequency response 

f1, I cot < W 

Him) = 

(0, |co| > V/ 
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H{cj) 


1 

1 

1 

MU 

H(0l 

, _Area of rectangle * 

1 area under H{cj) 


-B w -► 

03 Figure P4.35-1 


(cl Find an expression for the bandwidth B, in terms of H{co). 

Let s(t) denote the step response of our system. An important measure of the 
speed of response of a system is the rise time, which again has a qualitative dtf n.t.on. 
leading to many possible mathematical definit.ons, one of which we will use. I n > u,t >ve y, 
the rise time of a system is a measure of how fast the step response r.ses from zero to its 
final value, 

s(oo) = lim i(f) 

Thus, the smaller the rise time, the faster the response of the system. For our system we 
will define the rise time l, to be 

_ s(co) 

'■ ~ m 

Since 

s\t) = HO 

and also because of the property that A(0) - max, A(<), we see that r, has the inter¬ 
pretation as the time it would take to go from zero to s(») while mamtammg the 
maximum rate of change of s(t). This is illustrated in Figure P4.35-2. 

(d) Find an expression for 1 , in terms of //((»). 

(e) Combine the results of parts (c) and (d) to show that 

Bj, = 2n (P4.35-I) 

Thus, we cannot independently specify both the rise time and bandwidth of our 
system. For example, if we want a fast system (t, small), then eq. (P4.35-1) tmphes 


sit) 



Figure P4.35-2 
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that the system must have a large bandwidth. This is a fundamental trade-off that 
is of central importance in many problems of system design. 

4.36. (a) Consider two LTI systems with impulse responses h(i) and g(l), respectively, and 
suppose that these systems are inverses of one another. Suppose also that both 
systems have frequency responses, denoted by H(a>) and G(co), respectively. What 
is the relationship between H(a>) and G(o>)? 

(b) Consider the continuous-time LTI system with frequency response 

fl, 2 < |ft>| < 3 

ff(o>)= 1 

(0, otherwise 

(i) Is it possible to find an input x(t) to this system so that the output is as depicted 
in Figure P4.29? If so, find such an x(i). If not, explain why not. 

(ii) Is this system invertible? Explain your answer. 

(c) Consider an auditorium with an echo problem. As discussed in Problem 3.25, 
we can model the acoustics of the auditorium as an LTI system with an impulse 
response consisting of an impulse train, with the &th impulse in the train corre¬ 
sponding to the Ath echo. Suppose that in this particular case the impulse response 
is given by 

h(0 = S e~ kT 5(t - kT) 

k-0 

where the factor e~ kT represents the attenuation of the Arth echo. 

In order to make a high-quality recording from the stage, the effect of the 
echoes must be removed by performing some processing of the sounds sensed by 
the recording equipment. In Problem 3.25 we used convolutional techniques to 
consider one example of the design of such a processor (for a different echo model). 
In this problem we will use frequency-domain techniques. Specifically, let G( 0 >) 
denote the frequency response of the LTI system to be used to process the sensed 
acoustic signal. Choose G(co) so that the echoes are completely removed and the 
resulting signal is a faithful reproduction of the original stage sounds. 

(d) Find a differential equation for the inverse.of the system with impulse response 

HO = 2 5(t) + «,(/) 

(e) Consider the LTI system initially at rest and described by the differential equation 


db<0 + 6 M0, 9 (t) „ djxjt) dx(i) 

dO +0 dt + Jyyn dO dt 


+ 2x(0 


The inverse of this system is also initially at rest and described by a differential 
equation. Find the differential equation describing the inverse. Also, find theimpulse 
responses /i(r) and g(t) of the original system and its inverse. 

4.37. A real-valued continuous-time function x{t) has a Fourier transform X(co) whose mag¬ 
nitude and phase are illustrated in Figure P4.37-I. 

The functions xjj), x t (t), .v c (f), and x d (l) have Fourier transforms whose magni¬ 
tudes are identical to X(o>) but whose phase functions differ, as shown in Figure P4.37-2. 
The phase functions <£ X.(co) and <£ X b (ay) are formed by adding linear phase to 
<£ X(a>). The function <£ X c (co) is formed by reflecting <£ X(o) about co — 0, and 
<X Xj(co) is obtained by a combination of reflection and addition of linear phase. Using 
the properties of Fourier transforms, determine expressions for x„(0, *b(0, x c (t), and 
x d (l) in terms of x(i). 
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Figure P4.37-1 


■,. 3 ,. rhL problem «. provide .ddiri.n.l er.mplm of lb. of »»<«« 

S‘c'o~.ide, . cominuous-lime LTI »i.h fr.qo.nc, rmpon.e 

a — /CO 

"C®)-5+fe 

where n > 0. What is the magnitude of //<©)? Wha, is < What is th 

impulse response of this system? 

(b) Let the input to the system of part (a) be 

*(/) = e-"'u(l), b> 0 

What is the output y(l) when b * al What is the output when b = a? 

(t) * I'“ , 2 sS M id P*n <W »b» » “ “* 

(i) « = 1 

(ii) n = 2 

M) lire oulpul of die „.lem of par, (,) «Uh . - *" inpo, b 

COS (t/.yT) + cos I + cos e/T/ 

Roughly sketch both the input and the output. 
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4 . 39 . Inverse systems often find of a liquid, 

devices. For example, const er a device as an LTI system, which, because of the 
It is often reasonable to model such mercury in a thermometer), 

rsts-——“ 

the response of this device to a umt step in tempera u (p 4 . 39 . 1 j 

s(i) = (1 - e- l2 Ht) 

(3) mSinVSr° f 

«rst r ««kssst4 

measuring devices is that gros ice contains errors, due to small, erratic 

if the actual output of the measur 8 such error sources in real systems, 

phenomena in the device. Since there alw. y consider a measuring device 

one must take them into account. To 1 1 ^ ^ response of the measuring 

whose overall 0 “ tp “‘ b * ( ™^,nd an interfering "noise" signal /,(/). This is 

ixmi jr»- -— 



_ 1 

‘ lb) 

Figure P4.39 


m the«»«»p" <w “ “ 

" "• “ —• h,8h - 
frequency interference. offimolied that by attempting to speed up 

«r..h"°““s.r. p «.»i"« d -i“ ■“ " si, “ ds " 
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changes in temperature but which also is corrupted by noise. The response of such 
a system can be modeled, as depicted in Figure P4.39(b), as the sum of the response 
of a perfect measuring device and a corrupting signal n(r). Suppose that as shown in 
Figure P4.39(b), we wish to design a compensating system that will slow down the 
response to actual temperature variations but also will attenuate the noise n(r). 
Let the impulse response of the compensating system be 
h(l) = ae~“'u(t) 

Choose a so that the overall system of Figure P4.39(b) responds as quickly as pos¬ 
sible to a step change in temperature subject to the constraint that the amplitude 
of the portion of the output due to the noise n(t) — sin 6/ is no larger than 

4.40. Consider an LTI system whose response to the input 
x ( 1 ) = le~' + e~ 3 ']u(i) 


is 

y(t) = [2e _I — 2e~ 4 ']n(/) 

(a) Find the frequency response of this system. 

(b) Determine the system impulse response. 

(c) Find the differential equation relating the input and output and construct a realiza¬ 
tion of this system using integrators, adders, and coefficient multipliers. 

4.41. The output y(r) of a causal LTI system is related to the input \(t) by the equation 

+ 10 y(t) = J *(t)z(/ - T) dx - x{t) 
where z{t) = e~‘u(t) + 3<5(/). 

(a) Find the frequency response of this system H (ft)) = Y(co)/X{co) and sketch the 
Bode plot of its magnitude and phase. 

(b) Determine the impulse response of this system. 

4.42. The output y{t) of a causal LTI system is related to the inpu: x(t) by the differential 
equation 

+ 2 ’.At) - x(t) 


(a) Determine the frequency response 


of the system and sketch its Bode plot. 

(b) If x {/) = e~'u(t), determine Y(tt>), the Fourier transform of the output. 

(c) Using the technique of partial fraction expansion, determine the output y{t) for 
the input x(t) in part (b). 

(d) Repeat parts (b) and (c) first if the input has as its Fourier transform 
then if 


®> Xico) ~ YT% 


(in) ,V(co) - (2 + yo»C 1 +jc ») 
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The input and the output of a causal LTI system are related by the differential equation 

d -WT + edj 3T + MO = 

(a) Find the impulse response of this system. 

(b) What is the response of this system if x(t) — te ll u(t)7 

(c) Repeat part (a) for the causal LTI system described by the equation 

^W + yr «fl + K,)-2^-W.) 

4.44. In Section 4.12 we introduced the idea of a time constant for a first-order system. As 
we saw, the time constant provides a measure of how fast a first-order system respon s 
to inputs. The idea of measuring the speed of response of a system is also important 
for higher-order systems, and in this problem we investigate the extension to such 
systems. 

(a) Recall that the time constant of the first-order system with impulse response 

h(t) = ae~“u(t), a > 0 

is 1 la, which is the amount of time from I = 0 that it takes the system step response 
s(t) to settle to within (1/e) of its final value [i.e., s(co) = lim,—401- Using this 
same quantitative definition, find the equation that must be solved in order to 
determine the time constant of the causal LTI system described by the differential 
equation 

_i_ 11 dyU) _j_ ,0^,) = 940 (P4.44-1) 

dt 2 dt 

(b) As can be seen from part (a), if we use the precise definition of time constant given 
in part (a), we obtain a simple expression for the time constant of a first-order sys¬ 
tem, but the calculations are decidedly more complex for the system of eq. (P4.44-1). 
However show that this system can be viewed as the parallel interconnection or 
two first-order systems. Thus, we usually think of the system of eq. (P4.44-1) as 
having two time constants, corresponding to the two first-order factors. What are 
the two time constants for this example? 

(c) The discussion given in part (b) can be directly generalized to all systems with 
impulse responses that are linear combinations of decaying exponentials. In any 
system of this type, one can identify the dominant time constants of the system, which 
are simply the largest of the time constants. These represent the slowest parts of 
the system response and consequently they have the dominant effect on how fast 
the system as a whole can respond. What is the dominant time constant of the sys¬ 
tem of eq. (P4.44-1)? Substitute this time constant into the equation determined in 
part (a). Although this number will not satisfy the equation exactly, you should see 
that it nearly does, which is an indication that it is very close to the ttme constant 
defined as in part (a). Thus the approach we have outlined in parts (b) and (c) is 
of value in providing insight into the speed of response of LTI systems without 

requiring excessive calculation. ... , , 

(d) One important use of the concept of dominant time constants is in the reductio 
of the order of LTI systems. This is of great practical significance in problems 
involving the analysis of complex systems having a few dominant time constants 
and other very small time constants. In order to reduce the complexity of the mode 
of the system to be analyzed, one often can simplify the fast parts of the system. 
That is suppose that we regard a complex system as a parallel interconnection o 
first- and second-order systems. Suppose that one of these subsystems, with impulse 
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response h(t) and step response s(t), is fast, that is, that s(t) settles to its final value 
s(oo) very quickly. Then in this case we can approximate this subsystem by the 
subsystem that settles to this same final value instantaneously That is, if S(t) is the 
step response of our approximation, then 

4r) = s(oo)u(t) 

This is illustrated in Figure P4.44. Note that the impulse response of our approxi¬ 
mate system is then 

fi(t) = 4°o)i5(f) 

which indicates that our approximate system is memoryless. 
s(t) 



Figure P4.44 


Consider again the causal LTI system described by eq. (P4.44-1) and in 
particular the representation of it as a parallel interconnection of two first-order 
systems determined in part (b). Use the method outlined above to replace the faster 
of the two subsystems by a memoryless system. What is the differential equation 
that then describes the resulting overall system? What is the frequency response of 
this system? Sketch the magnitudes of |//(co)| (not Iog//(G>)|) and 4 for 
both the original and approximate systems. Over what range of frequencies are these 
frequency responses nearly equal? Sketch the step responses for both systems. 
Over what range of time are the step responses nearly equal ? From these plots you 
will see some of the similarities and differences between the original system and 
its approximation. The utility of an approximation such as this depends upon the 
specific application. In particular, one must take into account both how widely 
separated the different time constants are and also the nature of the inputs to be 
considered. As you will see from your answers to this part of the problem, the 
frequency response of the approximate system is essentially the same as the fre¬ 
quency response of the original system at low frequencies. That is, when the fast 
parts of the system are sufficiently fast compared to the rate of fluctuation of the 
input, the approximation becomes a useful one. 


4.45. (a) Sketch the Bode plots for the following frequency responses. 

(i) 1 + (ja>l 10) 

(ii) 1 - O'W/10) 


(iii) 


16 

(Ja> + 2 y 


(iv) 


1 - (/to/10) 

1 + jo> 


I 


s| 

y 

I'i 

M 

1 
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(jtaj 10)- 1 
1 + ja> 

(vi) i + w m 

1 J 1 + jCO 

.... i - a coi io) 

(V1U (/to)’ + (/CO) + 1 

. 10 + 5/co + 10(/a;) 2 

(vu,) —i + mm — 

(ix) 1 + jco + (;co) 2 

(x) 1-yco+ (;£»)* 

, _ (/to + 10KlQ/g + l) 

(X1) [(/co/100) + l)][(/co) J 4 jco + 1)] 

(b) Determine and sketch the impulse response and the step response for the system 

with frequency response given by (iv). Do the same for the system with frequency 

response given by (vi). 

The system given in (iv) is often referred to as a nonminimum phase system, while 
the system specified in (vi) is referred to as being minimum phase. The corresponding 
impulse responses of (iv) and (vi) are referred to as a nonminimum phase signal and a 
minimum phase signal, respectively. By comparing the Bode plots of these two frequency 
responses we can see that they have identical magnitudes; however, the magnitude of 
the phase of the system of (iv) is larger than that of the system of (vi). 

We can also note differences in the time-domain behavior of these two systems. 
For example, the impulse response of the minimum phase system has more of its energy 
concentrated near I = 0 than does the impulse response of the nonminimum phase 
system. In addition, the step response for (iv) initially has the opposite sign from its 
asymptotic value as / —> oo, while this is not the case for the system of (vi). 

The important concept of minimum and nonminimum phase systems can be 
extended to more general LT1 systems than the simple first-order systems we have 
treated here, and the distinguishing characteristics of these systems can be described 
far more thoroughly than we have done. We will come across such systems again in 
the problems in subsequent chapters. 

4.46. Let x(t) have the Bode plot depicted in Figure 4.44(c). Sketch the Bode plots for 
10.c(10f). 

4.47. Recall that an integrator has as its frequency response 


H(co) = + n 5(co) 

where the impulse at W = 0 is a result of the fact that the integration of a constant 
input from t = -oo results in an infinite output. Thus, if we avoid inputs that are 
constant, or equivalently only examine H(co) for CO > 0, we see that 
20 log | //(CO) | = — 20 log (OJ) 

for CO > 0 

<//(«)= -71/2 

In other words, the Bode plot for an integrator, as illustrated in Figure P4.47, consists 
of two straight-line plots. These plots reflect the principal characteristics of an integra¬ 
tor: 90° of negative phase shift at all positive values of frequency and the amplification 
of low frequencies. 

(a) A useful, simple mode! of an electric motor is as an LT1 system, with input equal to 
the applied voltage and output given by the motor shaft angle. This system can be 
visualized as the cascade of a stable LT1 system (with the voltage as input and shaft 
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Figure P4.47 


angular velocity as output) and an integrator (representing the integration of the 
angular velocity). Often a first-order system model is used for the first part of the 
cascade. Assuming, for example, that this first-order system has a time constant of 
0.1 second, we obtain an overall motor frequency response of the form 

" (w) “ M T +'ya/iO) + n5(co) 


Sketch the Bode plot for this system for 00 > 0.001. 

(b) Sketch the Bode plot for a differentiator. 

(c) Do the same for the systems with the following frequency responses: 


<" " < “ ) “ r+jkm 


(ii) 



4.48. An LT1 system is said to have phase lead at a particular frequency CO = CO 0 if 
*£ > 0. The terminology stems from the fact that if e la,t is the input to this sys¬ 

tem, then the phase of the output will exceed or lead the phase of the input. Similarly, 
if ff(Wo) < 0, the system is said to have phase lag at this ftequency. Note that the 
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system with frequency response 


i -tjuj i 

has phase lag for all co > 0, while ^ ^ 

f “ tZ “ S'Cpte to, ,h= following Iwo WMoh. b- - 

' ’ ‘,| lldl k(1 Ato. which on" »">P»«“ ™"* ,! “ 'i””' ’ 

... i + (ycj/io) 
ll) i + iojco 
.... i + 10/co 
1 + (/co/10) 

(b) Repeat part (a) for the following three frequency responses. 

... (1 + /co/10) 1 

0) (l + 10/CO) 3 

1 + /M/10 

00 UXXJco) 1 + 10/co + 1 

1 + 10/co 

(**•) o oif/col 1 + 0 . 2 /co + 1 . 

a • in Fiaure P4 49 The “compensator” box is a continuous- 

4.49. Consider the system depicted in Figure r . . 

time LTI system. 



Figure P4.49 


“ssrr; wsass 

<b, SS. P«. (.) if *■ specifications on ,h. log magniinde of H(») «•: 

<M SXnld U ■ slope of f “° ‘=” ‘ 

(2) It should be io.~ + U> ■»£ /i^/efor ICO < to < 1000. 

(3) It should have a slope of -20 dB/decade tor w 

(4) It should have a slope of -40 dB/decade for co > 1000. 

4 50 Consider the causal LTI system with frequency response 

5(/co) -I- 7 _ 

//(“) = (75J + 4) IUwFTcIw) T 1] 

(a) Determine the Et'strTuT (usinT adderT' integrators, and coefficient multi- 
(W SSS ffiiTSl ‘Si o/the cascade of a first-order system and a 

(c) S22TSS-form structure consisting of the parallel interconnection of a 
first-order system and a second-order system. 


288 


Fourier Analysis for Continuous-Time Signals and Systems Chap. 4 



Construct a realization of this system consisting of the cascade of three first-order 
systems. Does this system have a parallel-form realization consisting of the parallel 
interconnection of three first-order systems? Explain your answer. 

(b) Repeat part (a) for the frequency response 


Jco + 3 

(jeo + 2 ) 3 (/co + 1) 


Also find a realization consisting of the parallel interconnection of a second-order 
system and a first-order system. 

(c) Consider the frequency response 


(jco + 2 ) 3 (/co + 1) 


Find a realization consisting of the parallel interconnection of a third-order system 
and a first-order system. Can you construct a parallel realization consisting of two 
second-order systems? What about one consisting of or.e second-order system and 
two first-order systems? Explain your answers. 

(d) Construct 4 different cascade realizations of the frequency response of part (b). 
Each such realization should consist of the cascade of a different second-order 
system and first-order system. 
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• . range of problems, including economic 

time-series andysis tectaiqu^ ^ ^ of observationa l data to 

forecasting, the analysis of dem 6 f ofparticu , a r physical phenomena, 
draw inferences concerning the ° P rd were taken in the development of 

In the 1940s and 1950s mUJ P of the tools of discrete-time Fourier 

discrete-time techniques in genera and m were thc incr easing use and 

a nalysis in particular. The real v P “ opment of design methods for sampled- 
capabilities of digital computers and the P ssing of sample d continuous- 

data systems, that is, discrete-time system H ^ ^ computerj the overlap in 

time signals. As more and more u “ ™ nd continuous .time techniques grew and this 

the realms of applications of hetwome thodologiesthatheretoforehaddevel 

provided a natural connection b etw “" * the great flexibility of the digital computer 

oped essentially independently. n add.U, of sophist icated discrete-time 

spurred experimentation wlth implementation in analog equipment. Many 

systems that had no apparent pracual imp numerou s Fourier transforms, 

these discrete-time systems ^"‘^^"Uutational burden. Nevertheless, the 
which at the time seemed to be a proh b P uter we re sufficiently tempting 

possibilities that were opened . Up *J digital voice encoders, digital spectrum 

that active work began on the inve g hooe that eventually such systems 

■n.,y»s. and o.her .ll-di*. ■> 

would be practical. In the mi algorithm proved to be perfectly suited for 

transform or FFT, was developed• Th« »^ theco mputat i0 n time for transforms by 
efficient digital implementation, and it P previously impractical ideas 

order, of nr.gni.ude. ^ ‘ t d sign., and .y*» 

suddenly became practical, and the dev P pace 

analysis techniques moved forwa:d # cohesive framewor k for the analy- 

What has emerged out of thl * 1 8 a very , arge class of existing and potential 

sis of discrete-time signals and *y*t ^ Qf ^ most important and fundamental 

applications. In this chapter we des * provide an introduction to 

parts of this framework and m subsequent chapt,, ^ ^ many simila rit,es 

several of the important appliesuon* '\ and theif continuous-time 

between the techniques of ^ CrC “J )ns f the utility of representing signals in 
counterparts. For example the b a s»c rea ^ ^ a$ they are jn continuous 

terms of complex exponential arit discret e-time LTI system are expressed 

time. In particular, if the input and out P“‘ then the coefficients in the represen- 

as linear combinations of romplex «P an extr ; me i y convenient form in terms of the 

tation of the output can be expressed. * the input. Furthermore, as in 

££ K o P f signals can be represented by such hnear 

similar to the continuous-time ca« . rfes represen tation of a discrete-time pen- 

in Section 5.2 we will see that the Four ^ series representation required for 

continuous-time perio^hcs'i^^s! (ly^disMete-t^e'Mncept!'^ 0 ^ 0 ^©^^"'! 1 !!!' 11 ^^ 

use the many similarities in the continuous- an 


292 


Fourier Analysis for Discrete-Time Signals and Systems Chap. 5 


discrete-time cases to enhance our understanding of the basic concepts of Fourier 
,I. are impomn. ,0 bo,h. and we will also use .he d.fferences .0 

deepen our understanding of the distinct charactenstics of each. 

5 1 THE RESPONSE OF DISCRETE-TIME 

LTI SYSTEMS TO COMPLEX EXPONENTIALS 

The motivation for developing a Fourier representation in the discrete-time case (i e 
for expressing general sequences as linear combinations of complex exponentials i 
S nUcal to that in the continuous-time case. Specifically, complex exponential 

“J J eigenf.hc.ion, of di,c,e,.-.i».e LTI systems. Thau., suppose U». » 
LTI system with impulse response h[n] has as its input the signal 

X[n] = z" (5J) 

where z is a complex number. The output of the system can be determined from the 
convolution sum as 

y[n) = h[n] * x[n] = JE - k] 

= g h[k]z‘' k = z" t E_ Hlc]z~ k 

From this expression we see that if the input x[n) is the complex exponential given by 
eq. (5.1), then the output is the same complex exponential multiplied y a uu.stan la 
depends on the value of z, that is, 

y[n] = H(z)z' (5 ' 2; 

WherC 4- (C US 

H{z) = t Z m h \ k ^"‘ (5 ' 3) 

u prp i; s the eigenvalue associated with the eigenfunction z . 

' More'generally, we see that eq. (5.2), together with the superposition property 

discrete-time LTI system is represented as a hnear combination of complex expon 

ials, that is, if /r 

x[n] = E l ) 

th “ .he ou,p». rW Will be ^ ? (5.5) 

|„ o.het words, .he oulpu. c.n .Iso be .epresenled ., . line.. combiPRlion or tho same 
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representation of periodic signals, while in *£»»»£f^antV 

paTieirteTopmem in SL 4.4. As mentioned previously we will find many 
Ss and several important differences with the contmuous-trme case. 

i.2 REPRESENTATION OF PERIODIC SIGNALS: 

THE DISCRETE-TIME FOURIER SERIES 

5.2.1 Linear Combinations of Harmonically 
Related Complex Exponentials 

As discussed in Chapter 2, a discrete-time signal 44 is periodic if for some positive 
va ' Ue0f;V ’ X [n} = xln + N\ < 5 ‘ 6) 

^rsszs&ttsa^Stt 

that are periodic with period N is given by 

<t> k [n] = efW, k = 0,±1,±2,.-- (-) 

All of these sign,!* have frequencies that are multiples of the same fundamental 

which differ in frequency by a multiple of In arc idcntica . a is, 

{ ioiM' = = e jn " 

A diree, eonsequenee of this fact is that MO " M»1 - M* »■> m °" 

8 enera,,y Ml “ i . w <5 ' 8) 

That is. when * is changed by an, integer multiple of N, we generate the identical 
sequence. » ^ ^ ^ ^ [tprt!ent „i„„ .1more genee.l, 
in terms or linear eombinalions of the sequences Ml '1' < 5 '’>' SucB 
combination has the form ,,,, 

the summation in eq. (5. ) V r - no » n f N successive integers, and for 

—-* - <*> 

<5 ‘ 0) 

For example, k could take on the values k = 0,1 -> N 1 ° r 
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N 4- 2. In either case, by virtue of eq. (5.8), exactly the same set of complex exponential 
sequences appears in the summation on the right-hand side of eq. (5.10). Equation 
(5.10) will be referred to as the discrete-time Fourier series and the coefficients a k as 
the Fourier series coefficients. As mentioned in the introduction, in discrete time this 
is a finite series, and as we have just seen, this is a direct consequence of eq. (5.8). 

5.2.2 Determination of the Fourier Series 
Representation of a Periodic Signal 

Suppose now that we are given a sequence 44 which is periodic with period N. 
We would like to determine if a representation ofx[n] in the form of eq. (5.10) exists, 
and if so, what the values of the coefficients a k are. This question can be phrased in 
terms of finding a solution to a set of linear equations. Specifically, if we evaluate eq. 
(5.10) for successive values of n , we obtain 

40] = E «* 

k-m 

41] = E <v' 2 ’* w 

. (5-11) 


x[N- 1] = E a k e>'' k '"-" IN 
*-<*> 

Since both sides of eq. (5.10) are periodic with period N, the equation for x[A] is 
identical to that for 40] given in eq. (5.11). Thus, eq. (5.11) represents a set of //linear 
equations for the N unknown coefficients a k as k ranges over a set of N successive 
integers. One can show that this set of N equations is linearly independent and 
consequently can be solved to obtain the coefficients a k in terms of the given values of 

In Problem 5.2 we consider an example in which the Fourier series coefficients 
are obtained by explicitly solving the set of N equations given in eq. (5.11). However, 
by following steps parallel to those used in continuous time, it is possible to obtain a 
closed-form expression for the coefficients a k in terms of the sequence values 44 - 
To determine this relationship it is helpful first to show that 



k = 0, ±N, ±2 N,. .. 
otherwise 


(5.12) 


What eq. (5.12) says is that the sum over one period of the values of a periodic complex 
exponential is zero unless that complex exponential is constant. That is, this equation 
is simply the discrete-time counterpart of the equation 


,r [T, 

j e )ka*mi — , 


k = 0 
otherwise 


To derive eq. (5.12), note first that the left-hand side of eq. (5.12) is the sum of a finite 
number of terms in a geometric series. That is, it is of the form 
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with a = e MIW " ) . As considered in Problem 2.8, this sum can be expressed in closed 
form as 

(N, a, = 1 

< 5!3 > 

1,1 CL 

We also know that e Jkil ’ /N> = 1 only when k is a multiple of N (i.e., when k = 0, ±N, 
±2N,. . .). Therefore, applying eq. (5.13) with a = e lk[1 " /N) we obtain 
(N, k = 0, ±N, ±2N,... 

V = J 1 _ g )kll*/N)N 

\ l _ e )k{U/N )" ’ otherwise 

which reduces to eq. (5.12) since e lk{1 ' ,N)N — e ,kl * = 1. 

Since each of the complex exponentials in the summation in eq. (5.12) is periodic 
with period N, the equality in eq. (5.12) will remain valid with the summation carried 
out over any interval of length N, that is, 

£ e> k **'"" = F’ k = °* ±N ’ ±1N ’ ■ ■ • (5.14) 

”- </v> 10, otherwise 


A graphical interpretation of eq. (5.14) is depicted in Figure 5.1 for the case of N = 6. 
Here complex numbers are represented as vectors in the complex plane with the 
abscissa as the real axis and the ordinate as the imaginary axis. Since each value of a 
periodic complex exponential sequence is a complex number with unit magnitude, all of 
the vectors in Figure 5.1 are of unit length. Furthermore, from the symmetry of each of 
these figures we can deduce that the sum of the vectors e ,k(1 ’ , ' 6> " over one period will 
be equal to zero unless k — 0, 6, 12, and so on. 

Now let us consider the Fourier series representation of eq. (5.10). Multiplying 
both sides by and summing over N terms, we obtain 

£ x[n]e~ J ' (U/f ' > " = £ £ a k e‘ '*-'>»«/">* (5.15) 

n»OV> «-«>*-<*> 

Interchanging the order of summation on the right-hand side, we have 


n-m 


= £ a k £ e J{k -' H1 ' /N)n 

*-W »-yv> 


From the identity in eq. (5.14) the innermost sum on n on the right-hand side of eq. 
(5.16) is zero unless k — r is zero or an integer multiple of N. Therefore, if we choose 
values for r over the same range as that over which k varies in the outer summation, 
the innermost sum on the right-hand side ofeq. (5.16) equals Ni(k — r and 0 if k ^ r. 
Thus the right-hand side of eq. (5.16) reduces to Na,, and we have 

a ; = l £ *[„)<,-a<w*>. (5.17) 

/V „.«> 

This then provides a closed-form expression for obtaining the Fourier scries 
coefficients, and we have the discrete-time Fourier series pair which we summarize 
in cqs. (5.18) and (5.19). 
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The Fourier series coefficients a, are often referred to as the spectral coefficients 
of f i These coefficients specify a decomposition of x[n] into a sum of N harmonica! ^ y 
related complexe*P°nenl'!als. Refer,leg .= (5.10). we eee .ha. ,f -e »ke k ,n ,he 

range from 0 to N - 1, we have 

jc[«] = aj 0 [n] + + • • • + fl »-i^- lW 

Similarly, if we take k to range from 1 to N, we obtain 

x[n\ = + • • • + a v0»["] ^ 5 ' 21 ^ 

From eq (5 8) we know that *„[/.] = «"d therefore upon comparing eqs. (5 20) 

Tnd (5.21), we must conclude that rr 0 = a N . Similarly, by letting k range over any 
of N consecutive integers and using eq. (5.8), we can conclude that 

a k = ^ 5 ‘ 22 ^ 

That is if we consider more than N sequential values of k, the values a* will repeat 
ner orally with period N. It is important that this fact be interpreted carefully, n 
particular, since there are only N distinct complex exponent.als that are penod^c w. 
period N the discrete-time Fourier series representation is a finite series w 
Lms Therefore if we fix the N consecutive values of k over which we define th 
Fourier series in eq. (5.18), we will obtain a set of exactly N Fourier coefficients from 
eq (5 19) On the other hand, at times it will be convenient to use different sets of 
values of k and consequently it is useful to regard eq. (5.18) as a sum over any c bUrary 
set of N successive values of k. For this reason it is sometimes convenient to thinkof 
a a s a sequence defined for all values of k, where only N successive elements in 
sequence will be used in the Fourier series representation. Furthermore, since the *,[»] 
repeat periodically with period N as we vary k [eq. (5.8)], so must the a k [eq. (5. )]. 


Example 5.1 

Consider the signal .. 

x[n] = sin fl 0 n ' 

which is the discrete-time counterpart of Example 4.3. There are three different situa¬ 
tions depending upon whether 2nlQ 0 is an integer, a ratio of integers, or an trraton 
dumber From Chapter 2 we know .ha, *[/,] is periodic in the firs, two cases bu, no. 
in the third Consequently, the Fourier series representation of this signal applies on y 
in the firs, two cases. For the case when 2it/Q 0 is an integer Af, that is, when 


Oo 


2 % 
N 


M is periodic with fundamental period N, and we obtain a result that is exactly analo- 
gous ,o «he continuous-time case. Expanding the signal as a sum of two complex 
exponentials, we obtain 

*[„] = Tj em "' N> " ~ Tj e ~‘ MN) ’ (5 ' 24) 


Comparing eq. (5.24) with eq. (5.18), we see by inspection that 



(5.25) 


and the remaining coefficients over the interval of summation are zero As described 
previously, these coefficients repeat with period N and thus for example «*♦. 
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equal to 1/2/and o*_, equals —1/2/. The Fourier series coefficients for this example 
with N = 5 are illustrated in Figure 5.2. The fact that they periodically repeat is indi¬ 
cated. However, only one period is utilized in the synthesis equation (5.18). 


-8 -7 1 - 5 - 4 - 3-2 I 0 1 2 3 5 6 7 8 


Figure 5.2 Fourier coefficients for x[n] = sin (2n/5)n. 

Consider now the case when 2zr/O 0 is a ratio of integers, that is, when 


Assuming that m and N do not have any common factors, we know from Chapter 2 
that x[n] has a fundamental period of N. Again expanding x[n] as a sum of two complex 
exponentials, we have 

x [ n ] U/N'.n A. e - JmCk*/N)k 

from which we can determine by inspection that a m — (1/2/), = ( — 1/2/), and the 

remaining coefficients over one period of length N are zero. The Fourier coefficients 
for this example with m = 3 and N — 5 are depicted in Figure 5.3. Again we have 


-7 -6 -5 -4 I -2 -1 0 1 I 3 4 5 6 8 9 10 11 I 13 


Figure 5.3 Fourier coefficients for x[n] = sin 3(2nl5)n. 

indicated the periodicity of the coefficients. For example, for N = 5, o 2 = a.,, which 
in our example equals (-l/2/).Note, however, that over any period of length 5 there 
are only two nonzero Fourier coefficients, and therefore there are only two nonzero 
terms in the synthesis equation. 

Example 5.2 

Suppose that we now consider the signal 

= 1 + sin 00/t + 3 cos 00/t + cos (~n + f) 

This signal is periodic with period N, and, as in Example 5.1, we can expand x[/i] 
directly in terms of complex exponentials to obtain 
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(a) 

Figure 5.4 (a) Real and imaginary parts of the Fourier series coefficients in 
Example 5.2; (b) magnitude and phase of the same coefficients. 
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lb) 

Figure 5.4 (cont.) 

Note that in this example a_ k = aj for all values of k. In fact, this equality holds 
whenever x[n] is real. This property is identical to one that we discussed in Section 
4.2 for continuous-time periodic signals, and as in continuous time, one implication of 
this fact is that there are two alternative forms for the discrete-time Fourier series of 
real periodic sequences. These forms are analogous to the continuous-time Fourier 
series representations given in eqs. (4.19) and (4.20) and are examined in Problem 5.7. 
For our purposes the exponential form of the Fourier series as given in eq. (5.15) 
is particularly convenient, and we will use it exclusively. 

The discrete-time Fourier series possesses a number of other useful properties, 
many of which are direct counterparts of properties of continuous-time Fourier series. 
We defer the discussion of these properties until Section 5.5, where they are developed 
in the more general context of the discrete-time Fourier transform. 
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Example 5.3 . ,, 

In this example we consider the discrete-time periodic square wave shown in Figure 5.5. 
We can evaluate the Fourier series using eq. (5.19). Because of the symmetry of th.s 
sequence around n = 0, it is particularly convenient to choose a symmetric interval over 
which the summation in eq. (5.19) is carried out. Thus, we express eq. (5.19) as 

__L e -j*tww» (5.26) 

a “- N .A, 


"iii urn mu..- 

-N -N, ON, N n 

Figure 5.5 Discrete-time periodic square wave. 


Letting m = n + N„ eq. (5.26) becomes 


„ _ 1 i) 

“ k ~ N e 


_ L e JHln/N)Nl V 


(5.27) 


The summation in eq. (5.27) consists of the sum of the first (2N, + 1) terms in a 
geometric series, which can be evaluated using eq. (5.13). This yields 


1 /I _ e -lkUHN,*l)/N\ 

o k = fre**™* ^ ! 


1 e -Jk(U/lrf)\ e ]kl*Wi*l/D/N — e -lkl*Vii*\/V/N] 


(5.28a) 


1 sin T2 nk(N t + l/2)/Af] 
N " sin (2nk/2N)’ 


k^O, ±N, ±2N, . 


and 


2 N, + 1 
N ' 


k = 0, ±N, ±2N, ... 


(5.28b) 


This expression for the Fourier series coefficients can be written more compactly if we 
express the coefficients as samples of an envelope: 


sin f(2Af, + l)n/2] 

sin(fi/2) i 


(5.29) 


In Figure 5.6 the coefficients Na k are sketched for 2N t + 1=5 and with N = 10, 2 , 
and 40 in Figure 5.6(a), (b), and (c), respectively. As N increases but N, remains fixed, 
the envelope of Na k stays the same but the sample spacing to obtain the Fourier coeffi¬ 
cients decreases. , , 

It is useful to compare this example with the continuous-time square wave ol 
Example 4.5. In that case, referring to eq. (4.54) we see that the functional form of the 
envelope is that of a sine function. The same form could not result in the discrete-time 
case since the discrete-time Fourier series coefficients (and hence also their envelope! 
must be periodic. The discrete-time counterpart of the sine function is of the form 
(sin /?x/sin x), as is tue case in eq. (5.29). 
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Figure 5.6 Fourier series coefficients for the periodic square wave of Example 
5.3; plots of Na k for 2/V, +1=5 and (a) N •» 10; (b) N ~ 20; and (c) N - 40. 


In discussing the convergence of the continuous-time Fourier series in Section 
4.3, we considered the specific example of a symmetric square wave and observed how 
the finite sum in eq. (4.47) converged to the square wave as the number of terms 
approached infinity. In particular, we observed the Gibbs phenomenon at the dis¬ 
continuity, whereby as the number of terms increased, the ripples in the partial sum 
(Figure 4.10) became compressed toward the discontinuity with the peak amplitude of 
the ripples remaining constant independent of the number of terms in the partial sum. 
Let us consider the analogous sequence of partial sums for the discrete-time square 
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wave, where for simplicity we will assume that the period N is odd. In Figure 5.7 we 
have depicted the signals 


x[n] = 2 

k=>-M 


(5.30a) 




x(n! M = 4 



Id) 

Figure 5.7 Partial sums of eq. (5.30) for the periodic square wave of Figure 5.5 
with N = 9 and 2N t + 1 = 5: (a) M = 1; (b) M = 2; (c) A7 = 3; (d) M = 4. 

for the example of Figure 5.5 with 7/ = 9, 2N, + 1 = 5, and for several values of M. 
For M = 4, the partial sum exactly equals x[n], That is, in contrast to the continuous¬ 
time case, there are no convergence issues and no Gibbs phenomenon. In fact, there 
are no convergence issues with discrete-time Fouriei series in general. The reason for 
this stems from the fact that any discrete-time periodic sequence xjn] is completely 
specified by a finite number, N, of parameters, namely the values of the sequence over 
one period. The Fourier series analysis equation (5.19) simply transforms this set of N 
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parameters into an equivalent set, the values of the N Fourier coefficients, and the 
synthesis equation (5.18) tells us how to recover the original sequence values in terms 
of a finite series. Thus if we take M = (N - l)/2 in eq. (5.30a), this sum includes 
exactly N terms and consequently from the synthesis equations we have that jc[n] 
= jc[«]. Similarly, if N is even and we let 

x[n] = 2 a k e IH1 ’ m - (5.30b) 

then with M = N/2 this sum consists of Af terms and again we can conclude from eq. 
(5.18) that X[n] = .x[n]. In contrast, a continuous-time periodic signal takes on a 
continuum of values over a single period, and an infinite number of Fourier coefficients 
are required to represent it. Thus, in general, none of the finite partial sums in eq. 
(4.47) yield the exact values of x(t), and convergence issues arise as we consider the 
problem of evaluating the limit as the number of terms approaches infinity. 

In our discussion to this point of the discrete-time Fourier series, we have seen 
that there are many similarities and several differences between the discrete- and 
continuous-time cases. One of the most important of these similarities arises from the 
fact that complex exponentials are the eigenfunctions of LTI systems in both continu¬ 
ous and discrete time. Because of this, if the input x[n] to a discrete-time LTI system 
is periodic with period N, we obtain a convenient expression for the Fourier coefficients 
of the output y[n] in terms of those for the input. Specifically, if 

x[n] = 2 a giHtn/m* 

*-<*> 

and if h[n] is the impulse response of the system, then from eq. (5.5), 

^ H &r) eJk(UM " (5-3!) 

where, from eq. (5.3),t 

H &r) = „£ (5-32) 

The use of this property is illustrated in the following example. 

Example 5.4 

Suppose that an LTI system with impulse response h[ri\ = Cz'u[n\, —1 < a < 1, has 
as its input the signal 

x[n] = cos 0^) (5.33) 

As in Example 5.1, x[n] can be written in Fourier series form as 
AW = JeAWAF). + 

Also, from eq. (5.32), 

H &r) = „? 0 = S (ae-72.vw), 

(Equation (5.32) represents a change of notation. Using the notation of eq. (5.3), we see 
that the quantity on the right-hand side of eq. (5.32) is H{e! 2 * k/N ). However, since in this chapter 
we will be evaluating H(z) only for |zj = 1 (i.e„ for z — e^n), w . will ure the simpler notation of 
i/(fl) rather than write )l (c'°). This is essentially the same type of notation simplification that was 
made in Chapter 4 (see the footnote on p. 172). 
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REPRESENTA TION 


OF 


APERIODIC 


SIGNALS: 


THE DISCRETE-TIME FOURIER TRANSFORM 


In Example 5.3 [eq. (5.29) and Figure 5.6] we saw that the Fourier series coefficients for 
a periodic square wave could be viewed as samples of an envelope function, and that 
as the period of the sequence increases, these samples become more and more finely 
spaced. A similar observation in Section 4.4 for the continuous-time case suggested a 
representation of an aperiodic signal x(l) by first constructing a periodic signal x(t)> 
which equaled x(t) over one period. As this period then approached infinity, x(t) 
was equal to x(t) over larger and larger intervals of time, and the Fourier series repre¬ 
sentation for x(i) approached the Fourier transform representation for x(t). In 
this section we apply an exactly analogous procedure to discrete-time signals in order 
to develop the Fourier transform representation for aperiodic sequences. 

Consider a general aperiodic sequence x[/t] which is of finite duration. That is, 
for some integer A,, x[n] = 0 if |n| > A,. A signal of this type is illustrated in Figure 
5.8(a). From this aperiodic signal we can construct a periodic sequence x[/i] for which 
x[n] is one period, as illustrated in Figure 5.8(b). As we choose the period Ato be larger, 
x[n] is identical to x[/i] over a longer interval, and as A — > oo, = x[n] for any finite 
value of n. 

Let us now examine the Fourier series representation of x[n], Specifically, 
rewriting eqs. (5.18) and (5.19), we have 
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Figure 5.8 (a) Finite duration signal x[n ]; (b) periodic signal x[n] constructed to 
be equal to x[n] over one period. 

x[n]= £ a^twiw. ( 5. 36) 

*“<V> 

«* = j; £ n> *[»]«-'*<*"«■ (5.37) 

Since x[n] = x[n] over a period that includes the interval |n| <; A„ it is convenient 
to choose the interval of summation in eq. (5.37) to be this period, so that x[n] can be 
replaced by x[n] in the summation. Therefore, 

\ x[n]e -= 1 x[n)e- (5.38) 

where we have used the fact that x[n] is zero outside the interval |n| <, A,. Defining 
the envelope ^(D) of Na k as 

x[n)e-^ (5.39) 

we have that the coefficients a k are given by 

a k = ±X(kn 0 ) (5.40) 

where D 0 is used to denote the sample spacing 2 n/N. Thus, the coefficients a k are 

proportional to equally spaced samples of this envelope function. Combining eqs. 
(5.36) and (5.40) yields 

*M= £ -jjX(kSi 0 )e^ (5.41) 

Since Si 0 = In/N, or equivalently 1/A = ClJ2n, eq. (5.41) can be rewritten as 
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(5.42) 


i[n] = ~ E 

In k-<N> 

As with eq. (4.59), as N — oo, x[n] equals x[n] for any finite value of n and O 0 —> 0. 
Thus eq. (5.42) passes to an integral. To see this more clearly, consider X(Q)e * as 
sketched in Figure 5.9. From eq. (5.39), T(Q) is seen to be periodtc in Q with period 


Xinie 1 "" 



Figure 5.9 Graphical interpretation of eq. (5.42). 


271 , and so is e‘ a \ Thus, the product 3^(0)^ will also be periodic. As depicted in the 
figure each term in the summation in eq. (5.42) represents the area of a rectangle of 
height X(ka 0 )e' n ‘" and width D 0 . As Q„ —0 this becomes an integral. Furthermore, 
since the summation in eq.(5.42) is carried out over N consecutive intervals of width 
Q 0 = 2n/N , the total interval of integration will always have a width of In. Therefore, 
as /v _ oo, 5[n] = x[ri] and eq. (5.42) becomes 

*[*] = ~ J X(fl)e' a ”dQ 

where, since A'(n)e' n " is periodic with period 2 n, the interval of integration can be 
taken as any interval of length 2k. Thus, we have the pair of equations 


(5.43) 

(5.44) 


Equations (5.43) and (5.44) are the discrete-time counterparts of cqs. (4.60) and 
(4 61) The function X(C1) is referred to as the discrete-time Fourier transform and the 
pair of equations as the Fourier transform pair. Equation (5.43) is the synthesis equation 
and eq. (5.44), the analysis equation. Our derivation of these equations indicates 
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: w^g3i^iwac' < y..-?r:>Avair ;we nurmitv ..:• -i—*-•.. • 

:V--. ' l. 4M '.'.'.ii ' Vi ' W ' ; ' ' dv ' vv i 

I heuristically how an aperiodic sequence can be thought of as a linear combination of 
complex exponentials. In particular, the synthesis equation is in effect a representation 
of x[n] as a linear combination of complex exponentials infinitesimally close in 
frequency and with amplitudes X(Ci)(dCll2n). For this reason, as in continuous time, 
the transform .T(n) will often be referred to as the spectrum of x[n], as it provides us 
with the information on how x[ri\ is composed of complex exponentials at different 
frequencies. 

Although the argument that we have used was constructed assuming that x[n] 
was of arbitrary but finite duration, eqs. (5.43) and (5.44) remain valid for an extremely 
broad class of signals with infinite duration. In this case, we again must consider the 
question of convergence of the infinite summation in eq. (5.44), and the conditions on 
x[n] that guarantee the convergence of this sum are direct counterparts of the 
convergence conditions for the continuous-time Fourier transform.t Specifically, 
eq. (5.44) will converge either if x[n] is absolutely summable, that is, 

I x[n] | < oo (5.45) 

j- or if the sequence has finite energy, that is, 

P E I ■*[«] | 2 < oo (5.46) 

K ; Therefore, we see that the discrete-time Fourier transform possesses many 

f similarities with the continuous-time case. The major differerces between the two 

cases are the periodicity of the discrete-time transform A'(fl) and the finite interval of 
(\ integration in the synthesis equation. Both of these stem from a fact that we have noted 

several times before:Discrete-time complex exponentials that differ in frequency by a 

§ multiple of 2n are identical. In Section 5.2 we saw that for periodic discrete-time 

i signals, the implications of this statement are that the Fourier coefficients are periodic 

I '- and that the Fourier series representation is a finite sum. For aperiodic signals the 

j. analogous implications are the periodicity of A'(D) and the fret that the synthesis 

K : equation involves an integration only over a frequency interval that produces distinct 

K complex exponentials (i.e., any interval of length 2n). In Chapter 2 we noted one 

| further consequence of the periodicity of e ,n " as a function of fl. Specifically, since 

Q = 0 and 0 = 2 n yield the same signal, the frequencies near these values or any 
S;. other even multiple of n correspond to low frequencies. Similarly, the high frequencies 

I" in discrete time are the values near odd multiples of n. Thus, the signal x,[n ] shown in 

| Figure 5.10(a) with Fourier transform depicted in Figure 5.10(b) varies more slowly 

» than the signal x t [n] in Figure 5.10(c), whose transform is shown in Figure 5.10(d). 

K. To illustrate the Fourier transform, let us consider several examples. 


tFor discussions of the convergence issues for the discrete-lime Fourier transform, see 
A. V. Oppenheim and R. W. Schafer, Digital Signal Processing (Englewood Cliffs, NJ.: Prentice- 
Hall, Inc., 1975), and J. A. Cadzow and H. R. Martens, Discrete-Time and Computer Control Systems 
(Englewood Cliffs, NJ.: Prentice-Hail, Inc., 1970). 
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x, mi 




Figure 5.10 (a) Discrete-time signal * , J^ e . |i|ne signal XtW with (d) 

concentrated near 51 - 0. * •" _ , ... 

Fourier transform XiW concentrated near fi ~ ±“* ± 



Example 5.5 

Consider the signal 


4 „] = a"«[n], M < 1 


X(Q) = 

= s (« e ' yo )” = 

n-0 

with period 2n. 
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Example 5.6 
Let 


x[n] = a 1 ” 1 , \ a \ < ' 

This signal is sketched for 0 < « < 1 in Figure 5.12(a). Its Fourier transform is obtained 
from eq. (5.44) as + M 

2f(fi) = 2_ a'"'e-' n " 

= 2 + 2 ^ a-'e-i*" 


x[nl 



0 

(a) 

X(tl) 



-2a 0 2 ” “ 


(bl 

Figure 5.12 Signal x[n] - rf-l of Example 5.6 and its Fourier transform 
(0 < a < 1). 

Making the substitution of variables m = -» in the second summation, we obtain 

X(Q) = 2 + t 

The firs, summation is recognized as an infinite geometric senes; the second is also a 
geometric series but is missing the first term. Therefore, we 

1 , 1 t 

*(«) = tj- _ a ^ jn + 

1 — a 2 

— 1 — 2a cos 12 + a 1 

In this case X(S1) is real and is illustrated in Figure 5.12(b), again for 0 < a < I- 


Example 5.7 


Consider the rectangular pulse 

x[n] = 


| n\£N, 

| n | > N, 


(5.47) 
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(5.48) 



Figure 5.13 (a) Rectangular pulse signal of Example 5.7 for A r ; = 2, and (b) its 
Fourier transform. 


Using the same type of calculations as we used to obtain eq. (5.28) in Ex¬ 
ample 5.3, we find that X(Q) can be written as 

<«> 

This Fourier transform is sketched in Figure 5.13(b) for N, = 2. Note that as men¬ 
tioned in the preceding section, the function in eq. (5.49) is the discrete-time counter¬ 
part of the sine function, which appears in the Fourier transform of the continuous¬ 
time rectangular pulse (see Example 4.10). The most important difference between 
these two functions is that the function in eq. (5.49) is periodic with period 2 n, as are 
all discrete-time Fourier transforms. 

In the preceding section we saw that there are no convergence difficulties with 
the discrete-time Fourier series representation of a periodic sequence because the 
synthesis equation (5.18) is a finite sum. Similarly, since the interval of integration is 
finite for the discrete-time Fourier transform synthesis equation (5.43), there are no 
convergence problems in this case either. That is, if we approximate an aperiodic 
signal x[/i] by an integral of complex exponentials with frequencies taken over the 
interval | ft) <, fV, 

* [n] = kf X ( n ) eJ °’ dQ (5 ' 50) 
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then xM = *M for W = n. 

anything like the Gibbs phenomenon. This is Ulustrat 
Example 5.8 

Let x[n] be the unit sample 

x[n] = <5[n] 

in this case the analysis equation (5.44) is easily evaluated, yielding 
ATO = l 

this example, we obtain 

(5il > 

«. U Horn* i» n e ».e M4 fo, 

ZSSSml »" d * di ” pp “ r r ° r 

W — it- 


14 ZTtHE DISCRETE-TIME EDUCED TRAHSEORM 

As in the continuous-time case. ^Terffiffic^igM^s^nrrtheVouH^lranstcnnHb'r 
the Fourier series representation P Dara lleled the development in Section 

aperiodic signals. In the preceding s P examination of the behavior of the 

4.4 by deriving the Fourier transform arbitrarily long. In this section 

Fourier series for periodic signals as the pet oc s ma J^tranly ^ ^ deyelop 

we proceed in an identical fashion to our . s Dec ifi ca lly we first discuss 

further ,he ^a.ioMhlp be,»ee„ .he from ^ 

how I he Fourier senes coefficients o P nce q We , hen show how the Fourier 

Fourier transform of one peri° d of th ^ within the fram ework of 

SISS-S 'He .rensform of. pcrroffic sign.. 
train in frequency. 


5 4 1 Fourier Series Coefficients as Samples 
of the Fourier Transform of One Period 


Le, x W be . perioffic signal whh period N, and l«. x W represeh, one period of SM. 
that is, 


x[n] = 


IxM. 

10. 


M < n <, M + N - 1 
otherwise 


(5.52) 
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3ir/8 










(5.53) 


where M is arbitrary. Then it can be shown by direct calculation that 
Na k = x(k^) 

ZZSSiZZ ™ »• th - 

frequencies 2 k*//V do not depend on M. 

coun'erpari of ,* periodic I.P*. "» »' 415 “ *• 

sequence 

(5 - 54) 

as sketched in Figure 5.15(a). The Fourier series coefficients for this example can be 
calculated directly from eq. (5.19): 

1 V Trnlp _ t* 1! “ /W) “ 

[cq. (5.19)1 0 ‘ = N..t« 

Choosing the interval of summation as 0 <, n <. N — 1, we have 

. _ 1 (5-55) 

Ok- N 

If we then define *,[«] as in eq. (5.52) with M = 0, we have that 

jc,M = <5H 


xlnl 



„ N 2N 

-N 0 

(a) 



m n 

0 , . N 
(c) 


Figure 5.15 (a) Discrete-time periodic impulse train 4«]; (b, c) two aperiodic 
sequences each of which equals x[n) over a single period. 
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which is shown in Figure 5.15(b). The Fourier transform of this signal is 

*,(£}) = 1 (5.56) 

Using eqs. (5.55) and (5.56) we see that eq. (5.53) holds. If instead we choose M 
differently in eq. (5.52), say 0 < M < N, then we obtain a second signal, 
x 2 [n] = <5[n - N] 

which is depicted in Figure 5.15(c) and whose transform is 

ATfi) = e-l™ (5-57) 

which clearly differs from eq. (5.56). However, at the set of sample frequencies 
ft = 2 nk/N, eqs. (5.57) and (5.56) are identical, consistent with our prior observation 
that eq. (5.53) is valid independent of the choice of M. 

5.4.2 The Fourier Transform for Periodic Signals 

We now turn to the calculation of the Fourier transform representation for periodic 
signals. To derive the form of this representation, consider the signal 

x[«] = e ;n ‘" (5-58) 

In continuous time we saw that the Fourier transform of e lo “' was an impulse at 
£» = o)q. Therefore, we might expect the same type of transform to result for the dis¬ 
crete-time signal of eq. (5.58). Recall, however, that the disc.ete-time Fourier trans¬ 
form is periodic in ft with period 2k, and this is a direct consequence of the fact that 
e jn.* _ g/<n.+i»p)» (5.59) 

for any integer r. This observation then suggests that the Fourier transform of x[n] in 
eq. (5.58) should have impulses at ft„, ft„ ± 2k, ft„ ± 4k, ;tnd so on. In fact, the 
Fourier transform of x[n] is the impulse train 

X(ft) = ( S 2m5(ft - ft» - 2 k/) (5.60) 

which is illustrated in Figure 5.16. In order to check the validity of this expression, 





(n„- 2 it) n 0 (n 0 + 2 *) tn 0 + 4») 


Figure 5.16 Fourier transform of x[n] - e >‘°*\ 

we must evaluate the inverse transform of eq. (5.60). Substituting eq. (5.60) into the 
synthesis equation (5.43), we find that 

I- j X(Cl)e jn " r/ft = ~ J t S 2K<5(ft - ft 0 - 2 nl)e'°- aft 

Note that any interval of length 2 k includes exactly one impulse in the summation 
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Uajir i'V*' '■ l....:.. I.: .-..- - -V • 

given in eq. (5.60). Therefore, if the interval of integration chosen includes the impulse 

located at ft 0 + 2nr, we find that 

_L f X(Cl)e ja " dQ. = e JV> ’ +lM,u = e yo " 

^ Jill 

More generally, if x[n] is the sum of an arbitrary set of complex exponentials 

jc[n] = V JO '" + V JO '" + • • • + (5.61) 

then its Fourier transform is 


X(Ci) = b l 2 2 nS(n — (l, — 2nl) + bi ^^2nS(Cl fl 2 2nl) ^ 

+ ... + b M 2 2n5(a-Cl u -2nl) 

That is, A"(fl) is a periodic impulse train, with impulses located at the frequencies 
n ’ fl M of each of the complex exponentials and at all points that are multiples of 
In from these frequencies. Consequently, any 2n interval includes exactly one impulse 
from each of the summations on the right-hand side of eq. (5.62). 

Note that eq. (5.60) is the Fourier transform of the signal given in eq. (5.58), 
whether this signal is periodic or not, that is, whether n o is or is not of the form 
2 nmlN for some integers m and N. Similarly, x[n] in eq. (5.61) is periodic with period 
N only when all of the ft, have this form (with possibly different values of m for each). 
In particular, suppose that x[n] is periodic with period N and that it has the Fourier 
series representation 

x[n] = 2 (5 63) 

k-OO 

If we choose the interval of summation in eq. (5.63) as k = 0, 1.At - 1, then 

x[n] = fl . + + a 1 e J1{U,N) " + ■ ■ ■ + a N . i e JU *-' ){U/N) “ (5.64) 


That is, x[rt] is of the form given in eq. (5.61) with 



Therefore, from eq. (5.62), we see that the Fourier transform of x[n] in eq. (5.63) 
is given by 


X(Si) = a. < 2_ 2nS(Cl - 2 nl) + a, 2^<5(n 2 */) 
-t ... t- 2nd(ci-(N- 0^-2*/) 


This is illustrated in Figure 5.17. In Figure 5.17(a) we have depicted the first sum¬ 
mation on the right-hand side of eq. (5.65), where we have used the fact that the 
Fourier series coefficients are periodic to write 2 na 0 — lna H — 2na_ N . In igure 
5 17(b) we have illustrated the second term in eq. (5.63), and Figure 5.17(c) depic s 
the final term. Finally, Figure 5.17(d) depicts the entire expression for 2f(fi). Note 
that because of the periodicity of the a k , X(Cl) can be interpreted as a train of impulses 
occurring at multiples of the fundamental frequency 2 n/N, with the area ot the 
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; ( -n-i,^) 


2rr\ n : ' 




Figure 5.17 Fourier transform of a discrele-time periodic signal. 

impulse located at £2 = 2 nk/N being 2 na k . That is, an alternative and more convenient 
form for the Fourier transform of a periodic signal is 


* ( n) = 


Example 5.10 

Consider the signal 

x[n] = cosfio" — (5.67) 

From eq. (5.62) we can immediately write that 

*(ft) = ( S 7i(5(f2 - n 0 - In!) + <5(v2 + H 0 - 2 nl)} (5.68) 

which is illustrated in Figure 5.18. This example will be very important in our discus¬ 
sion of discrete-time modulation in Chapter 7. 
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Figure 5.18 Discrete-lime Fourier transform of jr[n) = cos Ci a n. 


Example 5.11 

Consider again the periodic impulse train given in eq. (5.54). Using eqs. (5.55) and 
(5.66) we can calculate the Fourier transform of this signal: 

* (ft) = 7 (569) 

which is illustrated in Figure 5.19. Comparing Figures 5.15 and 5.19, we see another 
example of the inverse relationship between the time and frequency domains. As the 
spacing between the impulses in time (i.e., the period) gets longer, the spacing between 
impulses in frequency (the fundamental frequency) gets smaller. 



Figure 5.19 Fourier transform of a dis¬ 
crete-time periodic impulse train. 


5.4.3 The DFT 


In the introduction to this chapter we indicated that one of the reasons for the tre¬ 
mendous growth in the use of discrete-time methods for the analysis and synthesis 
of signals and systems was the development of exceedingly efficient tools for per¬ 
forming Fourier analysis for discrete-time sequences. At the heart of these methods 
is a technique that is very closely allied with the ideas that we have described and 
used in this and the preceding section and that is ideally suited for use on a digital 
computer or for implementation in digital hardware. This technique is the discrete 
Fourier transform (£>FT)t for finite-duration signals. Although we will not spend a 
great deal of time discussing or using the DFT in this book, it is sufficiently important 
and is derived easily enough from what we have already done to deserve some mention. 

Let x[n] be a signal of finite duration; that is, there is an integer N x so that 

x[n] = 0, outside the interval 0 < n <, 7/, — 1 

|The DFT should not be confused with the discrete-time Fourier transform, with which we 
have been and will be almost exclusively concerned in this book. In order to remove possible confusion 
we will refer to the DFT only by its initials when we discuss it in this section, at the end of Section 
5.6, and in several of the problems at the end of the chapter. 
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Much as we did in the preceding section we can construct a periodic signal 3c[n] that 
is equal to x[n] over one period. Specifically, let N > N t be a given integer, and let 
3c[n] be periodic with period N and such that 

x[n) = x[n], 0 n <, N - 1 p (5.70) 

The Fourier series coefficients for jc[n] are given by 

= ' V x[ri\e~ ll,lu,N)n "* 

N „-<*> 

Choosing the interval of summation to be that over which x[n] = x[«], we obtain 

a k = 2 x[n]e- Jt{1 " /N, " (5.71) 

The'set of coefficients defined by eq. (5.70) comprise the DFT of x[n]. Specifically, 
the DFT of x[n] is usually denoted by X(k), and is defined as 

X(k) = a k = -1 x k = 0, 1,.... N - 1 (5.72a) 

The importance of the DFT stems from several facts. First note that the original 
finite duration signal can be recovered from its DFT. Specifically, the synthesis 
equation (5.18) for the Fourier series representation of x[n] allows us to compute 
x[nj from the a k . Then, using eqs, (5.70) and (5.72a), we have 

x[n] = "fj X(k)e> k ^ N >\ n --= 0, i. if - 1 (5.72b) 

k-0 

Thus, the finitr-duration signal can either be thought of as being specified by the 
finite set of nonzero values it assumes or by the finite set of values c : X(k) in its DFT. 
A second important feature of the DFT is that there is an extremely fast algorithm, 
called the fast Fourier transform ( FFT ), for its calculation (see Problem 5.11 for an 
introduction to this extremely important technique). Also, because of its close rela¬ 
tionship to the discrete-time Fourier series and transform, the DFT inherits some of 
their important properties.t As we will see, in Section 5.6, o:ie of these properties, 
together with the FFT, provides an extremely efficient algorithm for computing the 
convolution of two finite-duration sequences. Finally, note that the choice of N in 
eq, (5.72) is not fixed, provided that N is chosen to be larger than the duration of 
x[n]. For this reason X{k) in eq. (5.72a) is often referred to as an A7-point DFT to 
make explicit the length of the summation in eq. (5.72a). As discussed in Prob¬ 
lem 5.11, there are computational efficiencies to be gained from a judicious choice 
of N, such as choosing it to be a power of 2. 

5.5 PROPERTIES OF THE 

DISCRETE-TIME FOURIER TRANSFORM 

As with the continuous-time Fourier transform, there are a variety of properties of 
the discrete-time Fourier transform that provide further insight into the transform 
and in addition are often useful in reducing the complexity in the evaluation of 
transforms and inverse transforms. In this and the following sections we examine many 

(See the texts on digital signal processing listed in the Bibliography at the end of the book for 
thorough discussions of the DFT and its properties and of the FFT. 
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of these properties; as we will see, there are many sinking similarities and several 
differences with the continuous-time case. When the derivat.on and the interpretation 
of a property is identical to the continuous-time case, we will simply state the property. 
As in Section 4.6, we will focus our attention primarily on the Fourier “ f “' 
However because of the close relationship between the Fourier series and the Foune 
transform, many of the transform properties again translate directly into properties 
for Fourier series. In Section 5.8 we summarize the properties for both the series and 
transform and also provide a table of the series and transform representaUons of 
some of the basic signals that we have already encountered or will find of use m he 
following sections and chapters. Also, in Section 5.9 we present an overview of the 
duality properties for Fourier transforms and series in both continuous and discrete 
time- as we will see, there is a striking symmetry among these representations In 
the following discussions it will be convenient to adopt notation similar to that 
used in Section 4.6, that is, 

x(n) = 

x[n] = S-W)} 

*[„] X(C1) 

5.5.1 Periodicity of the Discrete-Time Fourier Transform 

As we discussed in Section 5.3, the Fourier transform is always periodic in O with 
period In. This is in contrast to the continuous-time Fourier transform. 


5.5.2 Linearity of the Fourier Transform 
If 

x,[n] ■*■—* T,(0) 

and 

x 2 [n] T 2 (Q) 

then 

(5.73) 

5.5.3 Symmetry Properties of the Fourier Transform 

If x[ri] is a real-valued sequence, then 

(5.74) 

From this it follows that is an even function of Q, and | S 

odd function of 0. Similarily, the magnitude of «n) is an even function and 
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phase angle is an odd function. Furthermore, 

sv{x[n]} ^ (MAXn)} 

and 

Qff{x[n]} *■ )4r»(X(0)) 

where Zv and Od denote the even and odd parts, respectively, of *[«]. For example, 
if x[n] is real and even, its Fourier transform is also real and even. Example 5.6 
illustrates this fact for x[n] = a M . 

5.5.4 Time Shifting and Frequency Shifting 



Equation (5.75) can be obtained by direct substitution of x[n - n 0 ] into the analysis 
equation (5.44), while eq. (5.76) is derived by substituting AYO - fi„) into the syn¬ 
thesis equation (5.43). 


5.5.5 Differencing and Summation 

In this subsection we consider the discrete-time counterpart of integration, that is, 
summation, and its inverse, first differencing. Let x[n] be a signal with Fourier trans¬ 
form X(Cl). Then from the linearity and time-shifting properties we have that the 
Fourier transform pair for the first difference signal x[n] — x[n — 1] is given by 

x[n] - x[n - 1] (1 - e-‘ a )X(Cl) (5.77) 

Consider next the signal 

y[n] = £_ *['”] 

Since y[ri\ - y[n - 1] = *M, we might conclude that the transform of y[n] should 
be related to the transform of x[n) by division by (1 — e~ ,a ). This is partly correct, 
but as with the continuous-time integration property given by eq. (4.88), there is more 
involved. The precise relationship is 
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, ,. i.T-v -■ !>. ■■'X ' •• -- 

The impulse train on the right-hand side of eq. (5.78) reflects the dc or average value 
that can result from summation. An important example of eq. (5.78) is the case when 
x[n] = 5 ■[#*]. From Example 5.8 we have that X(Ci) = 1, and eq. (5.78) yields 

u[n) T=^ + n £„ m ~ 2nk) (5 ‘ 79) 

The derivations of eqs. (5.78) and (5.79) are similar to our derivation of the integration 
property in Section 4.6, and both of these equations are derived in Problem 5.22. 


5.5.6 Time and Frequency Scaling 

Because of the discrete nature of the time index for discrete-time signals, the time 
and frequency scaling result in discrete time takes on a somewhat different form 
from its continuous-time counterpart. Let x[n] be a signal with spectrum Affl). First 
let us consider the transform T(fl) of y[n] = x[ n]. From eq. (5.44), 

F(fl) = £ y[n}e-> n ' = x[-n]e-*» (5.80) 

Substituting m — —n into eq. (5.80), we obtain 

Y(C1) = 2 x[m]e-^- n >” = X(-n) (5.81) 


That is, 



Although eq. (5.82) is analogous to the continuous-time case, differences arise 
when we try to scale time and frequency instead of simply reversing the time axis. 
Specifically in Section 4.6.5 we derived the continuous-time property 

*»> ~ r*(?) (5 ' 83 > 

However, if we try to define the signal x[an\, we run into difficulties if a is not an 
integer. Therefore, we cannot slow down the signal by choosing a < 1. On the other 
hand, if we let a be an integer, for example if we consider x[ln], we do not merely 
speed up the original signal. That is, since n can only take on integer values, the 
signal x[2n\ consists only of the even samples of x[n]. 

The result that does closely parallel eq. (5.83) is the following. Let k be a positive 
integer, and define the signal 


*<*.[«] 


f x[njk), if n is a multiple of k 

[0, if n is not a multiple of k 


(5.84) 


As illustrated in Figure 5.20 for k = 3, x,*,[n] is obtained from x[n] by placing (A: - 1) 
zeros between successive values of the original signal. Intuitively, we can think of 
x ul [n] as a slowed-down version of x[n]. If we calculate the Fourier transform of 
x u ,[/i], we find, with the help of eq. (5.84), that 
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Figure 5.20 The signal *,),[«] obtained from x[n] by inserting two zeros between 
successive values of the original signal. 




= E x[r]e-^“ )r = X(kCi) 


That is. 



(5-85) 


Note that eq. (5.85) points out once again the inverse relationship between 
lime and frequency. As the signal is spread out and slowed down in rime by taking 
k > 1, its Fourier transform is compressed. For example, since X(Qj is periodic 
with period 27t, X(kQ) is periodic with period 2n/|A:|. This property is illustrated in 
Figure 5.21 for the example of a rectangular pulse. 


5.5.7 Differentiation in Frequency 

Again let 

x[n] A'(H) 

If we use the definition of X(Cl) in the analysis equation (5.44) and differentiate both 
sides, we obtain 

= - Yj nx ^ e ~ ,n " 

The right-hand side of this equation is nothing more than the Fourier transform of 
— jnx[n]. Therefore, multiplying both sides by j, we see that 
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Figure 5.21 inverse relationship between the time and frequency domains; as k increases 
*(*)[«] spreads out, while its transform is compressed. 

(5.86) 

5.5.8 Parseva/'s Relation 

If x[n] and X(Q) arc a Fourier transform pair, then 

(5.87) 

We note that this is similar to eq. (4.110), and the derivation proceeds in a similar 
manner. In analogy with the continuous-time case, the left-hand side of eq. (5.87) 
is referred to as the energy in x[n] and | X(Q) | 2 as the energy-density spectrum. Since 
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the energy in a periodic sequence is infinite, eq. (5.87) is not useful in that case. For 
periodic signals a form of Parseval’s relation can be derived, similar to eq. (4.111), 
that relates the energy in one period of the sequence to the energy in one period of 
the Fourier series coefficients. Specifically, 


(5.88) 

In the next few sections we consider several additions! properties. The first 
two of these are the convolution and modulation properties, similar to those dis¬ 
cussed in Sections 4.7 and 4.8. The third is the property of duality which is examined 
in Section 5.9, where we consider not only duality in the discrete-time domain but 
also the duality that exists between the continuous-time and discrete-time domains. 



5.6 THE CONVOLUTION PROPERTY 


In Section 4.7 we discussed the importance of the Fourier transform with regard to 
its effect on the operation of convolution and its use in dealing with LTI systems. 
An identical relation applies in discrete time, and for this reason we will find the 
discrete-time Fourier transform to be of great value in our examination of discrete¬ 
time LTI systems. Specifically, if x[n], h[n], and y[n] are the irput, impulse response, 
and output, respectively, of an LTI system, so that 


then 


y[n] = x[n] * h[n] 



where X(Q), //(ft), and T(ft) are the Fourier transforms of x{n], h[n\, and y[n]. The 
derivation parallels exactly that carried out in Section 4.7, eqs. (4.112)~(4.116). As 
in continuous time, the Fourier synthesis equation (5.43) for y[n] can be interpreted 
as a decomposition of x[n] into a linear combination of complex exponentials, with 
infinitesimal amplitudes proportional to X(Q). Each of these exponentials is an 
eigenfunction of the system, and eq. (5.89) is in essence a statement of the fact that 
the change in complex amplitude experienced by each of these complex exponentials 
in passing through the system is //(ft). As before, //(ft) is referred to as the frequency 
response of the system. To illustrate the use of the convolution property, let us consider 
several examples. 

Example 5.12 

Consider an LTI system with impulse response 

h[n] = S[n — n D ] 

The frequency response //(ft) is 

//(ft) = 2 — n 0 ]e~ jn " = e~ /n "‘ 
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Thus, for any input x[n] with Fourier transform T(ft), the Fourier transform of the 
output is 

Y( ft) = e-i a "‘X((l) (5-90) 

We note that for this example, y[n\ = x[n - «„] and eq. (5.90) is consistent with the 
time-shifting property, eq. (5.75). 


Example 5.13 
Let 


.<(«] = P’An] 

Evaluating the Fourier transforms of h[n] and *[«], we have 


y ( fi) = mnmci) = (1 _ (5 ' 93) 

As with Example 4.20, determining the inverse transform of F(ft) is most easily done 
by expanding F(ft) in a partial fraction expansion. Specifically, Y(Ci) is a ratio of 
polynomials in powers of e-‘ D , and we would like to express this as a sum of simpler 
terms of this type so that we can recognize the inverse transform of each term by 
inspection (together, perhaps, with the use of the frequency differentiation property 
of Section 5.5.7). We discuss this at more length in Section 5.11 and in the Appendix 
and illustrate it now for this example. 

If a P, the partial fraction expansion of F(ft) is of the form 

wot - A .- +_2- (5-94) 

1 - Cte~ ,a + 1 - [!e-> n 

Equating the right-hand sides of eqs. (5.93) and (5.94), we find that the correct values 
of the constants A and B are 

Therefore, from eqs. (5.91) and (5.92), we can obtain the inverse transform of eq. 
(5.94) by inspection: 


An] = ~ “"I)1 

a ~ P a P (5.95) 

= —Lg[a” +I «[n] - '«[«]] 

a — p 

For a — P the partial fraction expansion in eq. (5.94) is not valid. However, 
in this case 


which can be expressed as 


Y(V = (r^F7n) 2 
y ( Q) = “« in ^(r=“SF7n) 
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Exactly as we did in Example 4.20, we can use the frequency differentiation property, 
eq. (5.86), together with the Fourier transform pair 
S 1 

a "A"] •*—> i _ ae~ tn 

to deduce that 

j dti{ 1 -oi=5=) 

To account for the factor e'°, we use the shifting property, eq. (5.75), to obtain 

(n + ])a” +l «[n + 1] j^ a j a ( } — ^prjn) 

and finally, accounting for the factor 1/a, 

An] = (« + l)a»«[n + 1] _ « e~ja) = (i _4 7=7*) (5 ‘ 97) 

It is worth noting that although the left-hand side is multiplied by a step that begins 
at n = -1, the sequence (n + l)a" u[n + 1] is still zero prior to n = 0, since the factor 
(n + 1) is zero at n = —1. Thus, we can alternatively express >{n] as 

yfn] = (/I + l)a"u{n] (5.98) 

The frequency response //(ft) plays the identical role for discrete-time LTI 
systems as that played by its continuous-time counterpart for continuous-time LTI 
systems. For example, the frequency response of the cascade of two discrete-time 
LTI systems is simply the product of the frequency responses of the two systems. 
It is also important to note that just as in continuous time, not every discrete-time 
LTI system has a frequency response. For example, the LTI system with impulse 
response h[n] = 2 n u[n] does not have a finite response to sinusoidal inputs, which is 
reflected in the fact that the Fourier transform for h[n\ diverges. However, if an LTI 
system is stable, then from Section 3.4.4 we know that its impulse response is abso¬ 
lutely summable, that is, 

E I h[n] | < °o (5-99) 

Referring to Section 5.3 and in particular to eq. (5.45) and the associated discussion, 
we sec that eq. (5.99) guarantees the convergence of the Fourier transform of h[n\. 
Therefore, a stable LTI system has a well-defined frequency response //(ft). For an 
illustration and further interpretation of these comments, see Problem 5.27. 

5.6.1 Periodic Convolution 

As in Section 4.7, the convolution property as considered thus far cannot be 
applied directly to two sequences that are periodic, since in that case the convolution 
summation will not converge. However, we can consider the periodic convolution 
of two sequences x,[n] and x 2 [/r] which are periodic with common period N. The 
periodic convolution y[n] is denoted by x,[n] ® x z [n] and is denned as 

y[n] = ® Xi[n\ = - m] (5.100) 

which is the discrete-time counterpart of eq. (4.132). Equation (5.100) states that 
y[n] is obtained by combining x,[/tj and Xj[/tjin a manner that is reminiscent of the 


Sec. 5.6 The Convolution Property 


329 




usual convolution of sequences, which is often referred to as aperiodic convolution 
to distinguish it from periodic convolution. In Figure 5.22 we have illustrated the pro- 


xj|m] 



-NON 


Interval of 
summation 

Figure 5.22 Procedure in forming the periodic convolution of two periodic 
sequences. 

cedure used in calculating the periodic convolution. The signals x,[ tm] and x 2 [n — m] 
are multiplied together just as in aperiodic convolution. Note that both of these 
signals are periodic in m with period N and consequently so is their product. Also, 
the summation is carried out only over one period. To calculate y[n] for successive 
values of n, x 2 [n — m] is shifted, and as one period slides out of the interval of sum¬ 
mation, the next period slides in. Therefore, if n is increased by N, x 2 [n — m\ will 
have been shifted one full period, and from this we can deduce that y[n + AI] = y[n] 
(i.e., that y[n] is periodic with period A). Furthermore, it is a straightforward cal¬ 
culation to verify that the same result is obtained for any choice of the interval of 
summation in eq. (5.100). 



jf 
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For periodic convolution, the counterpart of the convolution property [eq. 
(5.89)] can be expressed directly in terms of the Fourier series coefficients. With {a*}, 
{£►*}, and {c,} denoting the Fourier series coefficients of 3c,[n], x 2 [n], and y[n\ respec¬ 
tively, then 

[~c k = Na k b k j (5.101) 

which is directly analogous to eq. (4.133). 

The most important use of eq. (5.101) is in its application, together with the 
DFT, in the efficient calculation of the aperiodic convolution of two finite-duration 
sequences. Let x,[n] and x 2 [n] be two such sequences, and suppose that 

x.[n] — 0, outside the interval 0 < n < N, — 1 

~ 1 (5.102) 

x 2 [n] = 0, outside the interval 0 <[ n <, N 2 — 1 

Let y[n] be the aperiodic convolution of x,[n] and x 2 [n]. Equation (5.102) then implies 
that 

y[n] = x,[n] * x 2 [n] = 0, outside the interval 0 < n <, A, F A 2 — 2 (5.103) 


(see Problem 3.11). Suppose we choose any integer A ;> A, + A 2 
signals Xj[n] and x 2 [n] that are periodic with period A" and such that 

Q <, n <, N — 1 
x 2 [n] = x 2 [n], 0 <. n <, N — 1 

Let y[n] be the periodic convolution of x,[n] and x 2 [«], 

y[n] = E x&mfiAn - m] 

m-CV> 

Then, as shown in Problem 5.12, 

y[n] — y[n], 0 <; n <, N - 1 


The intuition behind eq. (5.106) can be gained by examining F : gure 5.23. Essentially, 
we have “padded” x,[n] and x 2 [n] with enough zeros [i.e., w: have chosen N long 
enough in cq. (5.104)] so that the periodic convolution y[n] equals the aperiodic 
convolution y[n] over one period. If we had chosen N too small, this would not be 
the case. Note also that from eq. (5.103) and the fact that N ;> N, + N 2 — 1. y[n] 
is zero outside the interval 0 <, n <, N — 1. Consequently, y[n], the aperiodic con¬ 
volution of x,[fl]and x 2 [«] can be completely determined from the periodic convolution 
of x,[n] and x 2 [n]. Also, from eq. (5.101), we note that we can calculate the Fourier 
series coefficients for y[n] as the product of the Fourier series coefficients of x,[n] and 
x 2 [n]. Since y[n], 5c,[n], and x 2 [n] are identical to y[n], x,[n], and x 2 [n], respectively, for 
0 <; n ^ N — 1, we see from eq. (5.72a) that the Fourier series coefficients for the 
three periodic signals are equal to Y(k), >?,(£), and X 2 {k) the DFTs of y[n], x,[n], 
and x 2 [n]. Therefore, putting this all together we obtain an algorithm for the 
calculation of the aperiodic convolution of x,[n] and x 2 [n]: 


1. Calculate the DFTs X t (k) and X 2 (k) of x,[n] and x 2 [n] 1'rom eq. (5.72a) 

2. Multiply these DFTs together to obtain the DFT of y[n]: 

Y(k ) = X t (k)X 2 (k) (5.107) 
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signals as one period of th pc period; (a) original signals; (b) 

equal to one of the origins s'g^ ^ periodic convolution where N is 

« r -h — r « StS^rr 
- (b) for 

°~ n ~ N , 1 ' nFT of Y(k) from cq. (5.72b). The result is the desired 

3. Calculate the inverse DFT o! rw lron " v 

convolution;'[«]• . rspq- where 

~r'r * “ 
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Fourier transform algorithm and since eq. (5.101) is computationally quite simple, the 
overall algorithm 1-3 represents an extremely efficient procedure for calculating the 
convolution of finite-duration signals. 


THE MODULATION PROPERTY 

In Section 4.8 we introduced the modulation property for continuous-time signals and 
indicated some of its applications through several examples. An analogous property 
exists for discrete-time signals and plays a similar role in applications. In this section 
we derive this result directly and give an example to illustrate it and to suggest possible 
applications. 

To develop the modulation property, consider y[n] equal to the product of x.lrtj 
and x 2 [n], with yffl), X^Ci), and X 2 (ft)denoting the corresponding Fourier transforms. 
Then 



y(0) = 2 y[n]e- ,n " = 


or, since 

x,[n ] - Yn [ X ' {6)e ‘ f " dd 

(5.108) 

then 

Y(fi) = x,[«) j' 2 <!0\e-‘ n ' 

(5.109) 

Interchanging the order of summation and integration, wc obtain 



y(O) = ~ 2f,(0)[ d6 

(5.110) 


The bracketed summation is JT 2 (fi - 6), and consequently eq. (5.110) becomes 

y( 0 ) = JL J XtWXifr-0)d3 (5- 


Equation (5.111) is in a form identical to eq. (4.132) and corresponds to a periodic 
convolution of A^fft) and X 2 (Cl). 

The modulation property will be exploited in some detail when we discuss 
modulation and sampling in Chapters 7 and 8. Let us illustrate the use of eq. (->■ 11 0 
with an example that we will see again in Chapter 7. 

Example 5.14 

Let jrjn] be the periodic sequence 

*,[«]*=«"*»(-1)* (5II2) 
Which is periodic with period 2. From eq. (5.60) we have that the Fourier transform 
of jti [n] is 

„v,(n) = 2 ti s - ( 2r + »*) (5 - 113) 

as sketched in Figure 5.24(a). Taking ^(O) to have the form shown in Figure 5.24(b), 
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1: 




x,im 



X,(0) 

2ir I 2 ' 2 " 



- 3 jr | - 2 r 3 * * 

X.in-fl) 1 



j Interval of > j 
^ integration 


(c) 

Ytm 



Figure 5.24 Discrete-time modulation property (a) Fourier transform of 
t„i = (_!).■ (b) Fourier transform of xiM; (c) procedure for calcu 
in , the periodic convolution of eq. (5.111); (d) Fourier transform of y[n) = 
jri(n) * 2 [n] = ( — l)”X2(n]. 

we can carry out the convolution in eq. (5.111) graphically. In Figure 5.24(c) we have 
depicted X t (0) and X 2 (Cl - 9). In evaluating eq. (5.111), the ^ a ‘* on ^ “ th d e 

out over any In interval in 9. which we choose here as 0 < 6 < 2n. Thus, over 
interval of integration, 

X I (9)X 1 (0. - 0) = 2nX 2 (0. - 9) 5(6 -n) = 2nX 2 (Cl - n ) 5(9 - n) 

so that 
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m tm-i am$' fe.i 

Y(D) = fX 2 (f2 - n) 5(6 — n)dd = X 2 (Cl - n) (5.114) 

Jo 

For X 2 (C1) in Figure 5.24(b), Y(O.) is then as sketched in Figure 5.24(d). Note that 
we could have obtained eq. (5.114) directly from the frequency-shifting property, eq. 
(5.76), with O 0 = 7i. 

Modulation of an arbitrary sequence x 2 [n] by ( — 1)" has the effect of changing 
the algebraic sign of every odd-numbered sequence value. From Figure 5.24(d) and 
more generally from eq. (5.114), we note that the effect in the frequency domain is to 
shift the periodic spectrum X 2 (C1) by one-half period (i.e., by 7t). Because of the peri¬ 
odicity in the spectrum, this has the effect of interchanging the high- and low-frequency 
regions of the spectrum. For this reason, modulation of a sequence by ( — 1)” has a 
number of useful applications, as explored more fully in Chapter 7. 

5.8 TABLES OF FOURIER PROPERTIES AND OF BASIC 
FOURIER TRANSFORM AND FOURIER SERIES PAIRS 

In Table 5.1 we summarize a number of important properties of the discrete-time 
Fourier transform. As we noted in Section 5.5, a number of these properties have 
counterparts for Fourier series, and these are summarized in Table 5.2. The derivation 

TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM 

Aperiodic signal Fourier transform 

x[n] 

M«1 

ux(n] + by[n] 
x[n — no] 
e Jn*”x[n\ 

*[-n] 

(x[n/k], if n is a multiple of k 
xmln] — jf „ j s not a multiple of k 

x [n] • 

x[n]y[n] 

x[n] — x[n — 1] 

t 4*1 

nx[n] 

I X(Ci) = *♦(-«) 
m«{A-(n)} = <Sle{X(-Ci)} 
in*[X({ 1)} = — fm{X(— fl)} 

|2f(Cl)| - I A"(-f!)| 

<XW)= -<X(-C1) 

xi[n] ~ &v(x\n]} [jr[n] real] fft«{X(0)) 

xj.n] — od{x[n]) [jr[n] real] j in{X(Ci)} 

Parseval's Relation for Aperiodic Signals 

i,jxw\* = ±jjxm*dn 


2f(n)l periodic wi .h 
P(C1)J period 2;i 
aX(C 1) + bY(Si) 

X(a - n 0 ) 

*•(-«) 

*(-«) 

X(kCl) 

X({1 )Y(C2) 

JLj x(0)Y(a-6)dB 

(1 - 'e-^)X(0) 

j—+ nX(0) 2 5(Cl - 2nk) 

, dX(n) 

1 da 
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of several of these are considered in Problems 5.4 and 5.6. Finally, in Table 5.3 we 
have assembled a list of some of the basic and most important discrete-time Fourier 
transform pairs. By comparing these tables with Tables 4.1 to 4.3, we can get a concise 
picture of some of the similarities and differences between continuous- and discrete¬ 
time Fourier transforms. 


TABLE 5.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES 

Periodic signal Fourier series coefficients 


x[n|) periodic with 
y[n]} period N 
Ax[n] + By[n] 
xIn - nol 

x *[n] 
x[-n] 

_ lx [n/»i) if a is a multiple of m 
-*i/7i>[n] — |q jf „ i s nol a multiple of m 
(periodic with period mN) 

2 4']An ~ r] 

x[n)y[n] 

jc[«1 - x[n - 11 

£ x[k] (finite-valued and periodic 
*•'“ only if a o = 0) 


jr[/il real 


jc,[n) “ £v{x|n|) U[«l real] 

xAn] = 0d(x[n)) M«1 real) 

Parseval's Relation 


periodic with 
bk) period N 
Aak + Bbk 

ake -Jklln/N)n 9 

Qk~M 

a*k 

Q~k 

(viewed as periodic with period mN) 
hi 

Naybk 


2 a l b k-l 
(1 _ e -jkii./N))a k 



I Ok =■ “t k 
<51 e{ci k ) = dtcln-*) 
a ;»{«*) = —*»{«-») 
|o*| =|fl-kl 

dt^hu) 
j ar»(rtk} 

Periodic Signals 


5.9 DUALITY 

5.9.1 Discrete-Time Fourier Series 

In considering the continuous-time Fourier transform, we observed a symmetry or 
duality between the analysis equation (4.61) and the synthesis equation (4.60). For 
the discrete-time Fourier transform a corresponding duality does not exist between 
the analysis equation (5.44) and the synthesis equation (5.43). However, there is a 
duality in the discrete-time Fourier series equations (5.18) and (5.19). More speci i- 
cally, consider two periodic sequences with period N, related through the summation 
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(5115) 


/M = -T7 2 gtz-Je-A' 2 """” 1 

Jy r-<.N> 

If we let m = k and /- = /?, eq. (5.115) becomes 

fW = 4 2 g[n]e->^- 

JV n-<*> 

Comparing this to eq. (5.19), we see that the sequence f[k] corresponds to the Fourier 
series coefficients of the signal g[n], That is, if we adopt the notation 

J 

*[«] > a k 

for a periodic discrete-time signal and its set of Fourier coefficients, we have that the 
two periodic sequences related through eq. (5.115) satisfy 

sM f[k] (5.116) 

Alternatively, if we let m = n and r — —^, eq. (5.115) becomes 

*«<yv> IS 

Comparing with eq. (5.18), we find that (i/N)g[~k] corresponds to the sequence of 
Fourier series coefficients of f[n]. That is, 

/M (5-117) 

Said another way, since the Fourier series coefficients a k of a periodic signal jc[b] 
are themselves a periodic sequence, we can expand the a k in a Fourier series. The 
duality property described above implies that the Fourier series coefficients for the 
periodic sequence a k are the values (1/A').r[— n] (i.c., are proportional to the original 
signal values reversed in time). 

As in continuous time, this duality implies that every property of the discrete¬ 
time Fourier series has a dual. For example, referring to Table 5.2, the pair of 
properties 

x[n-n a ] ak e-iwu. (5.118) 

a k . M (5.119) 

arc dual. Similarly, from this table we can extract another pair of dual properties, 

2 x [r]A ft ~ r] <—> Na k b k (5.120) 

x[n]y[n] <—> 2 «»**-! (5-121) 

/-ov> 

In addition to its consequences for the properties of discrete-time Fourier 
series, duality can often be useful in reducing the complexity of the calculations 
involved in determining Fourier series representations. Specifically, one evaluation 
of eq. (5.115) yields the Fourier series representation for two periodic sequences. 
This is illustrated in the next example. 
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TABLE B.3 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS 













Example 5.15 

Consider the periodic sequence ^ ^ + ^ 

x[«] ft sin (27M/2N) 


(5.122) 


From Example 5.3, we recognize this as the sequence of Fourier series coefficients of 
Ihe discrem-ume square wave of Figure 5.5. Thus, the Fourter senes coefficients of 
r 1 in eq (5 122) will be 1 IN times the sequence in Figure 5.5 reversed in or er (w 
for this Example has no effect since x W is even). Consequently, the Fourier senes 
coefficients for eq. (5.122) are as indicated in Figure 5.25. 


_- M i ll.. 7 T 

-N -N, ON, N 

Figure 5.25 Fourier series coefficients for the periodic sequence given in 
eq. (5.122). 

5.9.2 Discrete-Time Fourier Transform 

and Continuous-Time Fourier Series 

In addition to the duality for the discrete Fourier series, there is a duality 
between the discrete-time Fourier transform and the contmuous-ttme Fourier-senes. 
SpXlly, l« - compare rtre c„„,i„oo„ M ,m. Fourier 

(4.35) with the discrete-time Fourier transform equations (5.43) n ( . )■ 

repeat these equations here for convenience: 


icptai inx-ov. 

[eq. (5.43)] 

x[n]*5j J X((l)e ja "dCl 

(5.123) 

[eq. (5.44)] 

X(Q)= 2. x[n]e-^ 

(5.124) 

[eq. (4.34)] 


(5.125) 

[eq. (4.35)] 

n* = Jr f x(i)e-»°~dt 

1 o Jr, 

(5.126) 

rtPrinH 9 IT. 


Now let /00 represent a periodic function of a continuous variable with period 2*. 
and let g[m] be a discrete sequence related to /(«) by 


/<«>- |_ii*i>'" (5 I2,) 

Then wkh „ - O and m - ». from «|"(5.IM) »« « that/(P) is *e discrete-time 
Fourier transform of ?[«]. That is, 

gin] m) (5128) 

Also, from this fact and from eq. (5.123), we see that we can recover g[m\ from /(«) 
according to the relation 

<5 ' ,29> 
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Alternatively, if we let u = t and m = —k in eq. (5.127), then /(() is periodic with 
period T 0 = In and frequency o>„ = 2n/T 0 = 1, and, from eqs. (5.125) and (5.127) 
we see that g[—k] is the sequence of Fourier series coefficients of /(/). That is, 

m *[-*] (5-130) 

where we have again adopted the notation 

!F 

x(t ) *->a k 

for a continuous-time periodic sequence and its Fourier series coefficients. 

What eqs. (5.128) and (5.130) say is the following. Suppose that x[n] is a discrete- 
time signal with Fourier transform X(Q). Then, since this transform is a periodic 
function of a continuous variable, we can expand it in a Fourier series using eq. 
(5.125) with a > 0 = 1 and O, rather than t, as the continuous variables. From the 
duality relationship we can conclude that the Fourier series coefficients of X(Q) will 
be the original sequence x[n] reversed in order. 

As with the other forms of duality, we can use the reb tionship just developed 
to translate properties of the continuous-time Fourier series into dual properties of 
the discrete-time Fourier transform. For example, in Section 4.7 we considereo the 
periodic convolution of two periodic signals. In the case in which these signals have 
period T 0 = 2tt, eqs. (4.132) and (4.133) become 

| xfr)x 1 (t — x)dx <—* 2na k b k 

where a k and b k are the Fourier series coefficients of x,(t and x 2 (t), respectively. 
The dual of this property is the modulation property for discrete-time signals 

x[n]y[n] ~ j X,(0)X t (a - 0) d8 

In the next example we illustrate how the duality relationship can be useful in 
calculating the Fourier representation of signals. 

Example 5.16 

Consider the continuous-time signal x(t), periodic with period 271, and vvitn Fourier 
series coefficients given by 

_ II, |*| <>Ni 
10 , otherwise 

From Example 5.7 we recognize this as the discrete-time rectangular pulse sequence 
with transform given by eq. (5.49). Therefore, from the duality property we have that 
, , sin (N i + |)/ 

x(,) ~ sin (7/2) 

In a similar fashion, consider the discrete-time Fourier transform 2f(fi)specified 
over the period — 7t <; fi <| 7t as „ 

w n)= (‘- (5.131) 

10, lV<\Q\<.n 

From Example 4.5 we recognize this as a periodic square wave, with Fourier series 
coefficients given by eq. (4.40) with 7) = W and Cr> 0 — 1 • Using duality, we then have 
that the inverse transform of eq. (5.131) is 

?*>“(¥) !M32> 
In Table 5.4 we present a compact summary of the Fourier series and Fourier 
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transform expressions for both continuous- and discrete-time signals, and we also 
indicate the duality relationships that apply in each case. 

5.10 THE POLAR REPRESENTATION 

OF DISCRETE-TIME FOURIER TRANSFORMS 

Let jc[/i] be a discrete-time signal with transform X(Cl). Just as we did in Section 4.10, 
we can gain some further insight into properties of the discrete-time Fourier transform 
by examining its polar representation, 

A'(fi) = |*(n)|e'« <n) (5.133) 

Unlike the continuous-time case, both 1^(0)! and e' 4Jrln) are periodic with period 
In. However, the interpretations of these quantities are quite similar to those for 
their continuous-time counterparts. Specifically, lA^ft)! contains the information 
about the relative magnitudes of the complex exponentials that make up xfn], whereas 
the phase function <*(0) provides a description of the relative phases of the different 
complex exponentials in the Fourier representation of x [«]. For a given magnitude 
function | X(Ci) | we may obtain very different looking signals for different choices of 
the phase function <^(0). Therefore, a change in the phase function of AYft) leads 
to a distortion of the signal x(t). As in continuous time, tf e case of linear phase is 
of particular importance. Specifically, suppose that we modify <£A'(ft) by adding 
to it mCl, where m is an integer. Then the resulting transform is 

X(Sl)e Jma 

and from the time-shifting property, eq. (5.75), the resulting signal is x[n -{- m], 
which is simply a time-shifted version of the original signal. 

The polar representation of Fourier transforms is ofien quite convenient for 
the examination of LTI systems. In particular, from the convolution property, the 
transforms of the input and output of an LTI system with frequency response //(ft) 
are related by 

F(fi) = //(£J)A'(fi) 

which can also be written as 

|F(ft)| = |Ff(fi)||Af(fi)| (5.134) 

<T(fi) = <//(ft) + <2T(ft) (5.135) 

Because of the multiplicative form of cq. (5.134) the magnitude of the frequency 
response of an LTI system is sometimes referred to as the gein of the system. 

In the remaining sections of this chapter, as well as in o jr discussion of discrete- 
time filtering in Chapter 6, we will often find it useful to represent Fourier transforms 
graphically. Exactly as in continuous time, eqs. (5.134) and (5.135) suggest that for 
LTI analysis it is often convenient to graph <A'(£J) and the logarithm of jA'(fi)| as 

functions of ft. In this way, the graph of <£T(ft) and the logarithm of | T(ft)| can be 

obtained as the sums of the corresponding graphs for X(Cl) and //(ft). Typical graph¬ 
ical representations of this type are illustrated in Figure 5.26. Here .ve have plotted 
<//(£!) in radians and | //(ft) | in decibels [i.e., 20 log 10 1 //(ft)j| as functions of ft. Note 
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20 log, 0 I Him I 




lh a, for h[n] real, we aCtU ^‘ y ” f ee t f lc P Fiu^ ) t^nsfo^^impHef thal" we can then 
case the symmetry property of Ac Fo (//(ft) , = , w( _ n) , and 

" f ( ^—■ we n 8 eed cons.der no values of greater than 

n because of the periodicity of W /(w) and 20 l ogl0 | H(a»\ versus 

Recall that in continuous tim P> a wider range 0 f frequencies to 

w> using a logarithmic frequency seal • Th^ sjmplificalions for plotting frequency 
be considered and also led to so SDC dficd by differential equations. In 

responses for continuous-time LTI Se considered is limited, and the 

discrete time, however, the range o q asymptotes) is not present for 

advantage fonnd fo, diltent,.! «,« ., | to r scale for 0 
difference equations (see Section • )_ • some cas cs it is more convenient 

in Figure 5.26. Finally, just as m continuous t , ^ for which //(ft) = 0 

to plot | //(a) | rather than .tsMogardhm, J ^ of this book we use both loga- 

for some range of values ol a. , 
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rithmic and linear plots for the magnitude of Fourier transforms and in any particular 
instance will use whichever is more appropriate. 


5.11 THE FREQUENCY RESPONSE OF SYSTEMS 

CHARACTERIZED BY LINEAR CONSTANT-COEFFICIENT 
DIFFERENCE EQUATIONS 

5.11.1 Calculation of Frequency and /mpulse Responses 
for LTI Systems Characterized 
by Difference Equations 


As defined in Chapter 3, a general linear, constant-coefficient difference equation 
for an LTI system with input x[n] and output >>[n] is of the form 

£ a k y[n - k] = £ b k x[n - k] (5136) 

*-0 


In this section we use the properties of the discrete-time Fourier transform to obtain 
an expression for the frequency response of the LTI system described by eq. (5.136). 
Having this expression, we can then use the technique of partial fraction expansion 
to determine the impulse response. This procedure closely paraue s r la. use in 
Section 4.11 for continuous-time systems, and it provides ar extremely useful metboc, 
for analyzing discrete-time LTI systems described by difierence equations. 

As a first step in determining the frequency response for the L 1 1 system specified 
by eq (5 136), assume that the Fourier transforms of x[n], y[ i], and .he system impulse 
response h[n) all exist, and denote their transforms by X(Q), F(n), and J(Q), respec¬ 
tively. The convolution property (5.89) of the discretc-t.m,- Fourier trans.orrn then 

implies that 


am = 


Y(Q) 


X(Q) 


Applying the Fourier transform to both sides or eq. (5.136) and using the linearity 
of the Fourier transform and the time-shifting proper.y (.. ), we o ai 


expression 


or, equivalently, 


£ a k e-> kn Y(Q) = S b k e-‘ ta X{0) 


li > A'(ft) 


t b k e- lka 

k -0 

t °^ )kn 

k-0 


(5.137) 


Comparing eq. (5.137) with eq. (4.145), we see that as in the continuous-time case 
H (0)is a ratio of polynomials, but in this case they are polynomials m the vanab 
e-^As with eq. (4.145), the coefficients of the numerator polynomial are the same 
coefficients as appear on .he rig*, side of (5.136). ^Lre- 

dcncmimto, polynomial are ihe same as appear on the e/r 

fore, the frequency response of the LTI system specified by eq. (5.136) can be written 
down by inspection. 
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Example 5.17 

Consider the LT1 system initially at rest that is characterized by 

y[ri\ — ay[n — 1] = v[n] (5.138) 

with M < 1. From eq. (5.137) the frequency response of this system is 

(5 - 139) 

Comparing this with Example 5.5. we recognize this as the Fourier transform of the 
sequence a"u[n]. Thus, the impulse response of the system is 

h[ri\ — a"u[n] (5.140) 


Example 5.18 

Consider an LT1 system initially at rest that is characterized by the difference equation 
yfrr] - \y{n - 1] + iA" - 2] = 2x[rt] (5.141) 

From eq. (5.137), the frequency response is 

W(£2) = ( — % e -ia + jpm < 5 ' 142 ^ 

To determine the corresponding impulse response, we require the inverse transform 
of //(ft). As in continuous time, an efficient procedure for doing this involves the 
technique of partial fraction expansion, which is discussed in detail in the Appendix 
(see Example A.3, in which the details of the calculations for this example are worked 
out; also see Example 5.13 earlier in this chapter). As a first step, we factor the denomi¬ 
nator of eq. (5.142): 

//(«) = ([ _ t e -/o)d - jFn (5 ' 143) 

Expanding eq. (5.143) in a partial fraction expansion yields 


The inverse transform of each term can be recognized by inspection with the result that 
h[n] = 4(|)”«[n] - 2Q)"«[n] (5.145) 


The procedure followed in Example 5.18 is identical in form to that used in 
continuous time. In particular, after expanding //(ft) in a partial fraction expansion, 
the inverse transform of each term can be recognized by inspection. Thus, we can 
use this technique to invert the frequency response of any LTI system described by 
a linear constant-coefficient difference equation. Also, as illustrated in the next 
example if the Fourier transform, *(ft), of the input to such a system is a ratio of 
polynomials in <T' n , then so is /(ft). In this case we can use the same techntque to 
find the response y[n] to the input x\n\. 

Example 5.19 

Consider the LTI system of Example 5.18, and let the input to this system be 
.vf/i] ■= Q)"4»] 

Then, using eq. (5.137) and Example 5.5 or 5.17, 
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y(ft) = //(ft)T(ft) = r_ 


dlr=t. 


(1 - ie-J°)(l - \e-J a Y 

As described in the Appendix, the form of the partial fraction expansion in this case is 

y(ft) = 1 - + (1 - \e~> a V + T-{e-‘ a (5 ’ 147) 

where the constants B t ,, B tl , and B u can be determined using the techniques described 
in the Appendix. This particular example is worked out in detail in Example A.4, and 
the values obtained are 


i - (1 - {e-i a Y + 1 - {e~> n (5.148) 

The first and third terms are of the same type as those encountered in Example 5.18, 
while the second term is of the same form as one seen in Example 5.13. Either from this 
example or from Table 5.3 we can invert this and higher-order terms cf this type. The 
inverse transform of eq. (5.148) is then found to be 

y[r.] = {-4(|)* - 2(rr + 1)())“ + 8 (^”)«[<j] (5.149) 

5.11.2 Cascade and Parallel-Form Structures 


In Section 4.11 we saw that the use of Fourier transforms allowed us to develop 
two very important structures, the cascade and parallel forms, for the implementation 
of LTI systems characterized by differential equations. Following a similar procedure, 
we can now develop cascade and parallel-form structures for ciscrete-tir.ie LTi systems 
described by difference equations. For convenience in this discussion we will assume 
that M — N in eq. (5.137). This can always be assumed to be true, with some of the 
b k or a k equal to zero. 

The cascade structure is obtained by factoring the numerator and denominator 
of eq. (5.137) into products of first-order terms to obtain //(ft) in the form 


//(ft) = 


bo no + Mk e >a ) 

ITO -I- th.e-‘ a ) 

A- 1 


(5.150) 


Some of the /r* and rj k may be complex, but they then appear in complex-conjugate 
pairs. V/e can multiply each such pair of terms together to obtain a second-order 
term with real coefficients. Then, assuming that there are P such pairs in thejiumerator 
and Q in the denominator, we obtain 


b n (I + Pn‘- ,n + n (1 + Mk e-'°) 

= -*4-- (5-151) 

0 n (1 + + «»e-' 2 °) jg (1 + rj k e- ,a ) 

where we have renumbered the remaining real ji k and rj k so that they run from 1 to 
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. w _ in resneciively Therefore, the frequency response of any LTI 
as the product o second-order LTI systems each described by one 

be realized as the cascade of first second-order 

time ^^.^’st^^^^^e^era/fom^of^he'cascade structure, consider the case in 
which H(Q) is represented as the product of second-order terms alone. 


//(ft) = 


b. W 1 + 

}.{ ^ 


(5.152) 


si 

the difference equation 


,r„) + - 1] + «,.!'[« - 21 - -<M + l 1 '-* 1 " “ 11 + 21 (5 ^”’ 

j» "r- '«* 

“ffie cascade of three »~s 1 . the jjy£ 

i„ continuous tin,., by performing a partial r “,^““a, « " »■ «“ 
■ where aeain for convenience we will assume tnai ra 

KpSi! ' hai *" ,he ”• ” ,n ,hii ‘ p “ 

fraction expansion yields 




V Ak 

M 1 + <he- ,a 


(5.154) 


As before, to obtain an implementation involving only real coefficients, «e add 
together the pairs involving complex congugate s to obtain 


1W) 


realize the LTI system with this frequency response 
Then using cq. ( . ), systems with frequency responses correspond- 

as the parallel mterconnec ion of ^ parall ^ form structure , consider the 

case'whetT/oTevcn'antl «<n> is represented as a sum of second-order terms alone: 


W(f2) = 


b N , 

^ 1 + a,*c-- jn + 


(5.156) 


To do this, we have added together pairs of the remaining first-order terms in eq. 
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, 5 , 55 ) ^ Figure 5.28 we have illustrated the parallel-form realization of erp (5 156) 
for /5 = 6 , where we have used direct form I. realizations for each of the three 

SeCOnd As r i d n r tie n continuous-time case we see that there are a variety of different 
structures that can be used for the implementation of discrete-time LTI sy 
described by linear constant-coefficient difference equations. It is important to poi t 
out that there are differences among these structures that are of significance in t 
actual implementation of an LTI system. Cascade and parallel realizations consis 
of the interconnections of second-order systems which differ only in the values of 
their coefficients This feature can have an impact on the cost of implementatio , 

Is it allows one to use essentially identical modules. Also, these structures offer 
other possibilities in terms of how they are implemented digitally. For exam P le > ln 
implementing a cascade structure we can imagine using a single, second-order digita 
lysum whose coefficients can be changed. Each successive value of the input, fi 
processed by the digital system with its coefficients set equal to those of the fi 
second-order system in the cascade structure; the result is then processed y 
same digital system, this time with its coefficients set to those of the secon secon - 
order system in the cascade, etc. Here we require only a single second-order digit 
system, but the total processing time required to produce the next output is. equal to 
the number of second-order systems in the cascade times the processing time of a 
single second-order system. On the other hand, one could implement a parallel stru - 
ture using a number of second-order digital systems, one for each such system in 
realization These systems would then process x[n] simultaneously and consequ y 
ffie total Processing time to produce the next output is the processing time of a single 

SeCOn ?; 0 a d d e dition e t m o‘issues such as those just described, the choice of a structure 
for implementation also involves the consideration of the fact that the actual imp e 
mentations of different structures do not perform identically. Specifically l w 
implement a discrete-time system digitally, we are confronted w '‘h ‘he limitations 
the finite legister length of digital systems. Thus we cannot implement the desi 
coefficient values exactly. Also, numerical operations such as multiplication a 
addition are subject to roundoff, which is a nonlinear operation. It is a genera fact 
that finite register length effects are different for different structures and while w 
IS , 1 no! aZts this topic here, the methods we have developed ,n this chapter 

provide an essential ingredient for its investigation.! • „„ 

In th i s se ction wc have seen that the tools of discrete-time Fourier analysis ar 
or preat use in facilitating the examination of discrete-time LTI systems characterize 
b Tnearconsfant-coeffident difference equations. Just as in the con,.nuo«s-t,m 
case, however, to use these techniques in examining any P“" ,C “J r ^ y S ibcd 
LTI system must \ l 'J F ^and & conTequen11 y does not have a frequency 

. s ” ai ”'“ wi " be 
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liritlv that the LTI system under consideration is stable and therefore 

....«»«»».».»-»» ■»»■ 

and unstable LTI systems. 

? first-order and second-order systems 

I. .hi. section w. parallel ,h. o^c,™£££5 

of first- and second-order systems, s i ^ ^ construct systems with higher- 
thought of as the budding Wodcsfro some understanding of these basic 

SKp secant insight into the behavior of genera, LTI systems 
described by difference equations. 

5.12.1 First-Order Systems 

Consider the first-order causal LTI system described by the difference e 4 uat '°" 
y[n ] — ay[n — 1] = *[»] 

will, 1.1 < I. From Example 5.17 wc have that .ha frequency response of .his s,s.em is 
««» - <5JS8> 
and its impulse response is given by 

h[n] = cTu[n] 

this system is 

4«] = h[n] * w[n] = \~^T~ (5.160) 
which is sketched in Figure ^ , a ro le similar to that of the time constant 

The magnitude of the paramet p y determines the rate at which 

T ofa continuous-time first-order system pecnca d (5 .160) and 

,hc first-order system responds. For example, fromi eqs P ' J ra te 

Figures 5.27 and 5.30 wc see "^^J^puf^'rcsponsc^ecays sharply and 

at which |of converges to zc . ’ , . nearer to 1 , these responses arc 

the step response settles quickly for M ' h p irs( . ort ) cr system described 

slower Note that unlike its continuous-time * < 0 in which 

by eq. (5.157) can displa ?' “^'h^overshoot of its final value and ringing, 
case the step response exhibits b magnitude and phase of the frequency 

In Figure 5.31(a) we have plotted the <°S ™gn» ^ of a < 0 is illustrated 
response in eq. (5.158) for several va ues o • system attenuates 

- F,gure 5.31(b). From the. S- - sec that for J > ■ . J Q ^ Q] whilc 

^“s^phh- high frequencies anr, ...enua.es low frequences. 
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Figure 5.29 Impulse response A[n] = a"u[n] of a first-order system: (a) a - ±1/4; 
(b) a = ±1/2; (c) a = ±3/4; (d) a = ±7/8. 



Figure 5.30 Step response f[n] of a first-order system: (a) a = ±1/4; (b) a - ±1/2; 

(c)a = ±3/4; (d) a - ±7/8. 

Note also that (or |r;| small, the maximum and minimum values, 1/(1 + fl) and 
1/(1 — a), of|//(fl)|are close together in value, and the graph of|//(fl)| is relatively 
fiat. On the other hand, for |a| near I, these quantities differ significantly, and con¬ 
sequently | //(fl)| is more sharply peaked. 

5.12.2 Second-Order Systems 

Consider next the second-order causal LTI system described by 

^[n] — 2 r cos 9 y[n — 1] + r 2 y[n — 2] = .*[«] (5.161) 


354 


Fourier Analysis for Discrete-Time Signals and Systems Chap. 5 


Figure 5.31 Magnitude and phase of the frequency response of eq. (5.158) for a 
first-order system : (a) plots for several values of a > 0; (b) plots for several values 
of a < 0. 


with 0 < r < 1 and 0 <, 6 <, n. The frequency response for this system is 

1 


~ 1 - Ir cos 9 e~’ n + r 2 e~‘ ln 
The denominator of H{Q) can be factored to obtain 

1 


(5.162) 


//(«) = 


(5.163) 


[I - {re ls )e~ 1D }[ 1 - (/•<?-■")<?'■'“] 

For 9 0 or n, the two factors in the denominator of H(Ci) are different, and a 

partial fraction expansion yields 

(5.164) 


//(n) ” 1 - (re je )e~ ln + 1 - {re-‘*)e-‘ n 


where 
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]f 9 = n, then 


and 

h[n] = (n + 1)(— r)"u[n] (5.170) 

The impulse responses for second-order systems are plotted in Figure 5.32 
for a range of values of r and 9. From this figure and from eq. (5.166) we see that 
the rate of decay of /j[n] is controlled by r—i.e. the closer r is to 1, the slower the 
decay in h[n]. Similarly, the value of 9 determines the frequency of oscillation. For 
example, with 9 = 0 there is no oscillation in h[n], while for 9 = n the oscillations 
are rapid. The effect of different values of r and 9 can also be seen by examining the 
step response of eq. (5.161). For 9 =£ 0 or n, 

m = h[n) * u[n) = [j(- 7^^ ) + B ( ' ( 5 - 171 ) 

Also, using the result of Problem 3.19, we find that for 0 = 0, 

•M - [(T^ry - <7-_V + <5 ' 1,2) 

while for 9 = it, 

- [(TTT? + (7T!?'“'>■ + rh<" + <i ' l,3) 

The step response is plotted in Figure 5.33, again for a range ol values of r and 9. 

The second-order system given by eq. (5.161) is the counterpart of the under¬ 
damped second-order system in continuous time, while the special case of 9 = 0 is 
the critically damped case. That is, for any value of 9 other than zero, the impulse 
response has a damped oscillatory behavior, and the step response exhibits ringing 
and overshoot. The frequency response of this system is depicted in Figure 5.34 
for a number of values of r and 9. Here we see that a band of frequencies is amplified 
by this system. Note that 9 essentially controls the location of the band that is ampli¬ 
fied, and r then determines how sharply peaked the frequency response is within this 
band. 

As we have just seen, the second-order system described by eq. (5.163) has 
factors with complex coefficients (unless 9 = 0 or n). It is also possible to consider 
second-order systems having factors with real coefficients. Specifically, consider 
of the form 

//(0) = (1 - 1 - d 2 e- ja ) (5 ’' ?4) 

where rf, and d 1 are both real numbers with \d l \,\d 1 \< 1. This is the frequency 
response for the difference equation 

\/[n] - (d t + d^yln - 1] + d l d 1 y[n — 2] = x[n] (5.175) 

In this case 


H(d) = 


A 

\ - d,e-> n 


+ 


B 

1 - 


(5.176) 
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■Note: The plot for r - j, 0 • 0 has a different scale 
from the others. 


Figure 5.33 Step response of the second-order system of eq. (5.161) for a range 
















































































































(a) 


Ficirc 5 3-1 Magnitude and phase of the frequency response of the second-order 
system of eq. (5.16.): (a) 0 - 0; (b) 0 - «/4; (0 0 - WO “ J /4; 
(e) 9 = ji. Each plot contains curves corresponding to r - 1/4, 1/2, ana 3/4. 


A d. - rf 2 * 


B “ d r - r/, 


Thu s , , . _ , 

which is the sum of two decaying real exponentials. Also, 




The system with frequency response given by eq. (5.174) corresponds to the 
cascade of !wo first-order systems. Therefore, we can deduce most of its properties 
from our understanding of the first-order case. For example, the log-magn.tude an 
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phase plots for eq. (5.174) can be obtained by adding together the plots for each of 
the two first-order terms. Also, as we saw for first-order systems, the response of the 
system is fast if | d t | and | d 2 1 are small, but the system has a long settling time if either 
of these magnitudes is near 1. Furthermore, if d, and d 2 are negative, the response 
is oscillatory. The case when both d , and d 2 are positive is the counterpart of the 
overdamped case in continuous time, as the impulse and step responses settle without 
oscillation. 

Finally, we note that, consistent with our observation at the close of Section 
5.11, we have only examined those first- and second-order systems that are stable 
and consequently have frequency responses. In particular, the system described by 
eq. (5.157) is unstable for |a|^.l, the system of eq. (5.161) is unstable for r^\, 
and the system of eq. (5.175) is unstable if either \d 2 \ or \d 2 \exceeds 1. These state¬ 
ments can be verified directly by examining the impulse response in each case. 
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Figure 5.34 (cont.) 


3 SUMMARY 

In this chapter we have paralleled Chapter 4 as we developed the techniques of 
Fourier analysis for discrete-time signals and systems. As in Chapter 4, the primary 
motivation for this examination is the fact that complex exponential signals are 
eigenfunctions of discrete-time LTI systems. For this reason Fourier series and 
transform representations play a central role in the study of discrete-time signals 
and systems. We have now developed the basic tools, both in continuous time and 
in discrete time, and in Chapters 6 to 8 we apply these results to three topics of 
great practical importance: filtering, modulation, and sampling. I 

Throughout this chapter we have seen a great many similarities between con¬ 
tinuous- and discrete-time Fourier analysis, and we have also seen some important 
differences. For example, the relationship between Fourier series and Fourier trans¬ 
forms in discrete time is exactly analogous to the continuous-time case, and many 



Id) 


Figure 5.34 (cont.) 

of the properties of continuous-time transforms have exact discrete-time counterparts. 
On the other hand, the discrete-time Fourier series for a periodic signal is a finite 
series, and the discrete-time Fourier transform of an aperiodic signal is always periodic 
with period 2 n. Also, in addition to similarities and differences such as these, we have 
described the striking duality among the Fourier representations of continuous- 
and discrete-time signals. 

Without a doubt the most important similarities between continuous- and 
discrete-time Fourier analysis are in their uses in examining signals and LTI systems. 
Specifically, the convolution property provides us with the basis for the frequency- 
domain analysis of LTI systems. We have already seen some of the utility of this 
approach in our examination of systems described by linear constant-coefficient 
differential or difference equations, and we will gain a further appreciation of its 
utility in Chapter 6 when we focus on the topic of frequency-selective filtering. In 
addition, the modulation propei,ies in continuous and discrete time are the keys to 
our development of modulation systems in Chapter 7, and in Chapter 8 we use Fourier 
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Figure 5.34 (cont.) 


analysis in both continuous and discrete time to examire sampling systems and the 
discrete-time processing of continuous-time signals. 


PROBLEMS 

5.1. Determine the Fourier series coefficients for each of the periodic discrete-time signals 
given below. Plot the magnitude and phase of each set of coefficients a k . 

(a) x[n] = sin [7t(n — l)/4] 

(b) x[n] = cos (27W/3) + sin (Innjl) 

, . , . /117E« n\ 

(c) *[/i] = cos I—^- jj 

(d) x[n] is periodic with period 6 and 

a[/i] = ( 2 )” for— 2<.n <.3 

(e) x[n] = sin (27in/3) cos (/tri/2) 

(f) *[«] is periodic with period 4, and 

x[n] = 1 - sin for 0 <; n <, 3 
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Figure P5.1 










5.2. Consider (he signal x[n\ depicted in Figure P5.2. This signal is periodic with period 
N = 4. The signal x[n] can be expressed in terms of a discrete-time Fourier series: 

x[n] = £ a*e'“ 2 * /4 >* (P5.2-1) 

Jc-0 

As mentioned in the text one way to determine the Fourier series coefficients is to treat 
eq. (P5.2-1) as a set of four linear equations [eq. (P5.2-1) for n — 0, 1,2, 3] in the four 
unknowns (a 0 , a u a lt and a y ). 



(a) Explicitly write out these four equations and solve them directly using any standard 
technique for solving four equations in four unknowns. (Be sure first to reduce the 
complex exponentials above to the simplest form.) 

(b) Check your answer by calculating the a k directly using the discrete-time Fourier 
series analysis equation 


a* = 1 £ xWe-l" 1 ''"" 

n-0 

5.3. In each of the following parts we specify the Fourier series coefficients of a signal that 
is periodic with period 8. Determine the signal x[n] in each case. 

/vs - _ /sin (Atti/3), 0 ^ k <, 6 


(a) a k = cos (*71/4) + sin Qkn/4) 
(c) o* as in Figure P5.3(a) 


w * lo, k - 

(d) a k as in Figure P5.3(b) 



Cg ' " 8 16 n 

(a) 



-8 0 8 16 
lb) 

Figure P5.3 
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5.4. Let x[n\ be a periodic sequence with period N and Fourier series representation 

Jt[n] = £ c*e'*<w*>» (P5.4-1) 

*-<*> 

(a) The Fourier series coefficients for each of the following signals can be expressed 
in terms of the a k in eq. (P5.4-1). Derive these expressions. 

(i) J in - n 0 ] 


(ii) 4 «] - x[n - 1] 

(iii) x(n] — x[n — yj 

(iv) jr[n] + x^n +yj 


(assume that N is even) 


(iv) xfn] + x + yj (assume that N is even; note that this signal 

is periodic with period Nl 2) 

(v) *M-n] 

, „ , „ |x[n/m], if n is a multiple of m 

(vi) x tm ln] «= r • . n- I r 

[0, if n is not a multiple of m 

Utoitti] is periodic with period mN) 

(vii) (—l)*x[n] (assume that N is even) 

(viii) (—l)*x[n] (assume that N is odd; note that this signal 
is periodic with period 2 N) 

(ix) M-l-P" 1 ” eVen 

lo, n odd 

(you will have to examine the cases N even and N odd separately) 

(b) Suppose that N is even and that x[n] in eq. (P5.4-1) satisfies 


x[n] = — + yj 


Show that a k — 0 for all even integers k. 

(c) Suppose that N is divisible by 4. Show that if 


x[n] = -x[n + y] 


then a k = 0 for every value of k that is a multiple of 4. 

(d) More generally, suppose that N is divisible by the integer M. Show that if 


him i-i r vt 

£ n + rjj J = 0 for all n 


then a k = 0 for every value of k that is a multiple of M. 

5.5. In this problem we consider the discrete-time counterpart of the concepts introduced 
in Problems 4.7 and 4.8. In analogy with the continuous-time case, two discrete-time 
signals and 4>„l n ] are said to be orthogonal over the interval (N i, N k ) if 

£ Hn\KW = & l Z m (P 5 - 5 - 1 ) 

n-N, 10, k m 

If the value of the constants A k and A m are both I, then the signals are said to be 
orthonormal. 

(a) Consider the signals 

0*[n] = S[n -k], k = 0, ±1, ±2 . ±N 

Show that these signals are orthonormal over the interval (— N, N). 
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ID) Show that (he signals 

tf> k [n] = e M<ww) ”, A = 0, 1. N - 1 

are orthogonal over any interval of length N. 

(e) Show that if 

*fa] = £ 

where the are orthogonal over the interval (At,, Ni), then 

Si l*fa ]| 2 = £ !a/l 2 ^/ 

• -WI t-l 

(d) Let <t>,[n], i — 0, 1. M, be a set of orthogonal functions over the interval 

(Ni,Ni), and let x[n ] be a given signal. Suppose that we wish to approximate 
x[n] as a linear combination of the <f>i[ri], that is, 

Afa] = £ 

where the a, are constant coefficients. Let 

efa] = *fa] — A[/i] 

and show that if we wish to minimize 


£= 2 kWI 2 

m-Ni 

then the o t are given by 

a, - 1 E (P5.5-2) 

Hint : As in Problem 4.8, express £ in terms of a ( , <f>,[n], A,, and write a, = 
+/c,, and show that the equations 


^-0 and ^ = 0 

ab, dc, 


are satisfied by a, given by eq. (P5.5-2). [Note that applying this result when the 
<f>iln] are as in part (b) yields eq. (5.19) for a k .) 

(c) Apply the result of part (d) when the $,[«] are as in part (a) to determine the coef¬ 
ficients a, in terms of x[n]. 

5.6. (a) Let x[/t] and y[n] be periodic signals with 


Jrfa] = £ a k eiW"l N i" (P5.6-1) 

*-<«> 


and 


yfa] = E A*e y ‘ |2 " /Wl ” 

*-<«> 

Derive the discrete-time modulation property. That is, show that 

x[n])in] = £ CkC /K2«/w. 

k-itO 

where 

c k = E a f>k-t ~ E a k-lbl 

1-<N> 1-tN > 

(t>) Use the result of part (a) to find the Fourier scries representation of the following 
signals, where jr[»] is given by cq. (P5.6-1). 
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(i) x[ri\ cos 

(ii) x[n] £ <5fa — rN] 

(iii) x\n] ^ — -j-]) (assume that N is divisible by 3) 

(c) Find the Fourier series representation for the signal arWyfa], where 

xfa] = cos (nnj 3) 

yfa] = is periodic with period 12 

M-f' |nK3 

10, 4<£|«|<£6 

(d) Use the result of part (a) to show that 

£ xfalyfa] “ N £ “ib-t 

»-<AO 1-<N> 

and from this expression derive Parseval’s relation for discrete-time periodic 
signals. 

5.7. Let x[n ] be a real periodic signal, with period N and complex Fourier series coefficients 
a k . Let the Cartesian form for a k be denoted by 

“ k = b k + jc k 

where b k and c k are both real. 

(a) Show that a_ k — a*. What is the relation between b k and £_»? What is the rela¬ 
tion between c* and c_* ? 

(b) Suppose that N is even. Show that a Nn is real. 

(c) Show that x[n] can also be expressed as a trigonometric Fourier series of the form 

. tv-il/2 . /2 ti :kn\ . nnkn\ 


if N is odd, or 


if N is even. 

(d) Show that if the polar form of a k is A k e llk , then the Fourier series representation for 
x[n] can also be written as 

r 1 t k (2nkn D \ 

*faJ = o„ + 2 £ A k cos + 0 k J 

if N is odd, or 

x[n] = (o 0 + a N / k (— 1)") + 2 A k cos ^—f 0 k J 

if N is even. 

(e) Suppose that x[n] and z[n], as depicted in Figure P5.7 have the sine-cosine series 
representations 


(2nkn\ 


(2tlkn\ 

V N ) 

- c* sin 

V N ) 


(2nkn\ 


b k cos 

\ N ) 

c k sin 


-rfa] = no + 2 £ ( |f>* cos — c k sin 

zfa] = r/ 0 + 2 2 t \d k cos ) -/* sin (^h)} 
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Figure P5.7 


Sketch the signal. 

y[n] ~ a 0 ~ d a + 2 £ \d k cos (^) + (A - c k ) sin (~^)} 

5.8. (a) The triangular sequence xM shown in Figure P5.8(a) is periodic with period 
N = 6 and thus has a discrete Fourier series representation given by 

xM = £ a k ei> 

k~0 

Find and sketch the Fourier series coefficients a k . 

(b) The sequence shown in Figure P5.8(b) is periodic with period 8 and is formed 
from x.[n] by inserting zeros between the triangular pulses. If the discrete Fourier 
series representation of xjn] is given by 

xM = £ b k e"<*''»" 

k-0 

determine and sketch the Fourier series coefficients b k . 

(c) The aperiodic triangular sequence x c [n] shown in Figure P5.8(c) corresponds to one 
period of the periodic sequence x ,[n] (or x t [n]). Determine T c (fl), the discrete 
Fourier transform of * c [n] and sketch your result. 

(d) Show that the Fourier series coefficients a k and b k represent equally spaced samples 
of X c (Cl) \ 

a k =c t X c (k fl.) (P5.8-1) 

b k = c l XJkCl l ) (P5.8-2) 

Determine the values of the constants C], c 2 , H,, and fi 2 . 

(e) Consider the aperiodic signal x d ln] in Figure P5.8(d). This signal is equal to x „[n] 
for 0 <, n <, 5. Compute A(fl) and show that 

a k = c, T/AflO 

where c, and fl ( have exactly the same values as in part (d). 
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x„|nl 



012345 n 

(dl 

Figure P5.8 


5.9. (a) Consider an LTI system with impulse response 

m - (*)'•' 

Find the Fourier series representation of the output y[n] for each of the following 
inputs. 

(i) x[n] — sin (37W/4) 

(ii) x[n] — £ 6[n — 4 k] 

(iii) xIn] is periodic with period 6, and 


(iv) x[n ] =/” + (—1)" 



n = 0, ±1 
n = ±2, ±3 
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(b) Repeat part (a) for 


k ... k.. . • 

' 1 . 0£n£2 

0, otherwise 


5.10. As mentioned in the text, it is often of interest to perform Fourier analysis of signals 
on a digital computer. Because of the discrete and finite nature of computers any 
signal that is to be processed must necessarily be discrete and must also be of finite 
duration. Let x[n] be such a signal, with 


x[n] — 0 outside the interval 0 <; n <. //, — 1 


The Fourier transform *(ft) of x[n] is a function of the continuous frequency variable 
However, because of physical limitations it is only possible to compute *(f2) for 
a finite set of values of O. K v ’ 

Suppose that we evaluate *(12) at points that are equally spaced. Specifically 
suppose that we choose an integer N and calculate *(12*) for 


12* 


Ink 
N • 


k = 0,1.// — 1 


(a) Assume that N^N,. Show that 

*(*) = i*(^) 

where *(*) is the DFT of x\ri\. From this, show that *[,,] can be completely deter- 
mined from the samples of its Fourier transform 



( > r P wl (a) W , C haVC See " th8t ' r[n] Can ^ determ ined from //equally spaced samples 
of *(12) as long as N ^ //„ the duration of *[„]. To illustrate that this condition 
is necessary, consider the two signals *,[„] and *,[/,] depicted in Figure P5 10 
Show that if we choose N = 4, we have that 


for all values of k. 




(¥)-'.(¥) 


Xjln) 

. .. , . ■ . _. TTT -2-10. TT|S6 I 

°j,-.111 1 ”'! 

Figure P5.10 

5.1 L As indicated in the text and in Problem 5.10, there are many problems of practical 
mportance in which one wishes to calculate the DFT of discrete-time signals. Often 
ese signals are of quite long duration, and in such cases it is very important to use 

pr °“ d “~ ,n ,ht ,m " ““‘a 

“gnlt ‘"I" 635 ' ^ I”' USC ° f COmputeri2cd Uniques 'or the analysis of 

signals was the development of a very efficient technique, known as the fast Fourier 


x , In] 

f2 
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transform (FFT) algorithm for the calculation of the DFT of finite-duration sequences. 
In this problem we develop the principle on which the FFT is based. 

Let x[n] be a signal that is 0 outside the interval 0 <, n <, N, — 1. Recall from 
Section 5.4.3 that for // ^ N, the //-point DFT of x[n] is given by 

X(k) = 1 "£ >«, k = 0, 1. N - 1 (P5.11-1) 

It is convenient to rewrite eq. (P5.11-1) as 

X(k) = 1 S’ x[n] (PS. 11 -2) 

rV *-o 

where 

W N = 

(a) One method for calculating X(k)is by direct evaluation of eq. (P5.11-2). A useful 
measure of the complexity of such a computation is the total number of complex 
multiplications required. Show that the number of complex multiplications required 
to evaluate eq. (P5.11-2) directly, for k — 0, 1,..., N — 1, is N 1 . Assume that 
x[n] is complex and that the required values of Wl? have been precomputed and 
stored in a table. For simplicity, do not exploit the fact that, for certain values of 
n and k, W'„ is equal to ±1 or ±j and hence does not, strictly speaking, require 
a full complex multiplication. 

(b) Suppose that N is even. Let f[ri\ — x[2n] represent the even-indexed samples of 
x[n], and let ^[/i] = x[2n + 1] represent the odd-indexed samples. 

(i) Show that f[n] and g[n] are zero outside the interval 0 <. n <> (///2) — 1. 

(ii) Show that the //-point DFT X(k) of x[n\ can be expressed as 

X(k) = ^ £ AnW’„ k n+±K £ glnWtfn 

= {P(k) + \W k N G(k), k= 0,1.//- 1 (P5.11-3) 

where 

p(k) = W 

G(k) = ~ jg glnWfa 

(iii) Show that 

P(k + y) = P(k) 

for all k 

G(k+^)~G(k) 

Note that P(k), k = 0, 1.(///2) - 1 and G(k), k =0,1 .(///2) - 1 are 

the (///2)-point DFTs of f[n\ and g[n], respectively. Thus, eq. (P5.11-3) indicates 
that the length N DFT of x[n] can be calculated in terms of two DFTs of length 

N/2. 

(iv) Determine the number of complex multiplications required to compute X(k), 
k = 0, 1,.... N — 1, from eq. (P5.11-3) by first computing P(k) and G(k). 
[Make the same assumptions about multiplications as in part (b), and do not 
count the multiplications by ^ in eq. (P5.11-3).] 

(c) If N/2 is also even then /[«] and g [n] can each be decomposed into sequences of 
even and odd indexed samples and therefore their DFTs can be computed using the 
same process as in eq. (P5.11-3). Furthermore, if N is an integer power of 2, we 
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can continue to iterate this process, thus achieving a significant savings in com¬ 
putation time. Using this procedure, approximately how many complex multi¬ 
plications are required for N = 32, 256, 1024, and 4096? Compare this to the 
direct method of calculation in part (a). 

(d) Although the case in which N is a power of 2 is certainly the one used most com¬ 
monly in practice, it is possible to obtain FFT algorithms for other cases. For 
example, suppose that N is divisible by 3, so that N = 3Af. Show that the X(k) 
can be calculated from the DFTs of length M of the following three signals. 

/i[4 = 434 

fi[n] = x[2n + 1 ] 

/j[4 = 43n + 2] 

More generally, suppose that 

N =P\Pi ■ - Pk 

where each p , is a prime number (some of the p, may be the same). Describe an 
efficient algorithm for calculating the DFT in this case. 

(e) Consider the calculation of the inverse DFT of a signal 44 , that is, 

f £ X(«et*tw»)., 0 ^ n <. N — 1 

4n] = “< w 

to, otherwise 

Suppose that N is a power of 2. Explain how the FFT algorithm can be applied 
to this inverse transform calculation. 

5.12. In this problem we illustrate and expand upon the discussion in Section 5.6 on periodic 
convolution. 

(a) Let jf,[n] and * 2 [/i] be periodic signals with common period N, and let p[n] be their 
periodic convolution, 

I'M = *,[/>] ® jf 2 [«] 

Verify that if «*, 6*, and c k arc the Fourier coefficients of jf,[n], y z [n], and 44, 
respectively, then 

c* = Na k b k 

(b) Let i,[n] and x 2 [/i] be two signals that are periodic with period 8 and are specified 
by 


l.W-1 1 ’ 0S ” S3 

10. 4S-.S? 

Find the Fourier series representation for the periodic convolution of these signals, 

(c) Repeat part (b) for the following two periodic signals that also have period 8: 


(0, 4 ^ n <. 7 

U’>] = (i)', 0 <; u <; 7 

(d) Let X|[n] and x 2 [//] be finite-duration sequences with 

*,[/i] =0 for n outside the interval 0 <, n <, N t — 1 

x 2 [/i] =0 for n outside the interval 0 <£ n <; N 2 — 1 
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Let N be any integer at least as large as A) + A 2 - 1, and let *,[«] and j? 2 [n] be 
periodic with period A, with 

*i[4 = *,[n], 0 <, n <, N — 1 

*44 = x 2 [n], O^/i^ A- 1 

Show that 

xjn] » x 2 [n] = 

(e) Let xjn] and x 2 [n] be finite-duration signals as in part (d), satisfying eq. (P5.12-1), 

with N, = A 2 . How many multiplications are required to calculate x,[n] • x 2 [n] l. 

directly from the convolution sum ? Let N ^ 2 A, — 1 and assume that A is a power [• 

of 2. Suppose that we calculate x,[n] * x 2 [n], as described in the text, by first using 
the FFT algorithm (see Problem 5.11) to compute the DFTs of x,[n] and x 2 [n], 
then multiplying these DFTs together, and then using the FFT to calculate the £ 

inverse transform. How many multiplies are required for this procedure? Com- i; 

pare the computational burden for the two methods for calculating x,[n] ♦ x 2 [n] \ 

when A, = 100 and A = 256. You may find the following identity useful: 

ff k N ' (N l + 1} I 

k -1 5 | 

5.13. Consider the following pairs of signals 44 and 44- For each pair determine if there is | 

a discrete-lime LTI system for which y[n ] is the output when the corresponding 44 £ 

is the input. If such a system exists, explain if the system is unique (i.e., whether there is jj 

more than one LTI system with the given input-output pair). Also determine the fre- | 

quency response of an LTI system with the desired behavior. If no such LTI system | 

exists for a given x[n], An] pair, explain why. i 

(a) x[n] = (£-, 44 - (if I 

(b) 4n] = (|)"«f/t], 44 = Q)"u[/i] 

(c) 4n] = (iYu[n), An] = 4”u[—4 : 

(d) 44 ~ 44 = le 1 " 1 ' { 

(e) An] — e / ’ /, u[4. An] — 2e'" ,l u[n] f 

(0 44 “ /*, An] =• 2y*(i - j) | 

(g) 44 = COS (71/7/3), An] = cos (Jln/3) + */7 sin (nn/3) 

(h) 44 an d y t [n] as in Figure P5.13 | 

(i) 4/i] and r 2 [4 as in Figure P5.13 1, 


x|n) 



-15 -9 -3 0 3 9 15 21 


Y,[4 ® Un], 0 ^ n <, A - 1 
0, otherwise 


y 2 In) 



-9 0 9 18 

Figure P5.13 
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5.11 . . ipute ourie . iform .. . ;1 

(a) x[n] as in Figure P5.14(a) 

(c) {\Yu[n + 2] 

(e) |a|" sin ft 0 /i, |a| < 1 

(g) n{u[n + N] — u[n — N — 1]) 

(i) 2 (i)” «5[« — 3*] 

(k) <5(4 - In) 

(m) a(i)'"' 

(o) at[«] as in Figure P5.14(c) 


of .... ..llowi.. 0 „. 0 .ials. 

(b) 2”a[—n] 

(d) [a* sin O 0 rt]u[n], | a | < 1 
(f) ($)-{«[« + 3] - uIn - 2]) 

(h) cos (1 87 I/i/ 7) + sin (2n) 

0) x[n] as in Figure P5.14(b) 

cos (nn/2), — 4 ^ n <, 4 

0, otherwise 

sin (71/1/2) 1 T sin (7t/r/4) 'j 
nn J L nn J 







(cl 

Figure P5.14 


5.15. The following are Fourier transforms of discrete-time signals. Determine the signal 
corresponding to each transform. 

(a) X(Cl) = 1°' 

ll, FK < |O| ^ 71 

(b) AT(ft) = 1 - 2e~ J>n + <\e lin + 2e-‘ ia 

(c) jr(n) = t ^(-i)*^(n-y) 

(d) X(Q.) = cos 2 ft 
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(e) >(Q) = cos (0/2) +j sin ft for -jc ^ 1 1<, n 

(f) X(C1) as in Figure P5.15(a) 

(g) X(C1) as in Figure P5.15(b) 


xini 



Xlfi) 



(b) 

Figure P5.15 


fo, 0 [0| <; tt/3 

(h) |7r(fi)| = jl, w/3 < |0| ^ 2n/3 

(0, 2ti/ 3 <|ft|^7l 

<AT(ft) = 2ft 

e -ja 

(i) 2f(ft) = j _j_ ^-jn — %e~ J2n 

5.16. In this chapter we showed that for |a| < 1, 

” r - '- ge-V 5 

and 

, 7 1 

(a + l)a"«(a] <—> ^ _ ap-jnj i 

Use properties of the Fourier transform to show by induction that the inverse Fourier 
transform of 

= (1 - Cte~ ia ) r 


Xlni n! (r — 1) 1 

5.17. (a) Let A"(ft) be the Fourier transform of x[n). Derive expressions in terms of A"(ft) 
for the Fourier transforms of the following signals. (Do not assume that x[n] is 
real.) 


r 

I; 

$ 

t 

« 
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(i) <R £{x[n]} 

00 **[-«] 

(iii) fiWW«]] 

(b) Let A'(O) be the Fourier transform of a real signal x[n], Show that x[n] can be 
written as 

x[n] = f' (3(0) cos O + C(0) sin O) 30 
Jo 

by finding expressions for 3(0) and C(O) in terms of Jf(O). 

(c) Suppose that x[n] = 0 unless n is a multiple of a given integer M. Express the 
Fourier transform of yfn] = x[nM} in terms of df(O) = J(x[n]]. 

(d) Let h,[n] and Ji 2 [n] be the impulse responses of causal LTI systems, and let //i(0) 
and Hi(Cl ) be the corresponding frequency responses. Under these conditions, is 
the following equation true in general or not? Justify your answer. 

J" Hm rfflj J"” W 2 (0) 3oJ = ± J" //,(0)// 2 (0) 30 

(e) Is the following statement true or false in general? Again justify your answer. 

If A"(0) = 5(x[n]j is purely imaginary, the odd part of x[n] is real. 

(f) Derive the convolution property 

*[n] . h[n) Jf(0)//(0) 

(&) Let x[n] and h[n] be two signals, and let y[n] = x[n] « h[n]. Write two expressions 
for >10]: one (using the convolution sum directly) in terms of x[n] and h[n], and one 
(using the convolution property of Fourier transforms) in terms of A'(O) and H(0). 
Then, by judicious choice of h[n\, use these two expressions to show Parseval’s 
relation, that is, 

.SJjMP-seJ" 

In a similar fashion derive the following generalization of Parseval's relation, 

=2jr J" fi) 3fl 

(h) Let x[/i] be a discrete-time signal whose Fourier transform has a phase function 
given by 

<*(£)) = afl, |0| < n 

Consider shifted versions of this signal, that is, signals of the form x[n — n 0 ] for 
n a an integer. Are any of these signals even when a =*» 2? What if a = ^? 

(i) Let x[n] be an aperiodic signal with Fourier transform A'(n), and let y[n] be given by 

y[n] = E x[n + rN] 

The signal y[n] is periodic with period N. Show that its Fourier series coefficients 
arc given by 



5.18. Let X(H) denote the Fourier transform ofThe signal x[n] depicted in Figure P5.18. 
Perform the following calculations without explicitly evaluating ATfl). 
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-1 


-2 -10123456 


Figure P5.18 

(a) Evaluate A'(O). 

(b) Find <*(0). 

(c) Evaluate 

j' X(Q)dCl 

(d) Find X(n). 

(e) Determine and sketch the signal whose Fourier transform is , R«{A'(fl)). 

(f) Evaluate: 

(i) J' | A-(0)1*30 


.... f*|3*(n)| 1 , n 

(u > JJ-airl dn 

5.19. Determine which of the signals listed below, if any, have Fourier transforms that 
satisfy each of the following conditions. 

(i) <R*[Jf(n)) = 0 

(ii) -MA-fO)] = 0 

(iii) There exists a real a such that 

^•“A'fO) is real 

(iv) J’ XfD) dCl = 0 

(v) X(d.) periodic 

(vi) X(0) = 0 


(a) x[n] as in Figure P5.19(a) 

(b) x[n] as in Figure P5.19(b) 

(c) x[n] = 

(d) x[n] = (*)'■' 

(e) x[n] = <5[n — 1] + <5['i + 2] 
(0 xln] = S[n — 1] + <5[n + 3] 

(g) x[n ] as in Figure P5.19(c) 



-1 0123456 n 


(a) 

Figure P5.19 
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5.20. 


(b) 

*|n] 




(h) x[n] as in Figure P5.19(d) 

(i) *[n] = 6[n - 1] — <5[n + 1] 


Consider the signal depicted in Figure P5.20. Let the Fourier transform of this signal 
bek written in rectangular form as 


«in] 
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X(C1) = A(C1) + jB(Ci) 

Sketch the time function corresponding to the transform 

Y(Cl) = [B(Q) + /t(n)e'°] 

5.21. Let jt,[n] be the discrete-time signal whose Fourier transform, X,(n), is depicted in 

fa) 8 'CoifsideMhe signal x x [n\ with Fourier transform X^Cl) as illustrated in Figure 
P5.21(b). Express jr 2 [n] in terms of jr,[n]. [Hint: First express Xi(C2) in terms o 
and then use properties of the Fourier transform.] ■ 

(b) Repeat part (a) for jr 3 [n] with Fourier transform as shown in Figure P5.21(c). 




la) 


XjID) 




(-! 

Figure P5.21 
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\ X 

(c) Let 

2 «i[n] 

a = 2 ^=-- 

2 JtiW 

This quantity, which is the center of gravity of the signal is usually referred 
to as the delay time for the signal jr,[«]. Find a (you can do this without first deter¬ 
mining x ,[n] explicitly). 

(d) Consider the signal x t [n] = » h[n], where 

h[n] = 

Tin 

Sketch Af 4 (fl). 

5.22. In this problem we derive the Fourier transform of the unit step ifo], 

(a) Use the fact that 

8[ri) = u[n] — ti[n — 1] 

to deduce that 

^ M«]} = y ' - e -ja + 

where £(fl) is zero unless Cl = 0, ±2it ±4ic ,.... 

(b) Let y[n] = Gd(//[n]} and show that y[n] has the form 

y[n] — i An] + a + b5[n] 

where a and b are constants that you should determine. 

(c) Use the fact that S(y[n]} must be purely imaginary to deduce that 

g(Cl) = 7i 2 8(Cl- 2nk) 

*« — 

(d) Use the result derived in parts (a)-(c) together with the convolution property to 
show that 

*[«]} = + 7tX(0) ^ 2 S(C1- ink) 

5.23. (a) Let Ar,[n] be the signal 

*iM = cos (yj + sin (yj 

and let A'j(fl) denote its Fourier transform. Sketch this signal, together with the 
signals with the following Fourier transforms. 

(0 Xj(n) = x^CDei", im < n 
(ii) Ar 2 (fi) = AT,(n)«-'W», |m < 71 

(b) Let z(t) be the continuous-time signal 

z(t) = cos (H) + sin 

Note that x j/i] can be regarded as a sequence of evenly spaced samples of z(l). 
Specifically, 

jr,[n] = z(nT ) 

Show that x 2 [n ] and JTj[n] can also be regarded as evenly spaced samples of z(r). 

5.24. Let x[m, n] be a signal depending upon the two independent, discrete variables m and 
n. In analogy with one dimension and with the continuous-time case treated in Problem 
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4.26, we can define the two-dimensional Fourier transform of x[m , n] as 

A'(n„n,)= 2 2 *K«]e--' <£wn '" > (P5.24-1) 


(a) Show that eq. (P5.24-1) can be calculated as two successive one-dimensional Fourier 
transforms, first in m, with n regarded as fixed, and then in n. Use this result to 
determine an expression for x[m, n] in terms of -*"(0,, fi 2 ). 

(b) Suppose that 

x [m, n] = a[m]b[n] 


where a[m] and t[rr] are each functions of only one independent variable. Let A (Cl) 
and 3(Cl) denote the Fourier transforms of a[m] and 6[n], respectively. Express 
ATf!,, 0 2 ) in terms of ,4(0) and B(C1). 

(c) Determine the two-dimensional Fourier transforms of the following signals. 

(i) x[m, n] = <5[m — 1] S[n + 4] 

(ii) x[m, n] = (^)*'" , w['i — 2 ]u[—m] 

(iii) xfm, n] = ($)* cos (2nm/3)u[n] 


(iv) x[m, n] = 


if —2 < m < 2 and —4 < n < 4 
otherwise 


(v) x[m, n] = 


if —2 + n<m<2-t-n and —4 < n < 4 
otherwise 


. . , . (Tin , 2 7tm\ 

(vi) x[m, n] = sin (y + —) 


(d) Determine the signal x{m, n] whose Fourier transform is given by 


T, 0 < [O, | < 71/4 and 0 < |0 2 | < 7t/2 

0, 71/4 < |0,1 < 71 or Tt/2 < |ri 2 1 < 71 


(e) Let x[m, n] and h[m, ri\ be two signals whose two-dimensional Fourier transforms 
are denoted by AT(fi,, fi 2 ) and H(C1 U Cl 2 ), respectively. Determine the transforms 
of the following signals in terms of ATfi,, fi 2 ) and H(C1 U Q 2 ). 

(i) x[m, 

1 jr[Ar, r], if m — 2k and n = 3r 

0, if m is not a multiple of 2 or 

n is not a multiple of 3 

(iii) )im, n] = x[m, n]h[m, w] 

5.25. (a) Consider a discrete-time LTI system with impulse response 

h[n\ = (.{Yu[n] 

Use Fourier transforms to determine the response to each of the following input 
signals. 

o) m = (jy«w 

(ii) 4 n] = (n + l)Q)"»[n] 

(iii) x[n] = (— 1)" 

(b) Suppose that 

AM = [(y) cos (t)]“W 

Use Fourier transform techniques to determine the response to each of the follow¬ 
ing inputs. 

(i) x\n] = (#*[<>] 

(ii) x[n) - cos(7ln/2) 
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(c) Let x[n} and h[n\ be the signals with the following Fourier transforms: 

A'(f)) = 3e jn -f 1 — e -/n -f 2e~/ 3n 
H(Cl) = ~ e ‘ a + 2e-> ln + e ltn 
Determine y(n] = x[n\ * h[n\. 

5.26. Let x(n) and y[n] be two real signals with Fourier transforms X(C1) and F(fl). The 
correlation function <f> xy [n] is given by 

<f>*y M = E 4k F n]y[k\ 

In a similar fashion we can define <j> rx [n], A,An], and <j>,An]. Let ®, (Cl), O (Cl) 
and <!>,,(«) denote the Fourier transforms of <f> xy (n], A, An], <j> xx (n] and A [/,]’ 
respectively. r 3,3,1 ‘‘ 

(a) Find an expression for in terms of X(Cl) and F(O). 

(b) Show that is real and nonnegative for every Cl. 

(0 Suppose that x[n] is the input to an LTI system with real impulse response h(n) 
and with corresponding frequency response H(C1), and suppose that y[n] is the out- 
put. Find expressions for and in terms of and H(C1). 

( ) Let x(n] - (i)*«[»], and let the LTI system impulse response be h[n] = (iV-ufnl 
Compute <!>„(£}), 0^(0), and 0^(0) using the results of the previous parts of this 
problem. 

(e) Repeat part (d) for x(n] = 2*u(-n] and h(n] = 4 

(f) Repeat part (d) for x[n] and h[n] shown in Figure P5.26. 


X,n| h[n] 



Figure P5.26 


5.27. In our discussion of frequency responses for continuous-time and discrete-time LTI 
systems we pointed out that not all LTI systems have finite-valued responses to com¬ 
plex exponential inputs. In this problem we provide a bit more insight into this issue. 

(a) Consider the LTI system with unit sample response 

b[n] — 

Compute the response y,[/i] of this system to the input 
*i[n] = (-1)" 

(b) Use the convolution sum to determine the output yi [n] when the input is 

xAn] = (~\Yu[n\ 

Show that 

F’rf'i] = ritn] + y T [n] 

where 

lim y T [n] = 0 
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Often yA”] is referred to as the transient response of the LTI system, and 
yA n \ as the steady-state response. That is, as n —► oo, the system response to Jr 2 [n] 
approaches the response that would have resulted if the sinusoidal signal (—1)” 
had been applied for all time. The transient response thus is du~ :o the fact that 
the signal jr 2 [n] is “started” at n = 0, and the effect of this initial start-up dies out 
asymptotically as n —> oo. This result extends quite generally to the response of 
any stable LTI system. Specifically, if x 3 [n] is a periodic input, then the response 
of a stable LTI system to jr 4 [n] = xAn]u[n\ converges to a steady state which is the 
response to x 3 [rt]. On the other hand, as we mentioned in the text, an unstable LTI 
system may have an infinite response to a sinusoidal input. To gain some under¬ 
standing of this, let us consider applying the input of part (b) to an unstable LTI 
system. 

(c) Consider the LTI system with impulse response 
h[n] = 2"u[n] 

Compute the response of this system to Xi[n). Does this response approach a 
steady state as n —► oo? 

5.28. In Chapter 4 we indicated that the continuous-time LTI system with impulse response 


plays a very important role in LTI system analysis. The same is true of the discrete¬ 
time LTI system with frequency response 


. W . {Wn\ sir 


In this problem we illustrate some of the properties of this system and others that are 
closely related to it. 

(a) Consider the signal 


Suppose that this signal is the input to each of the LTI systems with impulse 
responses given below. Determine the output in each case. 

(i) = 

' Tin 

/•:. fr , = sin (ft/i/6) sin (nnl 2) 

1 ' 1 J Jin nn 

sin (nn/6) sin (nn/2) 

Uiy n 2 n > 

. sin (nn/6) sin (nn/2) 


(b) Consider an LTI system with unit sample response 
ir-i _ sin fa"/ 3 ) 


Determine the output for each of the inputs listed below. 

(i) jtf-i] = the square wave depicted in Figure P5.28 

(ii) x[n] = S[n - 8£] 

(iii) xf/i] = (— Ip times the square wave in Figure P5.28 

(iv) x[n] = 5[n -|- 1] + <5[n — 1] 
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-8 0 8 16 


Figure P5.28 


5.29. (a) Let h[n] and g[n] be the impulse responses of two stable discrete-time LTI systems 
that are inverses of each other. What is the relationship between the frequency 
responses of these two systems? 

(b) Consider causal LTI systems described by the following difference equations. In 
each case determine the impulse response of the inverse system and the difference 
equation that characterizes the inverse. 

(i) y[n] — x[ri\ — \x[n — 1] 

(ii) An] + {y[n - 1] = x[n] 

(iii) An] + \y[n - 1] = An] - {x[n - 1] 

(iv) y[n] + lAn - 1] - Jyfn - 2] = v[n] - \x[n - 1] - \x[n - 2] 

(v) An] + \A n — 1] — \A n — 2] = x[n] — {x[n — 1] 

(vi) y[n] + \y[n - I] - {An - 2] = x[n] 

(c) Consider stable LTI systems which are inverses of each other. Suppose that these 
systems are causal and that one of them has a cascade structure implementation as 
in Figure P5.29-1 (the p , here are given coefficients). Find a cascade structure for 
the inverse of this system (including a specification of the coefficient values in the 
structure). 



Figure P5.29-1 


(d) Consider the causal, discrete-time LTI system described by the difference equation 

pM + An - 1] + {y[n - 2] = ,v[/i - I] - \x[n - 2] (P5.29-1) 

What is the inverse of this system ? Show that the inverse is not causal. Find another 
causal LTI system that is an "inverse with delay” of the system described by eq. 
(P5.29-I). Specifically, find a causal LTI system so that the output iv[/i] in Figure 
P5.29-2 equals An — 1]. 
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Figure P5.29-2 


5.30. (a) Let h[n] be the impulse response of a real, causal, discrete-time LTI system. Show 

that this system is completely specified by the real part of its frequency response. 
{Hint: Show how A[n] can be recovered from £t/{A[n]). What is the Fourier transform 
of Sv{A[n]}?) This is the discrete-time counterpart of the real-part sufficiency 
property of causal LTI systems considered in Problem 4.32 for continuous-time 
systems. 

(b) Let A[n] be real and causal. If 

(R £{H{Ci)] = 1 + a cos 212 (a real) 

determine /r[n] and 

(c) Show that h[n] can be completely recovered from knowledge of dm{//(12)} and 

« 0 ]. 

(d) Find two real, causal LTI systems whose frequency responses have imaginary parts 
equal to sin 0. 

5.31. (a) Let An] be a discrete-time sequence with Fourier transform X(Cl), which is illus¬ 

trated in Figure P5.31. Sketch the Fourier transform of 
An] = An]p[n] 

for each of the following signals p[n], 

X(12) 

-A- 

4 * n 

Figure P5.31 

(i) p[n] = cos Tin 

(ii) p[n] = cos (an/2) 

(iii) An] — sin (an/2) 

(iv) An] = 2 t[n - 2k] 

(v) AA - L S[n - 4 k] 

(b) Suppose that the signal z[n] of part (a) is applied as the input to an LTI system 
with unit impulse response 

= sin(nnl2) 

1 an 

Determine the output y[n] for each of the choices of An] > n part (a). 

5.32. In this problem we introduce the concept of windowing, which is of great importance 
both in the design of LTI systems and in the spectral analysis of signals. Windowing 
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,s the operation of taking a signal x[ri\ and multiplying it by a finite-duration window 
signal w{n]. That is, 

z[n] = 4«M/i] 

Note that z[n] is also of finite duration. 

The importance of windowing in spectral analysis stems from the fact that in 
numerous applications one wishes to compute the Fourier transform of a measured 
signal. Since in actual practice we can only measure a signal x[n] over a finite time 
interval (the lime window), the actual signal available for spectral analysis is 

z[ „] = PM —M <, n <. M 

10, otherwise 

where — AT <, n < AT is the time window. Thus, 
z[n] = x[n]w[n] 

where w[n] is the rectangular window 

-1 _ —Af <, n <, M 

^ ] ~l0 , otherwise < P5 - 32 -» 

Windowing also plays a role in LTI system design. Specifically, for a variety of 
reasons (such as the potential utility of the FFT algorithm-see Problem 5.11) it is 
often advantageous to design a system that has an impulse response of finite duration 
to achieve some desired signal processing objective. That is, we often begin with a 
desired frequency response H(Q), whose inverse transform h[n] is an impulse response 
ol infinite (or at least excessively long) duration. What is required, then, is the con¬ 
struction of an impulse response g[n] of finite duration whose transform C(O) ade¬ 
quately approximates H (fl). One general approach to choosing g[n] is to find a window 
function w[n] such that the transform of h[n]w{n] meets the desired specifications on 
G(U). 

Clearly, the windowing of a signal has an effect on the resulting spectrum In 
this problem we illustrate this effect. 

(a) To gain some understanding of the effect of windowing, consider windowing the 
signal 


x[n] = S <5[/i - k] 

using the rectangular window signal given in eq. (P5 32-1) 

(i) What is XfO)? 

(ii) Sketch the transform of z[n] = x[n]\\[ri\ when AT = 1. 

(iii) Do the same for AT = 10. 

(b) Consider next a signal xf«I whose Fourier transform is specified by 




|fl| < tc/4 

nl4 < |n| <,n 


Let z[n] - x[n]w[n], where w[n] is the rectangular window of cq (P5 32-1) 
Roughly sketch Z(D) for AT = 4, 8, 16. 

One of the problems with the use of a rectangular window is that it introduces 
ripples in the transform Z(D) (this is in fact directly related to the Gibbs phenomenon). 

or this reason, a vari;ty of other window signals have been developed. These signals 
are tapered, that is, they go from 0 to 1 more gradually than the abrupt transition of the 
rectangular window. What this does is to reduce the ripples in Z(H) at the expense 
of adding a bit of distortion in terms of further smoothing of Z(fl). 
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(c) To illustrate the points made above, consider the signal x[n] described in part (b), 
and let z[n] = x[n]iv[n], where w[n] is the triangular or Bartlett window. 


w[n] = 



—M<, n <, M 
otherwise 


Roughly sketch the Fourier transform of z[n] = x[n]w[n] for AT = 4, 8, 16. [Hint: 
Note that the triangular signal can be obtained as the convolution of a rectangular 
signal with itself. This fact leads to a convenient expression for IZ(fi).] 

(d) Let r[n] = xfnMn] where w[n] is a raised cosine signal known as the Hanning 
window. 

r , (4-[l + cos (rtn/Af)], —AT <, n <, M 

^ ” ~ id, otherwise 


Roughly sketch Z(0) for AT = 4, 8, 16. 

5.33. (a) Consider the interconnected system depicted in Figure P5.33-l(a), where 

A.M = 


and where ^(fl) and TTj(fi) are as shown in Figure P5.33-2. Find the output if 
the input has the Fourier transform depicted in Figure P5.33-3. 

(b) Repeat part (a) for the interconnected system of Figure P5.33-l(b), using the same 



2 cos (xn/2) 



cos l»n| 

(b) 

Figure P5.33-1 
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Hjtfil 



Figure P5.33-2 

X(ft) 



5.34. Consider a discrete-time signal jr[n] with Fourier transform as illustrated in Figure 
P5.34. Provide dimensioned sketches of the following continuous-time signals. 

(a) *,(/) = + f x[n]el ^''■»« 

(b) *,(/) = Z x[-n]e^-no)„ 

(c) *,(/) = S 

(d) jr„(r) = 2 <R*(jr[n])e'<i./«).. 



5*-,f 
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Figure P5.34 


5.35. (a) A particular discrete-time system has input x[n] and output yfn]. The Fourier 
transforms of these signals are related by the following equation 

F(0) = 2 X(Ci) + e-i n X(Cl) - 

(i) Is the system linear? Clearly justify your answer. 

(ii) Is the system time invariant ? Clearly justify your answer. 

(iii) What is y[n] if x[n] — <5[n]? 

(b) Consider a discrete-time system for which the transform I'(ft) of the output is 
related to the transform of the input through the relation 

J atn/t 

X(Cl) dCl 

Cl-n/t 

Find an expression for An] in terms of x[n]. 

5.36. (a) We want to design a discrete-time LTI system that has the property that if the input 
is 

= (iMn] - - 1] 

then the output is 

An] = (j)'<r[n] 

(i) Find the impulse and frequency responses of a discrete time, LTI system that 
has this property. 

(ii) Find a difference equation relating x[n] and y[n] that characterizes this system, 
(iii) Determine a realization of the system in terms of adders, coefficient multi¬ 
pliers, and unit delays. Use as few unit delays as pcssible. 

(b) Suppose that a system has the response (|)"k[/i] to the input (n + 2)(j)“«[n]. If the 
output of this system is 5[n] — (—|)*i4/i), what is the input? 
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5.37. (a) Consider a discrete-time LTI system with unit sample response 
h[n] = ({Yu[n] + i(|)”n[n] 

Determine a linear constant-coefficient difference equation relating the input and 
output of the system. Find a realization of this system as a cascade of first-order 
systems, using adders, coefficient multipliers, and delay elements. 

(b) Figure P5.37 depicts a block diagram implementation of a causal LTI system. 

(i) Find a difference equation relating x[n] and y[n] for this system. 

(ii) What is the frequency response of the system? 

(iii) Determine the system’s unit sample response. 



Figure P5.37 


5.38. We are given a discrete-time, linear, time-invariant, causal system with input denoted 
by x[n] and output denoted by y[n]. This system is specified by a pair of difference 
equations, involving an intermediate signal wM- 

y[n] + J y[n — I] + rtf/i] + Jw[n — 1] = fxM 
y[n\ ~ \y[n - I] -I- 2wM - 2 w[n - I] = -\x[n] 

(a) Find the frequency response and the unit sample response of this system. 

(b) Find a single difference equation relating x[n] and y[n] for this system. 

(c) Determine a realization of the system in terms of adders, coefficient multipliers, 
and unit delays. Use as few unit delays as possible. 

5.39. Consider a causal LTI system described by the difference equation 

y[«] + \A n — I] — 

(a) Determine the frequency response H(Q) of this system. 

(b) What is the response of this system to the following inputs? 

(i) x[n] = (£)""["] 

(ii) 

(iii) x[n] = <5[n] + {5[n - I] 

(iv) x[/i] = <5[n] — {S[n — 1] 

(c) Find the response to the inputs with the following Fourier transforms. 

~ 1 - k"'° 

O') X(fl) = r^r 


I + k~ yn 

(ii) X(Q) — | _ 

(iii) 2f(ft) = „ _ | a -jn Ti 


(iii) Xffi) - ( , _ + | e -;n) 

(iv) 3f(ft) = I -I- 2e~ ,Jn 

5.40. Consider an LTI system initially at rest and described by the difference equation 
y[n ] — ^y[n — 2] = a[b] 
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' :'!• . • '' til.. . 1 ' tiBk- * IfeftL 


(a) Find the impulse response of this system. 

(b) What is the response of the system for each of the following inputs? 

(i) *{/i] = (jyi/M 

(ii) *[n] = Kjy + H«4»] 

(iii) x[n] = (n + l)(^)*«[n] 

(c) Determine realizations of the following types for this system. 

(i) Direct form II 

(ii) Cascade of first-order systems 

(iii) Parallel interconnection of first-order systems 

5.41. Sketch the log magnitude and phase of each of the following frequency responses. 


(a) 1 + 0>) 1 + 2e~ jn 

(c) 1 - 2e-' n (d) 1 + 2e-' Jn 



5.42. A causal LTI system is described by the difference equation 

y[rr] — ay[n — 1] = bx[ri\ + x[n — 1] 
where a is real and less than 1 in magnitude. 

(a) Find a value of b so that the frequency response of the system satisfies 

|//(n)| = l for aim 

Such a system is called an all-pass system, as the system does not attenuate the 
input et°" for any value of fi. Use this value of b in the rest of the problems. 

(b) Roughly sketch <//(fi), 0^0^^, when a = f 

(c) Roughly sketch <//(fi), 0 ^ Q ^ n, when a = 

(d) Find and plot the output of this system with a — when the input is 

x[n\ = (\Yuln) 

From this example we see that a nonlinear change in phase can have a significantly 
different effect on a signal than the time shift that results from linear phase. 

5.43. A particular causal LTI system is described by the difference equation 

M - I] + - 2] = *{n] - x[n - 1] 


(a) Find the impulse response of this system. 

(b) Sketch the log magnitude and phase of the system frequency response. 

5.44. A causal LTI system is characterized by the difference equation 

A"] - W" - 1] - \An - 2] = x[n] - 2 x[n - 2] + x[n - 4) 

(a) Construct the direct form II realization for this system. 

(b) Construct a cascade realization (using unit delays, adders, and coefficient multi¬ 
pliers) consisting of the series interconnection of two second-order systems. Note 
that one of these second-order systems is an FIR system. 

(c) Construct a cascade realization consisting of four first-order systems, two of which 
are FIR systems. 
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1 -H’ d) Uii'ng me tecnmque described in .^ Appendix on partial fraction expansion write 
the frequency response H(Q) of the system in the form 

J-l(Q) = c 0 + c,e-' n + c 2 e-i ln + g ° + a,e-i a 

1 — _ ^ e -nn 

where c 0 , Cl ,c 2 a 0 , and a, are coefficients that you should determine Use this 
expression m order to help you: 

(i) Determine the unit sample response of the system. 

(") n C ° nS,rUC ‘ a realiza, ‘ on of the s V s,em consisting of the parallel interconnection 
of a recursive second-order system and an FIR system. 

5.45. (a) Consider two LTI systems with the following frequency responses: 




I + {e~i n 
1 + 




B h e 0V Ii h (n) b | 0 - \H rnTll h e ,T, Cy K r T nSeS haVe lhe Same magnitUde faction 

the plase oJFAtn" )l] “* ^ ° f * larger in ma ^i.ude then 

S JhowThaT and SkC,Ch ‘ he imPUlSe and S,ep resp0nses 0f ,hese lwo s vstems. 

= G(Q)//,(Q) 


W> T C P ° SS m [l c " 1^)1 = I for all fi] (see Problem 5.42). 

I lie system with frequency response 11,(0.) j s usually referred to as a minimL 

s P »ttm w?h‘f 0nd Uni ‘ SamplC reSP ° nSe ’* Ca " ed 3 minimum Phase signal while the 
reason f ! , qilCni:y reSP ° nSe Hl(Q) iS Called a nonminimum phas! system The 
cason for this terminology can be seen in the result of part (a) These systems and 

l ^r"bta4T‘ ,l “'' 0, “ "" those i«ro- 


S '“ ““““ ' ”‘“ n8 »' ■»« LTI »i,h f, 




(a) Find the difference equation describing the overall system 

( and ns ° f ° Vera " SyS ' em consis ' in g of the cascade of a first-order 

and a second-order system, where the first-order system has as its frequency response 

_I_ 

I -I- le-J n 

(c) Determine the impulse response of the overall system 

mui?i a r realiZa,i0n ° f ‘ hC ° Veral1 Sy5 ' Cm ' us * n ® Ul| i. delays, adders, and coefficient 
order system COnS,Slln8 “* Para " el in,crconnec,ion of a first-order and a second- 

547 ' I; ztz th ( 5 Zrr de T ,ure in Section 5 - n - we impiici,,y <*-• 

we will ee in th m *" d0ne ‘° S,mplify the d «cnssion in the text, and as 
for which b l o ^ ‘ S,rUCtUreS Can 56 readi| V constructed for systems 


394 


Fourier Analysis for Discrete-Time Signals and Systems Chap. 5 


(a) Construct the direct form II realization for the causal LTI system with frequency 
response 

H{ = I - ie-JO - io-rin 


(b) Consider the causal LTI system with frequency response 

H(Q) __ e ~ Ja + _ 

’ (1 - JFjB - ie-yin )(J _ e - ja + pjiaj 

Construct a realization of this system consisting of the cascade of two second-order 
systems. 

(c) Let 

= (T - fc-jn _ 

Construct a realization consisting of the cascade of two second-order systems 
(one of which will be an FIR system). 

(d) Consider the frequency response of part (c). Use the method described in the 
Appendix on partial fraction expansion to construct a realization consisting of the 
parallel interconnection of a recursive second-order system and a nonrecursive 
second-order system. 
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Response (dB) Response (dB) Response (dB) 




Frequency 

(a) 



Frequency 

(b) 



Figure 6.1 Frequency response of Ihe equalizer circuits for one particular series 
of audio speakers: (a) low-frequency filter controlled by a two-position switch; 

(b) upper and lower frequency limits on a continuously adjustable shaping filter; 

(c) fixed frequency response of the equalizer stage. 
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Another class of LT1 filters often encountered is that for which the filter output 
approximates the derivative of the filter input. It follows from the differenttation prop¬ 
erty of Fourier transforms, discussed in Chapters 4 and 5, that the frequency response 
of a differentiating filter is of the form H(a>) = ja> (i.e., amplitude that vanes .nearly 
with frequency). The frequency-response characteristics of a differentiating filter are 
shown in Figure 6.2. Differentiating filters are useful in enhancing rapid transitions in 


I HM I 



u 


<HM 


Figure 6.2 Frequency-response charac¬ 
teristics of a filter for which the output is 
the deriva ive of the input. 

a signal and one application in which they often arise is in enhancement of edges in 
picture processing. Figure 6.3 illustrates the effect of a differentiating filter on an 
image. Figure 6.3(a) shows two original images and in Figure -3(0), the resu, o 
processing with a filter having a linear frequency response. Since the derivative at edges 
in a picture is greater than in regions where the brightness vanes slowly spatially, the 
effect of the differentiating filter is to enhance the edges. , 

Frequency-selective filters which pass signals undisloited in one or a set ot tiC- 
quency bands and attenuate or totally eliminate signals in the remaining 
Sands are another important class of LTI filters. The use of frequency-selective filte 
arises in a variety of situations. For example, if surface no.se in an audio recording » 
in a higher frequency band than the music or voice on the recording, it can be removed 
by frequency-selective filtering. Another important application of frequency-selective 
filtersSs in communications systems. As we discuss in detail in Chapter 7, the basis for 
amplitude modulation (AM) systems is the transmission of information from many 
different sources simultaneously by putting the information rom each^ 
separate frequency band and extracting the individual channels or bands at the rece 
J„g frequency-selective filters. Frequency-selective filters for separating the md.v.dua 
channels and frequency-shaping filters for adjusting the tone quality form a major part 
of anv home radio and television receiver. 

Analysis of economic data sequences such as the stock market avcrage , 
monly utilizes discrete-time filters. Often the long-term variations (^<ch correspond 
,0 low frequencies) have a different significance than the short-term vanabons.(which 
correspond to high frequencies), and it is useful to analyze these components sepa 
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(b) 

Figure 6.3 Effect of a differentiating filter on an image: (a) two original images; (b) the 
result of processing the original images with a differentiating filter. 

rately. The separation of these components is typically accomplished using discrete¬ 
time frequency-selective filters. Filtering of economic data sequences is also used to 
smooth the data to remove random fluctuations (which are generally high frequency) 
superimposed on the meaningful data. 

These are only a few of the many applications of filtering using linear time- 
invariant systems, and in this and the next several chapters we see other examples 
of both continuous-time and discrete-time filters. In detail, the topic of filtering 
encompasses many issues, such as those involving design and implementation. The 
selection of an appropriate filter for a specific application often becomes very much 
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of an art. Our principal goal in this chapter is to introduce the basic concept of filtering, 
not to attempt to cover the topic in detail. As we will see, the basic concepts stem 
directly from the notions and properties of the Fourier transform as developed in 
Chapters 4 and 5. Thus, in addition to introducing an important area of application, 
the discussion will serve as a focus for further understanding of the properties and 
importance of the Fourier transform. 


6.1 IDEAL FREQUENCY-SELECTIVE FILTERS 


6.1.1 Frequency-Domain Characteristics 
of Ideal Frequency-Selective Filters 


The mathematical basis for filtering using LTI systems is the fact that for such systems 
the Fourier transform of the output is that of the input multiplied by the frequency 
response of the system. An ideal frequency-selective filter is one that exactly passes 
complex exponentials at one set of frequencies and completely rejects the rest. The 
frequency response H(co) of a continuous-time filter that passes complex exponentials 
e Jctt for values of co in the range — co e ^ cu ^ 0) c and rejects all others is 



|o|^ cu c 

| CO I > <M e 


( 6 . 1 ) 


and is shown in Figure 6.4. A filter with this frequency response is referred to as an 



ideal lowpass filter since the band of frequencies that it passes is centered around 
a = o. The band of frequencies passed by the filter is referred to as the passband, 
and the band of frequencies rejected is called the stopband of the filter. The frequency 
co c is referred to as the cutoff frequency. Two other ideal continuous-time frequency- 
selective filters are shown in Figure 6.5. Figure 6.5(a) corresponds to a highpass 
fitter and Figure 6.5(b) to a bandpass filter in reference to the frequency range that 
the class of filters selects. 

Figure 6.6 shows the frequency response of several discrete-time ideal filters, 
with Figure 6.6(a) corresponding to a lowpass filter, 6.6(b) to a highpass filter, and 
6.6(c) to a bandpass filter. The frequency-response characteristics of the continuous¬ 
time and discrete-time ideal filters differ by virtue of the fact that for discrete-time 
filters, the frequency response H(Q) must be periodic with period 2 n. As discussed in 
Chapter 2, frequencies around even multiples of n (fl = 0, fi = ±2 n, etc.) are inter- 
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-a c o n c 

(a) 


2rr n 


-2a 


H(fl) 

I J __ 1- 1- 

-2a -a a 2a n 

(bt 

Him 

.1 lil _ LI-L-jJ- Li—_ 

-2a -* a 2a n 

(c) 

Figure 6.6 Discrete-lime ideal frequency-selective filters: (a) lowpass; (b) high- 
pass; (c) bandpass. 

preted as low frequencies, whereas those around odd multiples of u (H i37t, 

etc.) are interpreted as high frequencies. 

Each of the ideal filters in Figures 6.4, 6.5, and 6.6 has a frequency response 
that is real and nonnegative, in other words, has a zero phase characteristic. This 
phase characteristic stems from our requirement that any signal whose frequency 


402 


Filtering Chap. 6 


' components are totally within the passband of the filter be passed undistorted We 
have seen in a number of examples in Chapters 4 and 5 how modification of the 
phase can lead to severe distortion in the shape of a signal even when the magnitude 
of the spectrum is undisturbed. A special case in which a nonzero phase characteristic 
results in a “distortion” that is often acceptable is that of linear phase , as indicated 
in Figure 6.7 for an ideal continuous-time lowpass filter. As a consequence of property 
4 6 3 eq (4 8*) a linear phase characteristic introduces a time shift. A similar 
statement applies to other ideal filters, both continuous-time and discrete-time. 



So far the discussion has focused on the frequency-domain characteristics of ideal 
frequency-selective filters. Often in designing and utilizing filters, it is also important 
accoun. the time-domain characteristic, such as the impulse response 
and step response. In the following discussion we will focus on the ideal lowp 

filter for both continuous and discrete time. . 

The impulse response of the ideal lowpass filter corresponds to the inverse 
Fourier transform of the frequency response of Figure 6.4 and as develope 
Example 4.11 is given by 

MO -***{¥) <6 - 2> 

This impulse response is sketched in Figure 6.8. Here the width of the filter passband 
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Figuie 6.8 Impulse response of ideal lowpass filter. 

, , width of the main lobe of the impulse response is 
iS Pr ° P ,°o'°ito L" As the filter bandwidth increases, the impulse response becomes 

C. 6.7, the impulse »Ponse i, -ply *%•< b, «, 
as indicated in Figure 6.9. 



Figure 6.9 Impulse response of the filter of Figure 6 7. 

For the discrctc-timc ideal lowpass filter, the impulse response can be obtained 
from Example 5.16 as 

, n • /ft £ n\ (6.3) 

/>„["] = - sinc ) 
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mu mm win sap* las * ia . 

naesirableTAs we consider in the next section, for this and other reasons it is often 


of interest to design filters with a more gradual transition from passband to stopband. 


.2 NONIDEAL FREQUENCY-SELECTIVE FILTERS 

The class of filters discussed in Section 6.1 are referred to as ideal filters because they 
exactly pass one set of frequencies and completely reject others. However, this is not 
necessarily desirable. For example, in many filtering contexts, the signals to be sepa¬ 
rated do not lie in totally disjoint frequency bands. A typical situation might be that 
depicted in Figure 6.12, where the spectra of two signals overlap slightly. A filter with 


Figure 6.12 Two spectra that are 
u slightly overlapping. 

a gradual transition from passband to stopband is generally preferable when filtering 
the sum of signals with overlapping spectra. 

As we indicated in Section 6.1.2, another consideration is suggested by exami¬ 
nation of the step response, shown in Figure 6.11, of an ideal lowpass filter. For 
both continuous time and discrete time, the step response sufficiently far away from 
the discontinuity is approximately equal to the value of the step. In the vicinity of 
the discontinuity, however, it overshoots this value and exhibits ringing. In some 
situations this time-domain behavior may be undesirable. Since in many cases, the 
characteristics of the “ideal” frequency-selective filter are undesirable it is often pref¬ 
erable to allow some flexibility in the behavior of the filter in the passband and in 
the stopband as well as to permit a more gradual transition between the passband and 
stopband as opposed to the abrupt transition characteristic of the “ideal” filters. For 
example, in the case of continuous-time lowpass filters, the specifications may allow 
some deviation from unity gain in the passband and from zero gain in the stopband 
as well as the specifications of a passband edge and stopband edge with a transition 
band between them. Thus, specifications for a lowpass filter are often stated to require 
the magnitude of the filter frequency response to lie in the nonshaded area indicated 
in Figure 6.13. In this figure a deviation from unity of plus and minus <5, is allowed 
in the passband and a deviation of <5 2 from zero is allowed in the stopband. The 
amount by which the frequency response differs from unity in the passband is referred 
to as the passband ripple and the amount by which it deviates from zero in the stop- 
band is referred to as the stopband ripple. The frequency co p is referred to as the 
passband edge and a>, as the stopband edge. The frequency range from co f to ca, is 
provided for the transition from passband to stopband and is referred to as the 
transition band. Similar definitions apply to discrete-time lowpass filters as well as 
other continuous- and discrete-time frequency-selective filters. 
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Figure 6 13 Tolerances for a lowpass filter. Allowable passband ripple is ±£i, 
and allowable stopband ripple is Si. The dashed curve illustrates one possible 
frequency-response curve that stays within the tolerance limits. 

Even in cases when the ideal frequency-selective characteristics are desirable, 
they may not be attainable. For example, from eqs. (6.2) and (6.3) it is evident that 
the ideal lowpass filter is noncausal and consequently must be approximated for 
real-time filtering by a causal system. It can similarly be shown that the ideal high pass 
and bandpass filters are noncausal. When filtering is to be carried out in real time 
causality is a necessary constraint, and thus a causal approximation to the ideal 
characteristics would be required. A further consideration that motivates providing 
some flexibility in the filter characteristics is ease of implementation. In general, the 
more precisely we try to approximate or implement an ideal frequency-selective 
filter, the more complicated or costly the implementation becomes whether in terms 
of components such as resistors, capacitors, and operational amplifiers, in continuous 
time or in terms of memory registers, multipliers, and adders, in discrete time. In 
many filtering contexts a precise filter characteristic may not be essential and a simple 

filter will suffice. ... . r „ 

Some of the points made above can be summarized in the interpretation of an 

automobile suspension system as a lowpass filter. In Figure 6.14 is shown a diagram¬ 
matic representation of a simple suspension system comprised of a spring and a dash- 
pot (shock absorber). The road surface can be thought of as a superposition of rapid 
small-amplitude changes in elevation (high frequencies)represent.ng the roughness o 
the road surface and gradual changes in elevation (low frequences) due to the genera 
topography. The automobile suspension system is generally intended to filter out 
rapid variations in the ride due to the road surface (i.e., to act as a lowpass filter). 

The basic intent of the lowpass filter represented by the suspension system is to 
provide a smooth ride and there is no sharp natural division between the frequencies 
to be passed and those to be rejected. Thus, it is reasonable to accept a lowpass filter 
that has a gradual transition from passband to stopband. Furthermore, the time- 
domain characteristics of the system are important. If the impulse response or step 
response of the suspension system exhibits ringing, then a large bump in the road 
(modeled as an impulse input) or a curb (modeled as a step input) wlll «uU in 
uncomfortable oscillatory response. In fact, a common test for a suspension sys 
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Chassis 
mass, M 


Reference 
elevation 

Figure 6.14 Diagrammatic representation of an automotive suspension system. 
y 0 represents the distance between the chassis and the road surface when the 
automobile is at rest, y(t) + y 0 the position of the chassis above the reference 
elevation, and x(l) the elevation of the road above the reference elevation. 


is to introduce an excitation by depressing and then releasing the chassis. If the 
response exhibits ringing, it is an indication that the shock absorbers need to be 
replaced. 

Cost and ease of implementation also play an important role in the design of 
automobile suspension systems. Many studies have been carried out to determine the 
most desirable frequency-response characteristics for suspension systems from the 
point of view of passenger comfort. In situations where the cost may be warranted, 
such as for passenger railway cars, intricate and costly suspension systems are used. 
For the automotive industry, cost is an important factor and simple, less costly 
suspension systems are generally used. A typical automotive suspension system 
consists simply of the chassis connected to the wheels through a spring and a 
dashpot. 


I EXAMPLES OF CONTINUOUS-TIME 
FREQUENCY-SELECTIVE FILTERS 
DESCRIBED BY DIFFERENTIAL EQUATIONS 

The automobile suspension system is an example of the approximation of a frequency- 
selective filter using components that are describable by linear constant-coefficient 
differential equations. More generally, in a variety of electrical, mechanical, and 
numerical contexts, systems describable by linear constant-coefficient differential or 
difference equations provide a particularly convenient way of implementing nonideal 
filters. In this and the next section we consider several examples, including the auto¬ 
mobile suspension system, that illustrate the implementation of continuous-time 
and discrete-time frequency-selective filters through the use of differential and dif¬ 
ference equations. 
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6.3.1 RC Lowpass and Highpass Filters 

As an example of a simple continuous-time lowpass filter, consider the first-order 
RC circuit in Figure 6.15. The capacitor voltage is considered to be the system 
output and the source voltage is the system input. The output voltage is related to 
the input voltage through the linear constant-coefficient differential equation 

RC + vjj) = t),0) ( 6 - 4 ) 

at 



Thus this corresponds to a first-order system of the form considered in Section 4.12 
with time constant r equal to RC. The impulse and step response were illustrated in 
Figure 4.39 and are shown again in Figure 6.16. The Bode plot for the frequency 



(a) 


sit) 



(b) 

Figure 6.16 (a) Impulse response of RC lowpass filler with t = RC, (b) step 
response of RC lowpass filter with t ■=* RC. 
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response was shown in Figure4.40and is reproduced in Figure 6.17. From Figure6.17 
we can see that this filter acts as an approximation to an ideal lowpass filter. As an 


alternative to choosing the capacitor voltage as the output, we can instead choose the 
voltage across the resistor. In this case, the differential equation relating input and 


output is given by 


rc ^A!) + VR (t) = RC^jp- 


(6.5) 


and the frequency response C(co) is given by 




Figure 6.17 Bode plot for a first-order RC lowpass filter with r = RC. 

The step response is shown in Figure 6.18 and the Bode plot for the frequency 
response is shown in Figure 6.19. From Figure 6.19 we note that with the resistor 
voltage taken as the output, the RC circuit behaves as an approximation to a highpass 
filter. 

We see from this example that a simple RC circuit can serve as a highpass 
or a lowpass filter, depending upon the choice of the physical output variable. These 
filters do not have a sharp transition from passband to stopband. If desired, more 
complex filters with a sharper transition can be implemented by using more energy 
storage elements (capacitances and inductances in electrical filters and springs and 
masses in mechanical filters), leading to higher-order differential equations. The 
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t 
RC 

Figure 6.18 Step response of RC circuit with output t>,(»). 



automobile suspension system, which we introduced earlier and now explore further, 
represents one such example. 


6.3.2 The Automobile Suspension System 
as a Lowpass Filter 

As introduced earlier, an automobile suspension system can be interpreted as a low- 
pass filter. In the diagrammatic representation in Figure 6.14, |o re P rese " tst *\‘ S + 
between the chassis and the road surface when the automobile is rest, X ) + > 
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the position of the chassis above a reference elevation, and x(l) the elevation of the 
road above a reference elevation. The differential equation governing the motion of 
the chassis is then 

M ^m + b M} + ky(t) = kx(t) + b d -^p (6.7) 

where M is the mass of the chassis and k and b are the spring and shock absorber 
constants. The frequency response of the system is 

v_ k + bja> 

(co) — q_ 6(y w ) k 


coj + 2£co„(jco) 
(joo) 1 + 2(cu.(ycu) + col 


where 



We note that the denominator is identical to the second-order system discussed in 
Section 4.12, with co „ representing the natural frequency and £ the damping ratio. 
The Bode plot representing the magnitude of the frequency response is sketched in 
Figure 6.20 for several different values of damping ratio. Figure 6.21 illustrates the 
step response for several different values of damping ratio. 

The filter cutoff frequency is controlled primarily through a>„ or equivalently 
for a fixed chassis mass, by an appropriate choice of spring constant k. For a given 
<u„, the damping ratio is then adjusted through the damping factor b associated with 


20 
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x 

I 

o 

-20 


-40 


Figure 6.20 Log magnitude of frequency response of automobile suspension 
system. 
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Figure 6.21 Step response of automobile suspension system for various values 
of damping ratio (( = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.2, 1.5, 2.0, 

5.0). 

the shock absorbers. As the .natural frequency co, is decreased, the suspension will 
tend to filter out slower road variations, thus providing a smoother ride. On the other 
hand, we see from Figure 6.21 that the rise time of the system increases, and thus the 
system will feel more sluggish. On the one hand, it would be desirable to keep co, 
small to improve the lowpass filtering and on the other to have co, large for rapid 
time response. These, of course, are conflicting requirements and illustrate again the 
need for a trade-ofT between time-domain and frequency-domain characteristics. 
Typically, a suspension system with a low value of o)„ so that the rise time is long, 
is referred to as “soft” and one with a high value of co„ so that the rise time is short, 
is referred to as “hard.” From Figures 6.20 and 6.21 we observe also that as the damp¬ 
ing ratio decreases, the frequency response of the system cuts off more sharply, but 
the overshoot and ringing in the step response tend to increase, another trade-off 
between the time and frequency domains. Generally, the shock absorber damping is 
chosen to have a rapid rise time and yet avoid overshoot and ringing. This choice 
corresponds to the critically damped case considered in Section 4.12. As mentioned 
previously, a common test for shock absorbers is to apply a step excitation to the 
suspension system by depressing and releasing the chassis and observing whether or 
not ringing occurs. If it does, this is an indication that the dashpot constant has 
decreased, representing a deterioration of the shock absorber, and the system has 
become underdamped. 

EXAMPLES OF DISCRETE-TIME FREQUENCY-SELECTIVE 
FILTERS DESCRIBED BY DIFFERENCE EQUATIONS 

As we saw in Chapter 5, discrete-time systems characterized by linear constant- 
coefficient difference equations, are conveniently implemented using coefficient 
multipliers, storage or delay registers, and adders. Thus, filters characterized by 
difference equations take on particular importance. In Chapter 3 we introduced the 
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two basic classes of difference equations: nonrecursive difference equations, for which 
the impulse response is of finite length, and recursive difference equations, for which 
the impulse response is of infinite length. There are specific advantages and disad¬ 
vantages to recursive and nonrecursive filters. For example, it is often desirable for 
the phase characteristics of a filter to be zero or linear, so that the phase a ^ ects lhe 
shape of the output signal by at most a time delay. As developed in Problem 6.1, 
if a filler is to be causal and have exactly linear phase, its impulse response must be 
of finite length, and consequently the difference equation must be nonrecursive. 
On the other hand, it is generally true that the same filter specifications require a 
higher order equation and consequently more coefficients and delays when imple¬ 
mented using a nonrecursive difference equation compared with using a recursive 
difference equation. In the following discussion we consider separately the two 
classes of discrete-time filters. 


6.4.1 Nonrecursive Discrete-Time Filters 

As we have emphasized in several discussions, lowpass filtering can be thought of as 
a smoothing operation. For discrete-time sequences a common smoothing operation 
is one referred to as a moving average, where the smoothed value y[n] for any n, say 
n„ is an average of values of x[n] in the vicinity of/i 0 .The basic idea is that by averaging 
values locally, rapid variations from point to point will be averaged out and slow 
variations will be retained, corresponding to smoothing or lowpass filtering t e 
original sequence. As an example, a three-point moving average of an input sequence 
x[n] is of the form 

y[n\ = j(x[n - 1] + x[n] + x[n + 1]) (6-9) 

st, that each output ;-[/.] is the average of three eonsecutive input values. Equation 
(6 9) is a nonrecursive linear constant-coefficient difference equation, and using the 
procedure developed in Section 5.11 the filter transfer function is 

//(O) = 4(1 -I- 2cosnj ( 6 - 10 ) 

The magnitude and phase of H{ fi) are sketched in Figure 6.22. We observe that it 
has the general characteristics of a lowpass filter although, as with the simple R 
circuit it does not have a sharp transition from passband to stopband. 

A similar approach can also be used to approximate a highpass filter as well as 
a lowpass filter. To illustrate this, again with a simple example, consider the difference 
equation 

= - x[n - 1] (6.11) 

For input signals that are approximately constant, the value of y[n] is close to zero. 
For input signals that vary greatly from sample to sample, the values of y(n) can be 
expected to have large amplitude. We would thus expect this equation to approximate 
a highpass filter, since high-frequency components are reflected in large 'ana ions 
between adjacent sequence values. The frequency response associated with eq. (6.11) is 
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: N+M + 1 


JM + N + 1' 
\ 2 
sin (fl/2) 


The log magnitude of H(fl) is shown in Figure 6.24 for M + N + 1 — 33 and 


M -T N -F 1 — 65. 

It is common to apply a moving-average filter to many economic indicators to 
attenuate the short-term fluctuations in relation to longer-term trends. In Figure 6.25 
we illustrate the use of a moving-average filter of the form of eq. (6.13), on the weekly 
Dow Jones stock market index for a 7-year period. In Figure 6.25(b) is a 51-day mov- 



(a) 



(b) 


Figure 6.24 Log magnitude of frequency response for lowpass moving-average 
filter of eq. (6.13): (a) M = N = 16; (b) M = N = 32. 
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Figure 6.25 Effect of lowpass filtering on the Dow Jones weekly stock market 
index over a 10-year period: (a) weekly index; (b) 51-day moving average applied 
to (a); (c) 201-day moving average applied to (a). The weekly stock market index 
and the two moving averages are discrete-time sequences. For clarity in the 
graphical display the three sequences are shown here with the individual sequence 
values connected by straight lines to form a continuous curve. 


ing average (i.e., N = M = 25) and in Figure 6.25(c) is a 201-day moving average 
(i.e., N = M — 100) applied to the weekly Dow Jones index in Figure 6.25(a). Bo 
are considered to be useful averages, with the 51-day average tracking cyclical trends 
that occur during the course of a year and the 201-day average primarily emphasizing 
trends over a longer time frame. 
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Figure 6.25 (cont.) 


A further generalization of the moving-average filter can be made by forming 
a weighted average of (N + M + 1) neighboring points, that is, by using a difference 
equation of the form 

y[n] = 2 b k x[n - k] ( 6 -16) 

k--N 

where the coefficients b k can be selected to achieve the prescribed filter characteristics. 
Equation (6.16) is then in the form of a general nonrecursive difference equation. 

There are a variety of techniques available for choosing the coefficients in eq. 
(6.16) to meet certain specifications on the filter. These procedures are discussed in 
detail in a number of texts,t and although we do not discuss these procedures here, 
it is worth emphasizing that they rely heavily on the basic concepts and tools developed 
thus far in this book. To illustrate how adjustment of these coefficients can influence 
the filter response, let us consider a filter of the form of eq. (6.16), with N = M — 16 
and the filter coefficients chosen as 



1 * 1^32 

|A | > 32 


(6.17) 


The impulse response of this filter is 



M<32 
l »i | > 32 


(6.18) 


)See, for example, R. W. Hamming, Digital Fillers (Englewood Cliffs, N.J.: Prentice-Hall, 
Inc., 1977); A. V. Oppcnhcim and R. W. Schafer, Digital Signal Processing (Englewood Cliffs, N.J.: 
Prentice-Hall, lnc„ 1975); and L. R. Rabiner and B. Gold, Theory and Application of Digital Signal 
Processing (Englewood Cliffs, N.J.; Prentice-Hall, Inc., 1975). 
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Comparing with eq. (6.3), we see that this corresponds to truncating for 1«[ > 32 
the impulse response for the ideal lowpass filter with cutoff frequency O e = 2n/33. 

In general, the coefficients b k can be adjusted so that the cutoff is at a desired 
frequency. For the example of Figure 6.26, the cutoff frequency was chosen to match 
approximately the cutoff frequency of Figure 6.24 for N = M = 16. Figure 6.26(a) 
shows the impulse response and Figure 6.26(b) shows the log magnitude of the fre¬ 
quency response. Comparing this frequency response to Figure 6.24, we observe that 
the passband of the filter has approximately the same width but that the transition to 
the stopband is sharper. In Figure 6.27(a) and (b) the magnitudes (on a linear vertical 
scale) of the two filters are shown for comparison. It should be clear from the com¬ 
parison of the two examples that by intelligent choice of the weighting coefficients, the 
transition band can be sharpened. An example of a higher-order lowpass filter 
()V = M = 125), with the coefficients determined through a numerical algorithm 
referred to as the Parks-McClellan algorithm,t to obtain the sharpest cutoff possible, 
is shown in Figure 6.28. 

h[n] 




Figure 6.26 (a) Impulse response for the nonrecursive filter of eq. (6.18); 
(b) log magnitude of frequency response. 


)A. V. Oppenheim and R. W. Schafer, Digital Signal Processing (Englewood Cliffs, N.J.: 
Prentice-Hall, Inc., 1975), chap. 5. 
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6.4.2 Recursive Discrete-Time Filters 

In Section 6.4.1 we considered moving-average or nonrecursive filters. Another 
important class of discrete-time filters are those described by the class of recursive 
difference equations. The use of the discrete-time Fourier transform to obtain the 
frequency response from difference equations of this type was considered in Section 
5.11. As a simple illustration of how such a difference equation can act as a lowpass or 
highpass filter, consider the discrete-time system described by the difference equation 
y[n] - ay[n - 1] = x[n] (6.19) 

The corresponding frequency response is 

W) = (6 ' 20) 

The magnitude and phase of H( ft) is shown in Figure 6.29(a) for a = 0.6 and in 
Figure 6.29(b) for a = -0.6. We observe that for the coefficient a positive, the 
difference equation (6.19) behaves as a lowpass filter, whereas for a negative, it 
behaves as a highpass filter. Just as with differential equations, higher-order recursive 
difference equations can be used to provide sharper filter characteristics and to provide 
more flexibility in balancing time-domain and frequency-domain constraints. There 
are a number of specific classes of continuous- and discrete-time filters for which 
standard procedures have been developed to determine the coefficients of the as- 


i Him i 
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Figure 6.29 Frequency response of first-order recursive discrete-time filter: 
(a) coefficient equal to 0.6; (b) coefficient equal to -0.6. 
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Figure 6.29 (cont.) 

sociated differential or difference equation. In the next section we introduce one 
such class, referred to as Butterworth fdters. 


5 THE CLASS OF BUTTERWORTH 
FREQUENCY-SELECTIVE FILTERS 

As we saw in Section 6.4, useful filters can be implemented in terms of differential 
equations in the continuous-time case and difference equations in the discrete-time 
case. As the order of the equation is allowed to increase, better approximations to 
ideal filters can result. There are several classes of procedures commonly applied to 
filter design and there is a rich and detailed literature on the subject.t In this section 
we introduce one of these classes, referred to as the Butterworth filter designs, to 
illustrate some of the issues and trade-offs involved. In this discussion we focus 
only on the magnitude of the frequency response of these filters. 

To introduce the class of continuous-time Butterworth filters, let us return to 
the RC lowpass filter considered in Section 6.3.1. As we discussed, it is of the form of 
a first-order system as was considered in Section 4.12 with frequency response given by 

tSee, for example, references on page 425. 
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H(a>) = - —,, i = RC (6.21) 

v ' jon + 1 

A Bode plot of | //(co) | is shown in Figures 4.40 and 6.17. The low-frequency asymp¬ 
tote is a constant and the high-frequency asymptote has a slope of — 1. The slope of 
the high-frequency asymptote is controlled by the power-law dependence of co in the 
denominator, and if co appeared in the denominator raised to a higher integer power, 
the high-frequency asymptote would fall off more sharply and consequently the 
stopband attenuation would be greater. This, in fact, is how the frequency response 
is controlled in the class of filters referred to as Butterworth filters. Specifically, the 
class of Butterworth filters is that for which the magnitude squared of the frequency 
response 5(co) is of the form 

«">1‘-TTW” <6 22> 

The parameter N is referred to as the filter order. In Chapter 9 we will see how to 
obtain the differential equation that implements the transfer function of eq. (6.22) 
and will see, in particular, that the parameter N corresponds to the order of the 
differential equation. The parameter co c is the frequency at which | B(a >)| is at 1/,/T 
times its value at co = 0; equivalently, on a Bode plot, the gain is 3 dB down from 
its maximum value at co = 0. In Figure 6.30 is shown the Bode plot for the gain of a 
Butterworth filter for N = 1,2, 4, and 8, and in Figure 6.31 is shown |5(co)| on a 
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Figure 6.31 Gain on a linear amplitude scale for Butterworth filters with N — 

1,2,4, 8. 

linear scale. As is also evident from eq. (6.22), the gain at co = co e is 1/^/T inde¬ 
pendent of the filter order; and the higher the order, the sharper the transition from 
passband to stopband. The simple RC circuit of Section 6.3.1 represents an imple¬ 
mentation of a first-order Butterworth filter with RC = 1 /co c . In Figure 6.32 are 


_t_ 

1 V2 



Second order Butterworth filler 
1 3 


Figure 6.32 Typical circuits for imple¬ 
menting a second- and third-order 

Third order Butterworth filter Butterworth filter. 

shown typical circuits for implementing second- and third-order Butterworth filters. 
Shown in Figure 6.33 arc the impulse response and step response of second-and 
third-order Butterworth filters. 

Butterworth filters are a very commonly used class of filters and the parameters 
and circuits for implementing them to meet specific passband, stopband, and tran¬ 
sition-band characteristics are extensively tabulated and readily available. From 
Figures 6.30 and 6.31 we see that a characteristic of the class of Butterworth filters 
is the monotonic shape of the magnitude curve in the passband and stopband. Butter¬ 
worth filters are also referred to as having a maximally flat frequency response. This 
characteristic is defined and explored in Problem 6.26. There are other classes of 
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Figure 6.33 Impulse response and step response of second- and third-order 
Butterworth filters. 

commonly used filters which have what is referred to as an equiripple characteristic 
in the passband, the stopband, or both. As illustrated in Figure 6.34, an equiripple 
characteristic in a frequency band corresponds to a characteristic that oscillates 
between the maximum and minimum values in the band. Figure 6.34(a) corresponds 
to an equiripple characteristic in the passband and a monotonic behavior in e 
stopband, Figure 6.34(b) to an equiripple characteristic in the stopband and a mono¬ 
tonic characteristic in the passband, and Figure 6.34(c) to an equiripple characteristic 
in both bands. The class of filters that provides the characteristics shown in Figure 
6 34(a) and (b) is referred to as the class of Chebychev filters, and that which provides 
the characteristic in Figure 6.34(c) is the class of elliptic filters. As with Butterworth 
filters parameters and circuits for implementing Chebychev and elliptic filters a 
available in tabulated form.t Although the discussion above was phrased in terms ot 

rrables of parametersand circuits for Butterworth Chebychev.and'« “n be found, 

l° 0 h"y'and Sons ^nf 1966 ); Anaml Symlsls (New York: John 

pany, 1980). 
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Figure 6.34 Chcbychev and elliptic filters: (a) Chcbychev filter with equiripple 
passband and monotonic stopband characteristics; (b) Chcbychev filter with 
monotonic passband and equiripple stopband; (c) elliptic filter having equiripple 
behavior in both the passband and the stopband. 
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continuous-time lowpass filters, there are also corresponding designs for h.ghpass an 

band Each oHhe foregoing classes of continuous-time filters also has a direct coun¬ 
terpart in discrete-time filters. The class of discrete-time Butterworth filter has 
frequency response B((i) for which the magnitude squared is of form 



has«»»*' 10 “ n, ~ a! 0 - n Sagato 

SSESSfe 

that implements an Nth-order discrete-time Butterworth filter. 



Figure 6.35 Gain on a linear amplitude scale for discrete-time Butterworth 
filters for several values of N. 
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sality and ease of implementation, we introduced the concept of frequency-selective 
filters with transition bands and with tolerance limits in the passbands and stopbands. 
A variety of these issues were explored and developed in the context of an automobile 
suspension system and simple RC filters in continuous time, and moving-average and 
recursive filters in discrete time. The chapter concluded with the introduction of the 
class of Butterworth lowpass filters. 


PROBLEMS 


6.1. A causal LT1 filter has the frequency response H(co) shown in Figure P6.1. For each 
of the input signals given below, determine the filtered output signal y(/). 

(a) x(l) = e“ (b) x(l) = (sin CO 0 l)u(l) 


(c) X(CO) = 


I 

(jco)(6 +jco) 


(d) X(co) = 


1 

2 +jco 



6.2. Shown in Figure P6.2-1 is the frequency response H(co) of a continuous-time filter 
referred to as a lowpass differentiator. For each of the input signals x(l) below, deter¬ 
mine the filtered output signal y(i). 
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/I 
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' -3n 

3n cj 

3ff LJ 
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Figure P6.2-1 


(a) x(t) = cos (2 nt + 6) 

(b) x(i) = cos (47it +6) 

(c) x(t ) is a half-wave-rectified sine wave of period 1, as sketched in Figure P6.2-2. 

(sin 7m, rn <, I <, (m + \) 

= jo, (m + for any integer m 
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6.3. Shown in Figure P6.3 is the frequency response H(Cl) of a discrete-time differentiator. 
Determine the output signal y[n] as a function of fi 0 if the input *[n] is 
x[n] = cos [fi 0 n + 01 




6.4. Shown in Figure P6.4 is | [ for a lowpass filter. Determine and sketch the impulse 

response of the filter for each of the following phase characteristics: 

/(a) = 0 

/ (b) <£//(») = u>T, where T is a constant 


(c) <//(») = 



6.5. Consider an ideal discrete-time lowpass filter with impulse response h[n] and for which 
the frequency response tf(fi) is that shown in Figure P6.5. Let us consider obtaining a 
new filter with impulse response /i,M and frequency response 11,(0.) as follows: 
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-2, “ -«c «• ' 2 " “ 


Figure P6.5 

This corresponds to inserting a sequence value of zero between each sequence value of 
/,[„]. Determine and sketch H,(U) and state the class of .deal fillers to which it belongs 
(e.g., lowpass, highpass, bandpass, mulliband, etc.). 

6 .6. In the discussion in Section 4.6.7 of Parseval's theorem for conlinuous-l.me s.gnals, 
we showed that 

This says that the total energy in a signal can be obtained by integrating ] *(©) I 1 ' ova 
all frequencies. Now consider a real-valued signal *(/) processed by the .deal bandpass 
filter H(a>) shown in Figure P6.6. 



Figure P6.6 


(a) Express the energy in the output signal y(t) as an integration over frequency of 
| xtaW For A sufficiently small so that | Jf(©)| is approximately cons ant over a 
frequency interval of width A, show that the energy in the output y(t) of the band¬ 
pass filter is approximately proportional to A| T(Wo)! J - 

On the basis of the foregoing result, A|T(O) 0 )P is proport.onal to the energy 
in the signal in a bandwidth A around the frequency 0 ) c . For this reason | X(a» I 
is often referred to as the energy-density spectrum of the signal x(t). 
lb) Derive the corresponding result for discrete-time signals. Specifically, show that 
if a real discrete-time signal x[n] is filtered with an ideal bandpass filter wi.hcene 
frequency O 0 and bandwidth A, then if A is sufficiently small so that !*(«) « 
approximately constant over a frequency interval of width A, Je *" er » ,n 
output of the bandpass filter is approximately proportional to A| T(U 0 )| . 
x t it was stated in Section 6.4 that for a discrete-time filter to be causal and have exactly 
it i£i response - he ora.it len„h end o.osepoeo.l, ,he d.ffer- 
ence equation must be nonrecursive. To focus on the insight behind this statement, 
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we consider a particular case, that of a linear phase characteristic for which the slope 
of the phase is an integer. Thus, the frequency response is assumed to be of the form 
H(0) = H r {Cl)e-> Mn , -n <Q <n (P6.7-1) 

where //,(0) is real and even. 

Let AM denote the impulse response of the filter with frequency response H(0) 
and h r [n\ the impulse response of the filter with frequency response H r (O). 

(a) By using the appropriate properties in Table 5.1, show that: 

1. h,[n] = A,[-n] (i.e., h r [n ] is symmetric about n = 0). 

2. A[n] = h,[n- — M). 

(b) Using your result in part (a), show that with H(Ci) of the form shown in eq. 
(P6.7-1), AM is symmetric about n = M, that is, 

h[M -t- n] = A[M - n] (P6.7-2) 

(c) According to the result in part (b), the linear phase characterise-: in eq. (P6.7-1) 
imposes a symmetry in the impulse response. Show that if AM is causal and has the 
symmetry in eq. (P6.7-2), then 

AM “ 0, n < 0 and n > 2 M 
(i.e., it must be of finite length). 

6 .8. Let AM be the unit sample response of an FIR filter so that A[n] = 0 for n < 0,n ^ N. 
Assume that AM is real. We can guarantee that the filter will have linear phase by 
imposing certain symmetry conditions on its unit sample response AM- 
The frequency response of this filter can be represented in the form 

H(0) = ft( n)e'»‘ n > 

where . 

f)(0) is real 

(a) Find 0(0) for 0 ^ n ^ n when A(n) satisfies the condition 

AM = h[N-i - n] 

(b) Find 0(0) for 0 ^ ft < n when 

AM = -*[Af - 1 - "1 

(Be careful; it may be necessary to treat cases N even and N odd separately.) 

6 9 In the design of either analog or digital filters, we often approximate a specified 
magnitude characteristic without particular regard to the phase. For example, standard 
design techniques for lowpass and bandpass filters are typically derived from considera¬ 
tion of the magnitude characteristics only. .... 

In many filtering problems, one would ideally like the phase characteristics to be 
zero or linear. For causal fillers it is impossible to have zero phase. However, for many 
digital filtering applications, it is not necessary that the unit sample response of the 
filter be zero for n < 0 if the processing is not to be carried out in real tlr " e - 

One technique commonly used in digital filtering when the data to be filtered 
are of finite duration and stored, for example, on a disc or magnetic tape, is to process 
the data forward and then backward through the same filter. 

Let AM be the unit sample response of a causal filter with an arbitrary phase 
characteristic. Assume that AM >s real and denote its Fourier transform by 2 . 
Let .vM be the data that we want to filter. The filtering operation is performed as Al¬ 
lows: 
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(a) Method A: Process x[n] to get s[/i] as indicated in Fig. P6.9-1. 

1 Determine the overall unit sample response A,[n] that relates x[n] and s[n], 
and show that it has a zero phase characteristic, 

2. Determine |//,(fl)| and express it in terms of \H(Q )\and < H(Q). 



sinj - ii 

( c ) Figure P6.9-1 

(b) Method B: Process x[n] through the filter h[n] to get g[n] (Fig, P6.9-2). Also process 
*[„] backward through h[n\ to get r[n\. The output y[n] is then taken as the sum 
of g[„] and ,[-«]. This composite set of operations can be represented by a filter, 
with input x[n], output y[n], and unit sample response hjn]. 

1. Show that the composite filter /ij[n] has a zero phase characteristic. 

2. Determine |// 2 (n)| and express it in terms of 12/(0)) and <£H(0). 



(b| Figure P6.9-2 

(e) Suppose that we are given a sequence of finite duration, on which we would like to 
perform a bandpass, zero-phase filtering operation. Furthermore, assume that we 
are given the bandpass filter h[n], with frequency response as specified in Figure 
P6.9-3, which has the magnitude characteristic that we desire but linear phase. 


I H(tt) | 



" \ | Th 

< IH(ft) 
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To achieve zero phase, we could use either method A or B. Determine and sketch 
l//,(ft)| and | W 2 (0)|. From these results, which method would you use to achieve 
the desired bandpass filtering operation? Explain why. More generally, if has 
the desired magnitude but a nonlinear phase characteristic, which method is pref¬ 
erable to achieve a zero phase characteristic? 

6.10. Figure P6.10 shows a system commonly used to obtain a highpass filter from a lowpass 
filter, and vice versa. 



(a) If Hio) is an ideal lowpass filter with cutoff frequency Ci>„, show that the overall 
system corresponds to an ideal highpass filter. Determine its cutoff frequency, 

and sketch its impulse response. . 

(b) If H{o) is an ideal highpass filter with cutoff frequency o„ t , show that the overall 
system corresponds to an ideal lowpass filter and determine its cutoff frequency. 

(c) Now suppose that H(o) corresponds to the RC lowpass filter discussed in Section 
6.3.1. Determine and sketch the frequency response of the resulting highpass filter 
of Figure P6.10. 

(d) Determine how the highpass filter obtained in part (b) compares with the highpass 
RC filter discussed in Section 6.3.1. 

(e) If the interconnection of Figure P6.10 is applied to an ideal discrete-time lowpass 
filter, will the resulting system be an ideal discrete-time highpass filter 

6 11 In Problem 6.10 we considered a system (Figure P6.10) commonly used to obtain a 
highpass filter from a lowpass filter, and vice versa. In this problem we explorethe 
system further and in particular consider a potential difficulty if the phase of H( ) 

not properly chosen. ... u 

(a) Referring to Figure P6.10, let us first assume that H(0) is real and is as shown in 

Figure P6.ll. In particular, then, 

1 -8, <H(o)< 1 +S„ 0 <, 0 <. 0 X 

-8 1 < < T<5 2 , 0t<0 

Determine and sketch the resulting frequency response for the overall system of 
Figure P6.10. Does the resulting system correspond to an approximation to a 
highpass filter? 

HM 
1 + 5, 
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Now let H(a>) in Figure P6.10 be of the form 

H(a>) = (P6.ll) 

where //,(<!)) is identical to Figure P6.ll and 9(U>) is an unspecified phase charac¬ 
teristic. ... 

(b) With H(a>) in the more general form of eq. (P6.ll), does it still correspond to an 

approximation to a lowpass filter? 

(c) Without making any assumptions about 9(a>), determine and sketch the tolerance 
limits on the magnitude of the frequency response of the overall system of Figure 

P6.10. e . 

(d) If H(a>) in Figure P6.10 is an approximation to a lowpass filter with unspecified 
phase characteristics, will the overall system in Figure P6.10 necessarily correspond 
to an approximation to a highpass filter? 

(e) Do the same conclusions reached in this problem apply in the use of the inter¬ 
connection of Figure P6.10 for discrete-time filters? 

6.12. Let h d [n\ denote the unit sample response of an ideal desired system with frequency 
response H d (Cl) and let AM denote the unit sample response for an FIR system of 
length N and with frequency response H(Cl). In this problem we show that a rectangular 
window of length N samples applied to h d [ri\ will produce a unit sample response AM 
such that the mean-square error 

e* = ^j" | Hjfl) - nm 1 dd 

is minimized. 

(a) The error function £(0) = H/P) - H(P) can be expressed as the power series 

£(Q) = £ eM*-'"" 

Find the coefficients fM * n teri »s of h d [n] and AM. 

(b) Using Parseval's relation as stated in Section 5.5.8, express the mean-square error 
f 1 in terms of the coefficients eM- 

(c) Show that for a unit sample response AM of length N samples, f* is minimized when 

lh d [n], 0 ^ n <, N - 1 

^ (0, otherwise 

That is, simple truncation gives the best mean-square approximation to a desired 
frequency response for a fixed value of N. 

6 13 As indicated in Section 6.2, the concepts of frequency-selective filtering are often used 
to separate two signals that have been added. If the spectra of the two signals do not 
overlap, ideal frequency-selective filters are desirable. However, if the spectra overlap, 
it is often preferable to design the filter to have a gradual transition from passband to 
stopband. In this problem we explore one approach for determining the frequency 
response of a filter to be used for approximately separating signals with overlapping 
spectra. Let x(i) denote a composite continuous-time signal, consisting of the sum of 
two signals s(t) + w(t). As indicated in Figure P6.13-1, we would like to design an L 
filter to recover s(l) from x(t) The filter frequency response H(CO) is to be chosen so 
that in some sense y(t) is a “good” approximation to s{l). 

Let us define a measure of the error between y(l) and s(l) at each frequency 0) as 

f(ffl)A|S(fl)) - TM)! J 

where S(C0) and Y(C 0 ) are the Fourier transforms of s(l) and y(t), respectively. 
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(a) Express f(fi>) in terms of S(o», H(co), and fF(o», where W(co) is the Fourier trans¬ 
form of w(t). , . . . 

(b) Let us restrict H(a» to be real, so that H{o>) = H*(G>). By setting the derivative of 
f(co) with respect to H(a>) to zero, determine H(co) to minimize the error f(o>). 

(c) Show that if the spectra of S(co) and !F(a>) are nonoverlapping, the result in part 
(b) reduces to an ideal frequency-selective filter. 

(d) From your result in part (b), determine and sketch //(d)) if £(d>) and W(co) are as 
shown in Figure P6.13-2. 


614 In Problem 6.13 we considered one specific criterion for the determination of the 
frequency response of a continuous-time filter for recovering a signal from the sum of 
two signals when their spectra overlap in frequency. Develop for the discrete-time case 
the result corresponding to that obtained in part (b) of Problem 6.13. 

6 15. As defined in Section 6.2, an ideal bandpass filter is one that passes only a r a"8 e ° f 
frequencies without any change in amplitude or phase. As shown in Figure P6.15-1, 
let the passband be 

tSo-y^l®l^ c) » + y 


HM 



Figure P6.15-1 


(a) What is the impulse response A(r) of this filter? 

(b) We can approximate an ideal bandpass filter by cascading a first-order lowpass ana 
a first-order highpass section as shown in Figure P6.15-2. Sketch the Bode diagrams 
for each of the two filters H\(a>) and Af 2 (®)- 
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(c) Determine the Bode diagram for the overall bandpass filter in terms of your results 
from part (b). 

6.16. In many situations we have available an analog or digital filter module, such as a basic 
hardware element or a computer subroutine. By using it repetitively or by combining 
identical modules it is possible to implement a new filter with improved passband or 
stopband characteristics. In this and the next problem we consider two procedures for 
doing this. Although the discussion is phrased in terms of discrete-time filters, much 
of the discussion applies directly to continuous-time filters as well. 

Consider a lowpass filter with frequency response H(0) for which | H(0)\ falls 
within the tolerance limits shown in Figure P6.16, that is, 

i - s, r£|//(Q)K i + <*,. o^n^n, 
o < | //(0)| < <5 2 , o 2 <o^n 

A new filter with frequency response <7(Q) is formed by cascading two identical filters, 
both with frequency response 11(0). 

i Him i 



(a) Determine the tolerance limits on | (7(0)|. 

(b) Assuming that 11(0.) is a good approximation to a lowpass filter so tnat d, < 
and S 2 < 1, determine whether the passband ripple for G(0) is larger or smaller 
than the passband ripple for H(0). Also, determine whether the stopband ripple 
for C(0) is larger or smaller than the stopband ripple for 11(0). 

(c) If N identical filters with frequency response 11(0) are cascaded to obtain a new 
frequency response G(0) and again assuming that (5, C 1 and S 2 « 1, determine 
the approximate tolerance limits on ((7(0)1. 

6 17 In Problem 6 16 we considered one method for using a basic filter module repetitively 
' to implement a new filter with improved characteristics. In this problem we consider an 
alternative approach, proposed by J. W. Tukey in the book Exploratory Data Analysts 
(Reading, Mass.: Addison-Wesley Publishing Co., Inc., 1976). The procedure is shown 
in block-diagram form in Figure P6.17-1. 

(a) Suppose that H(0) is real and has a passband ripple of ±<5, and a stopband ripple 
of ±8 2 (i.c., it falls within the tolerance limits indicated in Figure P6.17-2). 

The frequency response C(0) of the overall system in Figure 6,17-1 falls within the 
tolerance limits indicated on Figure P6.17-3. Determine A, B, C, and D in terms of 
8 t and S 2 . 
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Figure P6.17-2 


Giro 



Figure P6.17-3 


(b) If < 5 , Cl and S 2 « 1, what are the approximate passband and stopband ripple 
associated with (7(0)7 Indicate in particular whether the passband ripple for (7(D) 
is larger or smaller than the passband ripple for H(0). Also indicate wh _ e,h " ^ 
stopband ripple for (7(D) is larger or smaller than the stopband ripple for 11(H). 

(c) In parts (a) and (b) we assumed that H(0) is real. Now consider 11(0) to have the 
more general form 

11 ( 0 ) = 11,(0 ) e "<°> 
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(c) 

Figure 7.2 Effect in the frequency domain of amplitude modulation with a 
complex exponential carrier: (a) spectrum of modulating signal x(r); (b) spectrum 
of carrier c(r) = jW; (c) spectrum of amplitude-modulated signal. 

signal back to its original position on the frequency axis. The process of recovering 
the original signal from the modulated signal is referred to as demodulation. 

Since e is a complex signal, eq. (7.3) can be rewritten as 

y( t ) = x (0 cos co c t + MO sin cod ( 7 - 8 ) 

A representation of the system of Figure 7.1 with *(/) real and c(l ) a complex expo¬ 
nential signal in the form of eq. (7.1) is shown in Figure 7.3. This then requires 
two separate multipliers and two sinusoidal carrier signals which have a phase 

COS (u c t + 0 t I 

-i yltl'i 

x(t)- 

jy(t)| 

Figure 7.3 Implementation of ampli¬ 
tude modulation with a complex expo¬ 
nential carrier: c(r) — 
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difference of jr/2. In Section 7.3 we study some cases in which there are particular 
advantages to using a complex exponential carrier signal and retaining or transmitting 
both the real and imaginary parts of y(r), as generated by the system of Figure 7.3. 
However, in many situations it is often simpler and equally effective to use a sinu¬ 
soidal carrier of the form of eq. (7.2). In effect, this corresponds to retaining only the 
real or imaginary part of the output of Figure 7.3. The system using a sinusoidal 
carrier is depicted in Figure 7.4. 


Figure 7.4 Amplitude modulation with 
a sinusoidal carrier. 

The effect of sinusoidal amplitude modulation using a sinusoidal carrier in the 
form of eq. (7.2) can be analyzed in a manner identical to that used in the preceding 
case. Again, for convenience we choose 9 e = 0. In this case, the spectrum of the 

carrier signal is „ 

C(co) = n[5{co — co t ) + S(co + <w c )] (7-9) 

and thus from eq. (7.4), 

Y(co) = i[T(co - to.) + X(co + cu,)] (7.10) 

With X(co) depicted in Figure 7.5(a), the spectrum of y(t) is that shown in Figure 
XM 




CM 



(b) 


YM 



(-U -u> M ) “<*>. l"“c +1 j m) “ 

(c) 


Figure 7.5 Effect in the frequency domain of amplitude modulation with a 
sinusoidal carrier: (a) spectrum of modulating signal x(0; (b) spectrum of carrier 
c(t) = cos <o c t; (c) spectrum of amplitude-modulated signal. 


Sec. 7.1 Continuous-Time Sinusoidal Amplitude Modulation 




, j{u e t + d c ) 


(a) 



Figure 7.8 System for amplitudemodu- 
lation and demodulation using a com¬ 
plex exponential carrier: (a) modulation; 
(b) demodulation. 




cos (co c t + 0 C ) 

(bl 


Figure 7.9 Amplitude modulation and demodulation with a sinusoidal carrier: 

(a) modulation system; (b) demodulation system. The lowpass filter cutofT fre¬ 
quency w is greater than com and less than (2coc — com)- 

w(t) = e^-^x(t) ( 7 - 15 ) 

Thus if 0 9 * 6 , w(t ) will have a complex amplitude factor. For the particular case 
in which h<) is'positive, x(0 = |w(/)| and thus x(t) can be recovered by taking the 

absolute value of the demodulated signal. . 

For the sinusoidal carrier, again let 0 e and <f> e denote the phase of the modulating 
and demodulating carrier, respectively, as indicated in Figure 7.10. The input w(t) 
to the lowpass filter is now 


454 


Modulation Chap. 7 



(a) 



cos (o c t + # c ) 


Figure 7.10 Sinusoidal amplitude modulation and demodulation system for 
which the carrier signals in the modulator and demodulator are not synchronized: 

(a) modulator; (b) demodulator. 

w(0 = x(t ) cos ( co c t + 0 C ) cos (cu c f + <j> c ) (7.16) 

or, using the trigonometric identity 

cos (cod + O') cos (co e t + <!>') = i cos ( 0' — $') -F £ cos (2&> e f + 0 C + t/> b ) (7.17) 

we have 

w(0 = ^cos (O' — <l> c )x(0 + ix(r)cos (2 cO't + 0 C + </>,) (7.18) 

and the output of the lowpass filter is then x(0 multiplied by the amplitude factor 
cos (0 C — <!>'). If the oscillators in the modulator and demodulator are in phase, 
0 C = <[>' and the output of the lowpass filter is x(t). On the other hand, if these oscil¬ 
lators have a phase difference of n/2, the output will be zero. In general, for maximum 
output signal the oscillators should be in phase. Of even more importance, the phase 
relation between these two oscillators must be maintained over time so that the 
amplitude factor cos ( 0 1 — </> c ) docs not vary. This requires careful synchronization 
between the modulator and demodulator, which is often difficult, particularly when 
they are geographically separated as is typical in a communications system. The 
corresponding effects of and the need for synchronization not only between the 
phase of the modulator and demodulator but between the frequencies of the carrier 
signals present in both is explored in detail in Problem 7.3. 


|; 

i; 



7.1.1 Asynchronous Demodulation 


Demodulation using a carrier signal synchronized in phase with the modulator 
carrier is referred to as synchronous demodulation. In many systems that employ sinu¬ 
soidal amplitude modulation an alternative demodulation procedure, referred to as 


Sec. 7.1 Continuous-Time Sinusoidal Amplitude Modulation 
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asynchronous demodulation, is commonly used which avoids the need for synchroniza¬ 
tion between the modulator and demodulator. Assume that x(t) is always positive and 
that the carrier frequency co c is much higher than co M , the highest frequency in the 
modulating signal. The modulated signal y(t) will then have the general form illus¬ 
trated in Figure 7.11. In particular, the envelope of y(t), that is, a smooth curve con- 



Figure 7.11 Amplitude-modulated signal for which the modulating signal is 
positive. The dashed curve represents the envelope of the modulated signal. 


nccting the peaks in >'((), would appear to be a reasonable approximation to x(t). 
Thus, x(0 could be approximately recovered through the use of a system that tracks 
these peaks to extract the envelope. Such a system is referred to as an envelope detector. 
One example of a simple circuit that acts as an envelope detector is shown in Figure 
7.12(a). This circuit is generally followed by a lowpass filter to reduce the variations 
at the carrier frequency which are evident in Figure 7.12(b) and which will generally 
be present in the output of an envelope detector of the type indicated in Figure 7.12(a). 

The iwo basic assumptions required for asynchronous demodulation are that 
x(t) is positive and that x(l) varies slowly compared to co c , so that the envelope is 
easily tracked. This second condition is satisfied, for example, in audio transmission 
over a radio-frequency (RF) channel where the highest frequency present in x(t) 
is typically 15 to 20 kHz and a>J2n is in the range 500 to 2000 kHz. The first condition, 
that x(t) be positive, can be satisfied by simply adding an appropriate constant value 
to ,v(r) or equivalently by a simple change in the modulator, as shown in Figure 7.13. 
The output of the envelope detector then approximates x(t ) + A, from which x(t) 
is easily obtained. 

To use the envelope detector for demodulation, we require that A be sufficiently 
large so that x(t) + A is positive. Let K denote the maximum amplitude of x(t), 
that is, |x(f)K K For *(0 + A to be positive we require that A > K. The ratio 
K/A is commonly referred to as the modulation index m. Expressed in percent, this is 
referred to as the percent modulation. An illustration of the output of the modulator 
of Figure 7.13 for x(t) sinusoidal and two values of m, specifically m = 0.5 (50% 
modulation) and m = 1 (100% modulation), is shown in Figure 7.14. 
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(b) 

Figure 7.12 Demodulation by envelope detection: (a) circuit for envelope 
detection using half-wave rectification; (b) waveforms associated with the 
envelope detector in (a): r(t) is the half-wave rectified signal, x (/) is the true 
envelope, and wfr) is the envelope obtained from the circuit in (a). The relation¬ 
ship between x(t) and w(t) has been exaggerated in (b) for purposes of illustration. 
In a practical asynchronous demodulation system w(l) would typically be a much 
closer approximation to x{t) than depicted here. 


x(t)- *• (+) ' " * vlt) - (A + x(0) cos ui t t 

A 


cos w c t 

Figure 7.13 Modulator for an asynchronous modulation/demodulation system. 
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(b) 

Figure 7.14 Output of the amplitude-modulation system of Figure 7.13: (a) 
modulation index m — 0.5; (b) modulation index m = 1.0. 

In Figure 7.15 we show a comparison of the spectra associated with the modu¬ 
lated signal when synchronous demodulation and when asynchronous demodulation 
are to be used. We note in particular that the output of the modulator for the asyn¬ 
chronous system in Figure 7.13 has the additional component A cos co c t, which is 
not present or necessary in the synchronous system. This is represented in the spec¬ 
trum of Figure 7.15(c) by the presence of impulses at +&> c and — co c . For a fixed 
maximum modulating signal amplitude K, as A is decreased the modulation index 
m increases and the relative amount of carrier present in the modulated output 
decreases. Since the carrier component in the output contains no information, its 
presence represents an inefficiency, for example in the amount of power required to 
transmit the modulated signal, and thus in one sense it is desirable to make m as 
large as possible. On the other hand, the ability of a simple envelope detector such 
as that in Figure 7.12 to follow the envelope and thus extract x{t) improves as the 
modulation index decreases. Thus, there is a tradc-olT between the efficiency of the 
system in terms of the power in the output of the modulator, and the quality of 
the demodulated signal. 

There are a number of advantages and disadvantages to the asynchronous 
modulation-demodulation system of Figures 7.12 and 7.13 compared with the 
synchronous system of Figure 7.9. The synchronous system requires a more sophis¬ 
ticated demodulator because the oscillator in the demodulator must be synchronized 
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la) 



(c) 


Figure 7.15 Comparison of spectra for synchronous and asynchronous sinu¬ 
soidal amplitude-modulation systems: (a) spectrum of modulating signal; (b) 
spectrum of x(t) cos c o c t representing modulated signal in a synchronous system; 

(c) spectrum of [*(/) -(- A] cos c o e t representing modulated signal in an asyn¬ 
chronous system. 

with the oscillator in the modulator both in phase and in frequency. On the other 
hand, the asynchronous modulator in general requires more output power than the 
synchronous modulator since, for the envelope detector to operate properly, the 
envelope must be positive, or equivalently there must be a carrier component 
present in the transmitted signal. This is often preferable in cases such as that 
associated with public radio broadcasting, in which it is desirable to mass-produce 
large numbers of receivers (demodulators) at moderate cost. The additional cost in 
transmitted power is then offset by the savings in receiver expense. On the other 
hand, in situations in which transmitter power requirements are at a premium, as 
in satellite communications, the cost of implementing a more sophisticated syn¬ 
chronous receiver is warranted. 


7.2 SOME APPLICATIONS $ 

OF SINUSOIDAL AMPLITUDE MODULATION 

7.2.1 Frequency-Selective Filtering fa 

with Variable Center Frequency T 

One important application of modulation is in the implementation of bandpass V* 

filters for which the center frequency can be varied. In building a frequency-selective IT 

bandpass filter with elements such as resistors, inductors, and capacitors, the center j£ 

frequency will depend on a number of the element values, all of which must be varied 
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simultaneously in the correct way. This is generally difficult and cumbersome in com¬ 
parison with building a filter whose characteristics are fixed. An alternative to varying 
the filter characteristics is to use a fixed frequency-selective filter and shift the signal 
spectrum appropriately, using the principles of sinusoidal amplitude modulation 


discussed in Section 7.1. 


For example, consider the system shown in Figure 7.16. The spectra of the 
signals x(r), X t), w(r), and f(t) are illustrated in Figure 7.17. We observe that the 



Figure 7.16 Implementation of a bandpass filter using amplitude modulation 
with a complex exponential carrier. 
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Figure 7.17 Spectra of the signals in the system of Figure 7.16. 
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overall system of Figure 7.16 is equivalent to an ideal bandpass filter with center 
frequency - co c and bandwidth 2co 0 , as illustrated in Figure7.18. As the frequency w c 
of the complex exponential oscillator is varied, the center frequency of the bandpass 
filter varies. 


H(u) 



Figure 7.18 Bandpass filter equivalent 
of Figure 7.16. 


In the system of Figure 7.16, with x(i) real, the signals y(t), w(r), and f(t) are 
all complex. If we retain only the real part of f(t), the resulting spectrum is that 
shown in Figure 7.19 and the equivalent bandpass filter passes bands of frequencies 


Figure 7.19 Spectrum of <Rtf{/(/)) asso- 
dated with Figure 7.16. 



centered around o) c and — co c1 as indicated in Figure 7.20. Under certain conditions 
it is also possible to use sinusoidal rather than complex exponential modulation to 
implement the system of Figure 7.20. This is explored further in Problem 7.12. 
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u Figure 7.20 Equivalent bandpass filter 
for <5he(/(r)) in Figure 7.19. 


7.2.2 Sinusoidal Amplitude Modulation 

for Communications: Frequency-Division 
Multiplexing 

One of the most widespread areas of application of sinusoidal amplitude modulation 
is in communications and information transmission systems. The basic need for 
modulation arises for two reasons. Different transmission media that are used for 
transmission of signals are generally suited to a particular frequency range that might 
not match the frequency range of the signals to be transmitted. In telephone trans¬ 
mission systems, for example, long-distance transmission is often accomplished over 
microwave or satellite links. The individual voice signals are in the frequency range 
200 Hz to 4 kHz, whereas a microwave link requires signals in the range 300 mega¬ 
hertz (MHz) to 300 gigahertz (GHz), and communication satellite links operate in 
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the frequency range 1.5 to 20 GHz. Thus, for transmission over these channels, the 
voice signal must be modulated onto a carrier at these higher frequencies. 

An additional role that modulation plays in transmission of signals stems from 
the fact that many systems used for signal transmission provide more bandwidth 
than is required for any one signal. For example, a typical microwave link has a 
total bandwidth of several gigahertz, which is considerably greater than the band¬ 
width required for one voice channel. If the individual voice signals, which are 
overlapping in frequency, have their frequency content shifted through sinusoidal 
amplitude modulation so that the spectra of the modulated signals no longer overlap, 
they can be transmitted simultaneously over a single wideband channel. The resulting 
concept is referred to as frequency-division multiplexing (FDM). Frequency-division 
multiplexing using a sinusoidal carrier is illustrated in Figure 7.21. The individual 



Figure 7.21 Frequency-division multiplexing using sinusoidal amplitude mod¬ 
ulation. 

signals to be transmitted are assumed to be bandlimited and are modulated with 
different carrier frequencies. The modulated signals are then summed and transmitted 
simultaneously over the same communications channel. The spectra of the individual 
subchannels and the composite multiplexed signal are illustrated in Figure 7.22. 
Through this multiplexing process, the individual input signals arc allocated distinct 
segments of the frequency band. To recover the individual channels in the demulti¬ 
plexing process, there are two basic steps: bandpass filtering to extract the modulated 
signal corresponding to a specific channel, followed by demodulation to recover the 
original signal. This is illustrated in Figure 7.23 to recover channel a, where synchro¬ 
nous demodulation is assumed. 

Telephone communications is one important application of frequency-division 
multiplexing. Another is in the transmission of signals through the atmosphere in the 
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Figure 7.22 Spectra associated with the frequency-division multiplexing system 
of Figure 7.21. 


|-x-Demultiplexing 


Demodulation- 




If 


.¥. 



!,f 


Figure 7.23 Demultiplexing and demodulation for a frequency-division multiplexed signal. 










radio-frequency (RF) band. In the United States the use of these frequencies for signal 
transmission covering the range 10 kHz to 275 GHz is controlled by the Federal 
Communications Commission, and different portions of the frequency range are 
allocated for different purposes. The current allocation of frequencies is shown in 
Figure 7.24. As indicated, the frequency range in the neighborhood of 1 MHz is 
assigned to the AM broadcast band, where AM refers specifically to the use of sinu¬ 
soidal amplitude modulation. Individual AM radio stations are assigned specific 
frequencies within the AM band and thus many stations can broadcast simultaneously 
through this use of frequency-division multiplexing. In principle, at the receiver, an 
individual radio station can be selected by demultiplexing and demodulating as illus¬ 
trated in Figure 7.23. The tuning dial on the receiver would then control both the 
center frequency of the bandpass filter and the frequency of the demodulating oscil¬ 
lator. In fact, for public broadcasting, asynchronous modulation and demodulation 
are used to simplify the receiver and reduce its cost. Furthermore, the demultiplexing in 
Figure 7.23 requires a sharp cutoff bandpass filter with variable center frequency. As 
discussed in Section 7.2.1, variable frequency-selective filters are difficult to imple¬ 
ment, and consequently a fixed filter is implemented instead and an intermediate stage 
of modulation and filtering [referred to in a radio receiver as the intermediate-fre¬ 
quency (IF) stage] is used. The use of modulation to slide the signal spectrum past a 
fixed bandpass filter replaces the use of a variable bandpass filter in a manner similar 
to the procedure discussed in Section 7.2.1. This basic procedure is incorporated in 
typical home AM radio receivers. Some of the more detailed issues involved are con¬ 
sidered in Problem 7.17. 

As illustrated in Figure 7.22, in the frequency-division multiplexing system of 
Figure 7.21, the spectrum of each individual signal is replicated at both positive and 
negative frequencies, and thus the modulated signal occupies twice the bandwidth of 
the original. This represents an inefficient use of bandwidth. In the next section we 
consider an alternative form of sinusoidal amplitude modulation, which leads to 
more efficient use of bandwidth at the cost of a more complicated modulation and 
demodulation system. 


.3 SINGLE-SIDEBAND AMPLITUDE MODULATION 

For the sinusoidal amplitude modulation systems discussed in Section 7.2, the total 
bandwidth of the original signal *(/) is 2 co M , including both positive and negative 
frequencies, where co M is the highest frequency present in x(r). With the use of a 
complex exponential carrier, this spectrum is translated to co c and the total width of 
the frequency band over which there is signal energy is still 2u> M , although the modu¬ 
lated signal is now complex. With a sinusoidal carrier, on the other hand, the signal 
spectrum is shifted to -fo) c and —to c , and thus twice the bandwidth is required. This 
suggests that there is a basic redundancy in the modulated signal with a sinusoidal 
carrier. Using a technique referred to as single-sideband modulation, this redundancy 
can be removed. 
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Figure 7.24 Allocation of frequencies in the RF spectrum. After W. David Gregg, Analog 
and Digital Communication (New York: John Wiley & Sons, Inc., 1977). 
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The spectrum of .v(r) is illustrated in Figure 7.25(a), where we have shaded 
the positive and negative frequency components differently. The spectrum in Figure 
7.25(b) results from modulation with a sinusoidal carrier, where we identify an upper 
and lower sideband for the portion of the spectrum centered at + co c and that centered 
at — co c . Comparing Figure 7.25(a) and (b) it should be evident that X(co ) can be 
recovered if only the upper sidebands at positive and negative frequencies are retained, 
or alternatively if only the lower sidebands at positive and negative frequencies are 
retained. The resulting spectrum if only the upper sidebands are retained is shown in 
Figure 7.25(c), and the resulting spectrum if only the lower sidebands are retained is 
shown in Figure 7.25(d). The conversion of x(t) to the form corresponding to Figure 
7.25(c) or (d) is referred to as single-sideband modulation (SSB), in contrast to the 
double-sideband modulation (DSB) of Figure 7.25(b), in which both sidebands are 
retained. 

There are several methods by which the single-sideband signal can be obtained. 
One is to apply a sharp cutoff bandpass or highpass filter to the double-sideband 


Xlu) 



Id) 

Figure 7.25 Double- and single-sideband modulation: (a) spectrum of mod¬ 
ulating signal; (b) spectrum after modulation with a sinusoidal carrier; (c) spec¬ 
trum with only the upper sidebands; (d) spectrum with only the lower sidebands. 
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signal of Figure 7.25(b) to remove the unwanted sideband as illustrated in Figure 
7.26. The second is to use a procedure that utilizes phase shifting. The resulting 
system to retain the lower sidebands is shown in Figure 7.27. The system H(co) is a 
"90° phase-shift network,” of the form 



co > 0 
co < 0 


(7.19) 


The spectra of x(t), y,(f) = x(t) cos coj, y 2 (r) = x„(t) sin co c t, and >>(0 are illustrated 
in Figure 7.28. As considered in Problem 7.20, to retain the upper sidebands instead 
of the lower sidebands, the phase characteristic of H(co) is reversed so that 



co > 0 

ft) < 0 


(7.20) 


As explored in Problem 7.21, synchronous demodulation of single-sideband systems 
can be accomplished in a manner identical to synchronous demodulation of double¬ 
sideband systems. The price paid for the increased efficiency of single-sideband 
systems is added complexity in the modulator. 



Ylw) 



Figure 7.26 System for retaining the upper sidebands using ideal highpass 
filtering. 
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Figure 7.27 System for single-sideband amplitude modulation in which only the 
lower sidebands are retained. 


In summary, in Sections 7.1 to 7.3 we have seen a number of variations of sinu¬ 
soidal amplitude modulation. A carrier signal can be included in the modulated out¬ 
put, which requires more power for transmission but results in a simpler demodulator. 
Alternatively, only the upper or lower sidebands in the modulated output can be 
retained, which makes more efficient use of bandwidth and transmitter power but 
requires a more sophisticated modulator. Sinusoidal amplitude modulation with 
both sidebands and the presence of a carrier is typically abbreviated as AM- 
DSB/WC (amplitude modulation double sideband/with carrier) and when the carrier 
is suppressed or absent as AM-DSB/SC (amplitude modulation double sideband/sup¬ 
pressed carrier). The corresponding single-sideband systems are abbreviated as AM- 
SSB/WC and AM-SSB/SC. 

The previous sections of this chapter were intended to provide an introduction 
to many of the basic concepts associated with sinusoidal amplitude modulation. 

iere are many variations in details and implementation and the reader is referred 
to the Bibliography for an indication of the many excellent books tha. explore this 
topic further. 


Xtul 



Y,M 



Figure 7.28 Spectra associated with the single-sideband system of Figure 7.27. 
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7.4 PULSE AMPLITUDE MODULATION 
AND TIME-DIVISION MULTIPLEXING 

In previous sections, we considered amplitude modulation with a sinusoidal carrier. 
Another important class of amplitude-modulation techniques corresponds to the 
use of a carrier signal which is a pulse train, as illustrated in Figure 7.29. Amplitude 
modulation of this type is referred to as pulse amplitude modulation (PAM). One of 
the important applications of pulse amplitude modulation is for transmission of 
several signals over a single channel. As indicated in Figure 7.29, the modulated 
output signal y(t) is nonzero only while the carrier signal p(t) is “on” (i.e., is nonzero). 
During the off intervals other pulse-amplitude-modulated signals could be transmitted. 
Two equivalent representations of this process are shown in Figure 7.30. In this 
technique for transmitting several signals over a single channel, each signal is in 
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Figure 7.29 Pulse amplitude modulation. 

effect assigned a set of time slots of duration A which repeat every T seconds and 
which do not overlap with the slots assigned to other signals. The smaller the ratio 
A/T, the larger the number of signals that can be transmitted over the channel. This 
procedure is referred to as time-division multiplexing (TDM). Whereas frequency- 
division multiplexing, as discussed in Section 7.2.2, assigns differenty/r^we/icy intervals 
to individual signals, time-division multiplexing assigns different time intervals to 
individual signals. Demultiplexing of the individual PAM signals from the composite 
signal in Figure 7.30 is accomplished by time gating to select the particular time 
slots associated with each individual signal. 

In general, we would not expect that an arbitrary continuous-time signal could 
be recovered after pulse amplitude modulation. However, somewhat surprisingly, 
under certain condi ions, the original signal jr(f) can be exactly recovered by lowpass 
filtering. To develop these conditions, we note that as with sinusoidal amplitude 
modulation, if 

X 0 = x(t)p{t) 




Figure 7.30 Time-division multiplexing. 

then 

n<») = ^2r(a>)*P(a>) (7.21) 

Since p(t) is periodic with period T, F(a>) consists of impulses in frequency spaced 
by 2njT, that is, 

P((d) =2 n ^ a k S(a> — kw,) (7.22) 
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where co, = InjT and the coefficients a k are the Fourier series coefficients of p(t), 
which, from Example 4.13, are 


g __ sin (k<x>, A/2) 
nk 


(7.23) 


The spectrum of p(t) is thus as indicated in Figure 7.31(b). With the spectrum of *(r) 
as illustrated in Figure 7.31(a), the resulting spectrum of the PAM signaler) is shown 
in Figure 7.31(c). In general, from eqs. (7.21) and (7.22), y(co) is a sum of scaled 
replications of X(co) shifted in frequency, that is, 


Y(co) = a k X(co 
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Figure 7.31 Spectra associated witli pulse amplitude modulation. 


472 


Modulation Chap. 7 


From Figure 7.31(c) and eq. (7.24) it should be clear that X(co) can be extracted 
from Y(a>), and equivalently x(t) can be recovered from y(t), provided that 

(a), - co M ) > co M (7.25a) 

or 

a ), > 2co m (7.25b) 

where X(co) is zero for |a)| > co M . Equations (7.25) place a constraint on the relation 
between the period T of the carrier and the bandwidth of the input signal. If this 
constraint is satisfied, then x(t) can be recovered from y(t) through the use of a 
lowpass filter with cutoff frequency greater than co M and less than (co r — co M ). 

It is interesting to note that the constraint in eq. (7.25) that dictates our ability 
to recover x(t) from y(t) depends on the period T but does not depend on the duration 
A (i.e., the length of time that the carrier is “on” in each period). Thus, as long as 
eq. (7.25b) is satisfied and we are willing to supply the necessary amplification (Tj A) 
in the lowpass filter used to recover x(t), we can in principle select time slices of x(t) 
that are arbitrarily narrow. In practice, as the width of the time slices decreases, the 
amplitude of p(i) is generally increased so that the pulse-amplitude-modulated signal 
is not unduly sensitive to errors and noise encountered in transmission over a channel. 
In the limit as A approaches zero and the amplitude of p(i) is increased in proportion 
to 1/A ,p(t) becomes a periodic impulse train and x(t) is represented by instantaneous 
values or samples at periodic time instants. This specific case is the subject of 
Chapter 8. 

7.5 DISCRETE-TIME AMPLITUDE MODULATION 

The concepts of amplitude modulation developed in the previous sections for con¬ 
tinuous-time signals apply as well to discrete-time signals. By far the most widespread 
application for amplitude modulation is in communications systems. In many com¬ 
munications systems the continuous-time signal is converted to a discrete-time signal 
through the concept of sampling, which was introduced briefly in Section 7.4 and 
which is developed in more detail in Chapter 8. In these systems the modulation 
may then be carried out in discrete time. Furthermore, in many of these discrete-time 
communications systems, there is the need to convert from frequency-division 
multiplexing to time-division multiplexing, or vice versa, entirely within the discrete¬ 
time domain. Such discrete-time systems, referred to as transmultiplexing or trans¬ 
modulation systems, represent an extremely important application of discrete-time 
amplitude modulation, and are considered again in Chapter 8, after the relation 
between continuous-time and discrete-time signals and systems has been developed. 
A second important application for discrete-time amplitude modulation, as was the 
case for continuous-time amplitude modulation, is in the implementation of fre¬ 
quency-selective bandpass filters with variable center frequency. 

A discrete-time amplitude-modulation system is shown in Figure 7.32, where 
c[n] is the carrier and x[n] is the modulating signal. The basis for our analysis of 
continuous-time amplitude modulation was the modulation property for Fourier 
transforms, specifically the fact that multiplication in the time domain leads to a 
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Figure 7J2 Discrete-time amplitude 
modulation. 


convolution in the frequency domain. As discussed in Section 5.7, there is a corre¬ 
sponding property for discrete-time signals. Specifically, consider 

y[n] = *[n]c[/j] 

With A'(O), Y(fi), and C(D) denoting the Fourier transforms of Ji[/i], y[/i], and c[/j], 
respectively, F(fi) is proportional to the fieriodic convolution of X(Q) and CYO} 
that is, v h 

r(D) = 2i l X(0)aQ ~ °) d0 (7.26) 

Since X(C1) and C(fi) are periodic with a period of 2n, the integration can be 
performed over any frequency interval of length In. 

Let us first consider sinusoidal amplitude modulation with a complex exponen¬ 
tial carrier, so that 

c[n] = e JCX " (7.27) 

As we developed in Sec. 5.4.2, the Fourier transform of c[n] is a periodic impulse 
train, that is, 

C (D) = 2n 6(Q — + kin) (7.28) 

Thus, C(fi) is as sketched in Figure 7.33(b). With X(fi) as illustrated in Figure 
7.33(a), the spectrum of the modulated signal will be that shown in Figure 7 33(c) 

In particular, we note that F(fi) = X(Q - fi £ ). This is the discrete-time counterpart 
to Figure 7.2 and here again, with x[n] real the modulated signal will be complex. 
Demodulation is accomplished by multiplying by e~ jn - to translate the spectrum 
back to its original location on the frequency axis, so that 

x(n] = y[n]e- /n ” (7.29) 

When fi £ = n, c[rt] is the sequence (-1)* and the high and low frequencies in 
x[n] become interchanged in y[n), as illustrated in Figure 7.34. For this specific 
choice of c[n),y[n\ is obtained from x[/t] by changing the algebraic sign of the values 
in ,v[/i] for odd values of n, and demodulation corresponds to changing the algebraic 
sign of the values of y[t i] for odd values of n. 

One example in which amplitude modulation with Q c = n is often useful is in 
utilizing a lowpass filter to achieve highpass filtering, and vice versa. A system to 
accomplish this is illustrated in Figure 7.35. By modulating with the carrier (—!)", 
the high frequencies are shifted to low frequencies, and after lowpass filtering the 
signal is demodulated. 

As an alternative to the use of a complex exponential carrier we can use a 
sinusoidal carrier, in which case with x[n] real, the modulated signal y[n\ will also 
be real. With t{n] = cos Dpi, the spectrum of the carrier consists of periodically 
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Figure 7.33 (a) Spectrum of x[n}\ (b) spectrum of c[n] = e/a*; ( c ) spectrum of 
y[n] = xln]c[n]. 
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Figure 7.35 Implementation of a highpass filter using modulation and lowpass 
filtering. 

repeated pairs of impulses at ft = ±O c + kin, as illustrated in Figure 7.36(b). 
With A'(O) as shown in Figure 7.36(a), the resulting spectrum for the modulated 
signal is that shown in Figure 7.36(c), and in particular corresponds to replicating 
^(O) at the frequencies Q = ±fi e + kin. In order that the individual replications 
of X(Cl ) not overlap, we require that 

n, > n* ( 7 . 30 ) 


and 

or, equivalently, 


(in - n c - n„) > (a + a*) 

Cl e < (n - Cl M ) 


(7.31) 


The first condition is identical to that in Section 7.1 for continuous-time sinusoidal 
amplitude modulation, while the second results from the inherent periodicity of 
discrete-time spectra. Combining eqs. (7.30) and (7.31), with a sinusoidal carrier, 
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we restrict so that 


Cl M < Cl c < (n — Q„) (7-32) 

Demodulation can be accomplished in a manner similar to that used in con¬ 
tinuous time. Specifically, as illustrated in Figure 7.37, multiplication of y[n] with 
the same carrier used in the modulator results in several replications of the original 
signal spectrum, one of which is centered about Cl = 0. By lowpass filtering to elimi¬ 
nate the unwanted replications of A'(Cl), the demodulated signal is obtained. 


xim 



(0 

Figure 7.36 Spectra associated with discrete-time amplitude modulation using 
a sinusoidal carrier. 


As should be evident from the foregoing discussion, an analysis of discrete¬ 
time amplitude modulation proceeds in a manner very similar to continuous-time 
amplitude modulation with only slight differences. For example, as explored in 
Problem 7.24, in the synchronous modulation and demodulation system, the effect 
of a phase difference or a frequency difference between the sinusoidal carrier in the 
modulator and demodulator is identical in both discrete and continuous time. 

As in Section 7.4, we can also consider discrete-time pulse amplitude modulation 
and time-division multiplexing. A single channel of such a system is shown in Figure 
7.38. Here we retain (M + 1) consecutive values of x[rt] in each period of interval 
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Figure 7.37 System for discrete-time synchronous demodulation and associated 
spectra. 
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Figure 7.38 Discrete-time pulse amplitude modulation. 

N, The analysis of this system is very similar o the continuous-time case and is 
explored in greater detail in Problem 7.33. In that exercise it is shown that if the 
bandwidth of A'(D) is sufficiently small relative to 2iijN, the fundamental frequency 
of p[n\, then x[n] can be recovered from y[n] by lowpass filtering. As in continuous 
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time, this result depends only on N and the bandwidth of Jf(nj and not on the duration 
M + \ of each pulse. For example, we could take the case M = 0 (i.e., we could 
consider transmitting a single sample of x[n] each period), and if the bandwidth 
constraint is satisfied, we can recover all of x[n] by lowpass filtering. This is the basic 
result behind discrete-time sampling, a topic which, together with continuous-time 
sampling, we explore in Chapter 8. 


CONTINUOUS-TIME FREQUENCY MODULATION 

In the preceding sections we discussed a number of specific amplitude-modulation 
systems in which the modulating signal was used to vary the amplitude of a sinusoidal 
or a pulse carrier. As we have seen, such systems are amenable to detailed analysis 
using the frequency-domain techniques that we have developed in preceding chapters. 
Another very important class of modulation techniques is referred to as angle modu¬ 
lation, in which the modulating signal is used to control the frequency or phase of 
a sinusoidal carrier. Modulation systems of this type have a number of advantages 
over sinusoidal amplitude modulation. For example, the modulated signal has a con¬ 
stant peak amplitude and thus the transmitter can always operate at peak power. 
In addition, amplitude variations introduced over a transmission channel due to 
additive disturbances or fading can, to a large extent, be eliminated at the receiver. 
For this reason, in public broadcasting and a variety of other contexts, frequency 
modulation (FM) reception is typically better than AM reception. On the other hand, 
as we will see, frequency modulation generally requires greater bandwidth than does 
sinusoidal amplitude modulation. 

Angle modulation systems are highly nonlinear and consequently are not as 
straightforward to analyze as are the amplitude modulation systems discussed in 
preceding sections. However, the frequency-domain methods we have developed do 
allow us to gain some understanding of the nature and operation or angle modulation 
systems. To introduce the analysis of angle modulation, consider a sinusoidal carrier 
signal c(r), expressed in the form 

c(t) = A cos (a o c t + 0 C ) (7.33) 

where ® is the frequency and 0 C the phase of the carrier. Angle modulation, in gen¬ 
eral corresponds to using the modulating signal to vary the angle 0(t) = yo.i + 0 C ). 
One’ form that this sometimes takes is to use the modulating signal x(t) to vary 
the phase 0 C so that the modulated signal y(t) takes the form 

y(f) = A cos [(O't + 0 c {t )] (7-34) 

where 0 C is now a function of time, specifically of the form 

e c ( t) = 0 o + kjXit) ( 7 - 35 ) 

irxfr) is constant, for example, the phase of will be constant and proportional to 
the amplitude of x(t). Angle modulation of the form of eq (7..-4) is referred to as 
phase modulation. Another form of angle modulation corresponds to varying the 
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(7.36) 


S'. 


derivative of the angle linearly with the modulating signal, that is, 
_y(t) = A cos 6{t) 

where 

+ k,x«) 
at 


(7.37) 


For x(t ) constant, y(t) is sinusoidal with a frequency that is proportional to the 
amplitude of x(f). For that reason, angle modulation of the form of eqs. (7.36) and 
(7.37) is commonly referred to as frequency modulation. 

Although phase modulation and frequency modulation are different forms of 
angle modulation, the difference is not a significant one since they can be easily 
related. Specifically, from eqs. (7.34) and (7.35), for phase modulation 


dd(l) _ , k Mt) 

IT ~ ' + " dt 


(7.38) 


and thus, comparing eqs. (7.37) and (7.38), phase modulating with x(t) is identical to 
frequency modulating with the derivative of x(t). Likewise frequency modulating 
with x(t) is identical to phase modulating with the integral of x(f). An illustration of 
phase modulation and frequency modulation is shown in Figure 7.39(a) and (b). 
In both cases, the modulating signal is x(f) = tu(t) (i.e., a linear increase with time 
for / > 0). In Figure 7.39(c) an example of frequency modulation is shown with a 
step (the derivative of a ramp) as the modulating signal [i.e., x(t) — u(f)]. The cor¬ 
respondence between Figure 7.39(a) and (c) should be evident. Frequency modulation 
with a step corresponds to the frequency of the sinusoidal carrier changing instan¬ 
taneously from one value to another when x(t) changes value at t — 0, much as the 
frequency of a sinusoidal oscillator changes when the frequency setting is switched 
instantaneously. When the frequency modulation is a ramp, as in Figure 7.39(b), 
“frequency” is changing linearly with time. This notion of a time-varying frequency is 
often best expressed in terms of the concept of instantaneous frequency. For y(t) of the 
form 

y(t) = A cos 6(t) (7.39) 

the instantaneous frequency w, of the sinusoid is defined as 

w ,0) = (7-40) 

Thus, for y(t) truly sinusoidal [i.e., 6(t) — (a) c t + 0 O )], the instantaneous frequency 
is <w c , as we would expect. For phase modulation as expressed in eqs. (7.34) and (7.35), 
the instantaneous frequency is [o> c + kfdx(t)ldt)] and for frequency modulation as 
expressed in eqs. (7.36) and (7.37), the instantaneous frequency is [o> c + k f x(t)]. 

Since frequency modulation and phase modulation are easily related, we will 
phrase the remaining discussion in terms of only one of these, specifically frequency 
modulation. To gain some insight into how the spectrum of the frequency-modulated 
signal is affected by the modulating signal x(t), it is useful to consider two cases in 
which the modulating signal is sufficiently simple so that some of the essential prop¬ 
erties of frequency modulation become evident. 
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Figure 7.39 Phase modulation and frequency modulation and their relationship: (a) phase 
modulation with a ramp as the modulating signal; (b) frequency modulation with a ramp 
as the modulating signal; (c) frequency modulation with a step (the derivative of a ramp) 
as the modulating signal. 

7. 6.1 Narrowband Frequency Modulation 

Let us consider the case of frequency modulation with x(t) sinusoidal of the form 

x(t) = A cos co m t (7.41) 

From eq. (7.40), the instantaneous frequency is 

coft) = co, + k f A cos coj (7.42) 

and in particular varies sinusoidally between to, + k f A and w c — k f A. With A co 
defined as 
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Aa ) = k f A 

we have 

cj.(t) = co c + Aa> cos coj 

and 

y(t) = cos [ coj + jx(t) dt] (7.43) 

= cos | coj + ^ sin coj + 

where 9 0 is a constant of integration. For convenience we will choose 9 0 = 0, so that 
>(r) = cos [coj + ^ sin a>„t] (7.44) 

The factor A co/co m , which we denote by mi, is defined as the modulation index for 
frequency modulation. The properties of FM systems tend to be different depending 
on whether the modulation index m is small or large. The case in which m is small 
is referred to as narrowband FM. In general, we can rewrite eq. (7.44) as 

y(t) = cos (coj + m sin coj) (7.45a) 

or 

y(i) — COS coj cos (wi sin coj) — sin coj sin (mi sin coj) (7.45b) 
When mi is sufficiently small « n/2), we can make the approximations 

cos (mi sin coj) — 1 (7.46a) 

sin (mi sin coj) — mi sin co„t (7.46b) 

so that eq. (7.45) becomes 

y(t) ~ cos coj — Mi(sin w„r)(sin coj) (7.47) 

The spectrum of y(t) based on this approximation is shown in Figure 7.40. We note 



Figure 7.40 Approximate spectrum for narrowband FM. 


tlisit it has a similarity to AM-DSB/WC in that the carrier frequency is present in the 
spectrum and there are sidebands representing the spectrum of the modulating signal. 
However, in AM-DSB/WC the additional carrier injected is in phase with the modu¬ 
lated carrier, whereas as we see in eq. (7.47) for the case of narrowband FM, th* 1 
carrier signal has a phase difference of n/2 in relation to the amplitude-modulated 
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carrier. The waveforms corresponding to AM-DSB/WC and FM are also very 
different. Figure 7.41(a) illustrates the narrowband FM time waveform corresponding 
to eq. (7.47). For comparison, in Figure 7.41(b) is shown the AM-DSB/WC signal 
y 2 (t) = cos coj + mi(cos w m fXcos coj) (7.48) 


(a) 




(b) 


Figure 7.41 Comparison of narrowband FM and AM-DSB/WC: (a) narrow- 
band FM; (b) AM-DSB/WC. 

For the narrowband FM signal of eq. (7.47), the bandwidth of the sidebands 
is equal to the bandwidth of the modulating signal, and in particular, although the 
approximation in eq. (7.47) is based on assuming that mi n/2, the bandwidth of the 
sidebands is otherwise independent of the modulation index mi (i.e., it depends only 
on the bandwidth of the modulating signal, not on its amplitude). A similar state¬ 
ment applies for narrowband FM with a more general modulating signal. 

7.6.2 Wideband Frequency Modulation 

When mi is large, the approximation leading to eq. (7.47) no longer applies and the 
spectrum of y(t) depends on both the amplitude and spectrum of the modulating 
signal x{t). With y(t) expressed in the form of eq. (7.45), we note that the terms 
cos [mi sin coj] and sin [mi sin coj] are periodic signals with fundamental frequency 
co„. Thus, the Fourier transform of each of these signals is an impulse train with 
impulses at integer multiples of co m and amplitudes proportional to the Fourier series 
coefficients. The Fourier series coefficients for these two periodic signals involve a 
class of functions referred to as Bessel functions of the first kind. The first term in 
eq. (7.45)b corresponds to a sinusoidal carrier of the form cos coj amplitude-modu- 
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lated by the periodic signal cos [m sin w„r] and the second term a sinusoidal carrier 
sin w c / amplitude-modulated by the periodic signal sin [m sin w„f]. Multiplication by 
the carrier signals has the effect in the frequency domain of translating the spectrum 
of eq. (7.45)b to the carrier frequency w„. In Figure 7.42(a) and (b) we illustrate the 
spectra of the two individual terms in eq. (7.45), and in Figure 7.42(c) the combined 
spectrum representing the modulated signal y{t). In particular, the spectrum of y(t) 
consists of impulses at frequencies ±w c +/iw m , n = 0, ±1,±2, ... and is not, 
strictly speaking, bandlimited around ±w c . However, the behavior of the Fourier 
series coefficients of cos [m sin co m l ] and sin [m sin coj] are such that the amplitude 
of the nth harmonic for |n| > m can be considered to be negligible, and thus the 
total bandwidth B of each sideband centered around +co e and — co e is effectively 
limited to 2tnco m , that is, 



Icl 


Figure 7.42 Magnitude of spectrum of wideband frequency modulation with 
m = 12: (a) magnitude of spectrum of cos tup cos [/n sin co„rl; (b) spectrum 
of sin tup sin [m sin <u„f 1; (c) combined spectral magnitude of cos [tap + 
m sin owl. 
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or, in terms of k f and A, since m = k f Ala> m , - Aw/w m 

B ~ 2k f A = 2Aw (7.50) 

In particular, comparing eqs. (7.42) and (7.50), we note that the effective bandwidth 
of each sideband is equal to the total excursion of the instantaneous frequency 
around the carrier frequency. Therefore, for wideband FM, since we assume that 
m is large, the bandwidth of the modulated signal is much larger than the bandwidth 
of the modulating signal and, in contrast to the narrowband case, the bandwidth of 
the transmitted signal in wideband FM is directly proportional to the modulating 
signal amplitude and the gain factor k f . 

7.6.2 Periodic-Square-Wave Modulating Signal 

Another example that serves to lend insight into the properties of frequency modula¬ 
tion is that of a modulating signal which is a periodic square wave. Referring to eq. 
(7.42), let k { = 1 so that Aw = A and let x(t) be given by Figure 7.43. The 



Figure 7.43 Symmetric periodic square wave. 

modulated signal y(r) is illustrated in Figure 7.44. The instantaneous frequency is 
w e + Aa> when x(r) is positive, and w, — Aw when x(r) is negative. Thus, y{t) can 
also be written as 

y(t) = r (t) cos [(w e + Aw)r] + r(t — y 'j cos [(w, — Aw)r] (7.51) 

where r{t) is the symmetric square wave shown in Figure 7.45. Thus, for this particu¬ 
lar modulating signal, we are able to recast the problem of determining the spectrum 
of the FM signal y(t ) as the determination of the spectrum of the sum of the two 
AM signals in eq. (7.51). Specifically, 

T(w) = i(/?(w + w t + Aw) + B(co - co, - Aw)] 52) 

+ i[7I r (w + w c — Aw) + RAw — w c + Aw)] 
where R(m) is the Fourier transform of the periodic square wave r(t) in Figure 7.45 
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Figure 7.44 Frequency modulation with a periodic-square-wave modulating 
signal. 


rlt) 



3T _T _T 0 T I 3J T t 
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Figure 7.45 Symmetric square-wave term in cq. (7.51). 

and R r (co) is the Fourier transform of r(t — T/2). From Example 4.13 

*(w) = SFTT (-,)1J [®“ 2n(2k T ' 1} ] + n5{(0) (7 ' 53) 

and 

R r (co) = R(o)e- J * T/1 (7.54) 

The spectrum of T(g>) is illustrated in Figure 7.46. As with wideband FM, the spec¬ 
trum has the general appearance of two sidebands, centered around o c i Act), which 


Y{oj) 



(u> - Acj) UJ C (cj c + A to) 
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Figure 7.46 Spectrum for o> > 0 corresponding to frequency modulation with 
a periodic square-wave modulating signal. 
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decay for w < (w c — Aw) and w > (w c + Aw). Systems for demodulation of FM 
signals typically are of two types, one corresponding to converting the FM signal 
to an AM signal through differentiation and the second corresponding to tracking 
directly the phase or frequency of the modulated signal. 

The foregoing discussion provides only a brief introduction to the characteristics 
of frequency modulation, and again we have seen how the basic techniques developed 
in the earlier chapters can be exploited to analyze and develop insight into an 
important class of systems. 


7.7 SUMMARY 

In this chapter we have introduced the concept of amplitude modulation and discussed 
a number of its applications. The properties of amplitude modulation for both 
continuous time and discrete time are most easily interpreted in the frequency domain 
through the modulation property of Fourier transforms as discussed in Chapters 
4 and 5. Amplitude modulation with a complex exponential or sinusoidal carrier is 
typically used to shift the spectrum of a signal in frequency and is applied, for example, 
in communications systems to place the signal spectrum in a frequency range suitable 
for transmission and to permit frequency-division multiplexing. Variations of sinu¬ 
soidal amplitude modulation, such as insertion of a carrier signal for asynchronous 
systems and single- and double-sideband systems, were discussed. Pulse amplitude 
modulation, used, for example, in time-division multiplexing systems, was discussed. 
As the pulse width becomes small, so that the pulse train approaches an impulse 
train, pulse amplitude modulation corresponds to instantaneous time sampling. 

In the present chapter we also briefly introduced the concepts of frequency and 
phase modulation. Although these forms of modulation are more difficult to analyze 
in detail, it is possible to gain significant insight through the frequency domain. 


PROBLEMS 



In Section 7.1 we analyzed the sinusoidal amplitude modulation and demodulation sys¬ 
tem of Figure 7.9, assuming that the phase 9 C of the carrier signal was zero. 

(a) For the more general case of arbitrary phase 9 C in Figure 7.9, show that the signal 
wit) in the demodulation system can be expressed as 

w(l) — + i*(f) cos (2w c r + 2 9 e ) 

(b) If x(t) hasa spectrum that is zero for | w|^w M , determine the relationships required 
among W [the cutoff frequency of the ideal lowpass filter in Figure 7.9(b)), W c (the 
carrier frequency), and co M so that the output of the lowpass filter is proportional 
to x(r). Does your answer depend on the carrier phase 9 C 1 

In Figure P7.2-1 a system is shown with input signal x(t) and output signal ></). The 
input signal has the Fourier transform spectrum X(CO) shown in Figure P7.2-2. Deter¬ 
mine and sketch F(w), the spectrum of y(i). 
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7.3. In Section 7.1 we discussed the effect of a loss in synchronization in phase between 
the carrier signals in the modulator and demodulator for sinusoidal amplitude modula¬ 
tion. Specifically, we showed that the output of the demodulation is attenuated by the 
cosine of the phase difference, and in particular, when the modulator and demodulator 
have a phase difference of ti/2, the demodulator output is zero. As we demonstrate in 
this problem, it is also important to have frequency synchronization between the modu¬ 
lator and demodulator. 

Consider the amplitude modulation and demodulation systems in Figure 7.9 
with 9 C = 0 and with a change in the frequency of the demodulator carrier so that 
w(r) = y(l) cos (O d t 

where 

y(t) — x(i) cos <o c t 

\ Let us denote the frequency difference between the modulator and demodulator as Aco 
(i.e., (fO d — co c ) = Aco). Also, assume that x(t) is bandlimited with X(co) = 0 for 
|co| ;> co M and assume that the cutoff frequency W of the lowpass filter in the demodu¬ 
lator satisfies the inequality 

(co M + Aco) <w< (2co e + A to - co M ) 

(a) Show that the output of the demodulator lowpass filter is proportional to 
x (r) cos (A cot). 

(b) If the spectrum of x(t) is that shown in Figure P7.3, sketch the spectrum of the 
output of the demodulator. 




XM 



-o M u u u Figure P7.3 

7.4. In discussing amplitude-modulation systems, the modulation and demodulation were 
carried out through the use of a multiplier. Since multipliers are often difficult to imple- 
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ment, many practical systems use a nonlinearity. In this problem we illustrate the basic 
concept. 

In Figure P7.4 we show one such system for amplitude modulation. The system 
consists of squaring the sum of the modulating signal and the carrier, and then band¬ 
pass-filtering to obtain the amplitude-modulated signal. 


cos ca c t 



Figure P7.4 


Assume that x(l) is bandlimited so that X(co) = 0, |o)| > co M . Determine the 
bandpass filter parameters A, CO t , and <o„ so that y(l) is an am plitude-modulated version 
of x(t) [i.e., so that y(t) = xir) cos COj], Specify the necessary constraints, if any, on 
co c and co M . 

7.5. The following scheme has been proposed to perform amplitude modulation. The input 
signal x(t) is added to the carrier signal cos co c t and then put through a nonlinear device 
so that the output z(r) is related to the input by 
z(r) = e’“> - 1 
y(t) = x(l) + cos co c t 

This is illustrated in Figure P7.5-1. Such a nonlinear relation can be implemented 



COS G> e t 


Figure P7.5-1 

through the current/voltage characteristics of a diode where, with /(/) and v(t) the diode 
current and voltage, respectively, 

/'(/) = ! 0 e" u> — 1 (a real) 

To study the effects of this nonlinearity, we can examine the spectrum of z(r) and how 
it relates to X(co) and co c . To accomplish this, we use the power series for e”, which is 
e r = 1 + y + iy 1 + iy 3 + ... 

(a) If the spectrum of *(/) is given by Figure P7.5-2, and if co c — lOOco,, sketch and 
label Z(co), the spectrum of z(t), using the first four terms in the power series for e'. 

(b) The bandpass filter (BPF) has parameters as shown in Figure P7.5-3. Determine the 
range of a and the range of such that r(t) is an amplitude-modulated version 
of x(t). 
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7 6 In Figure P7.6 is shown a system to be used for sinusoidal amplitude modulation, 
where x(t) is bandlimited with maximum frequency C0 M so that X(CO) - 0 |eo| > «• 

As indicated, the signal s(l) is a periodic impulse train w.th period T and with an offset 
from T = 0 of A. The system H(co) is a bandpass filter. 



h- t-h 


0 A (T + A) (2T + A) 1 



u Figure P7.6 


(a) With A = 0, co M = n/2T, co, = n/T, and co* = 371/7, show that y(t) is propor¬ 
tional to x(t) cos ov, where a), = 2njT. 

(b) If co M , co u and co* are the same as given in part (a) but A is not necessarily zero, 
show that y(') is proportional to *(/) cos (CO,/ 4 0 C ), and determine C0 c and 0, 
as a function of T and A. 

(c) Determine the maximum allowable value of CO*, relative to T so that y(<) is propor¬ 
tional to x(t) cos (co e r + 0 e ). 

7.7. The modul. tion/demodulation scheme proposed below is similar to sinusoidal ampli¬ 
tude modulation except that the demodulation is done with a square wave with the 
same zero crossings as cos C0 c t. The system is shown in Figure P7.7-1, where the rela¬ 
tion between cos OV and ,;(/) is shown in Figure P7.7-2. Let the input signal x(r) be 
a bandlimited signal with maximum frequency C0 M < as shown in Figure P7. -3. 
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Modulation 


Demodulation 



Figure P7/7-3 


(a) Sketch and dimension the real and imaginary parts of Z(<2>), P(Co), and Y(Co), the 
Fourier transforms of z(t), pO)t an d y(l ), respectively. 

(b) Sketch and dimension a filter H(CO) so that v(l) *» x(t). 

7.8. In Figure P7.8-I a communication system is shown that transmits a bandlimited signal 



Figure P7.8-1 


x(t) as periodic bursts of high-frequency energy. Assume that X(CO) = 0 for | CO | > CO M . 
Two possible choices are to be considered for the modulating signal m(t), which we 
denote as m,(r) and m 2 (r). m,(r) is a periodic train of sinusoidal pulses, each of duration 
D, as shown in Figure P7.8-2, that is, 
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-D/2 


D/2 


m 2 lt) 



Figure P7.8-2 


•where 


">■(') ~ kT ) 

I cos CO,t for | /1 < y 
D 

0 for | r| > y 


tn 2 (t) is cos &M periodically blanked or gated, that is, m 2 (i) — g(l) cos co c l, where 
g(t) is shown in Figure P7.8-2. 

The following relationships between the parameters T, D,co ,, and co M are to be 
assumed: 

D <T 


Also, assume that sine ( x ) is negligible for x> 1. 

Determine whether for some choice of co lt either m,(t) or in 2 (l) will result in a 
demodulated signal r(t ) that is proportional to the signal jt(t). For each case in which 
your answer is yes, determine an acceptable range for co,,. 
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7.9. In Section 7.1.1 we discussed the use of an envelope detector for asynchronous 
demodulation of an AM signal of the form y(t) = Mt) + A] cos (co c t + 9,). An 
alternative demodulation system, which also does not require phase synchroniza¬ 
tion but does require frequency synchronization, is shown in block-diagram form 
in Figure P7.9. The lowpass filters both have a cutoff frequency of co c . y(i) is of the 
form y(f) = [*(/) + A] cos (co,l + 9 C ) with 9, constant but unknown. x(t) is band- 
limited with X(co) = 0, | cu | > co M and with co M < co,. As was required for the use 
of an envelope detector, x(l) + A > 0 for all /. 

Show that the system in Figure P7.9 can be used to recover *(r) from }{t) without 
knowledge of the modulator phase 9 C . 


COS CO c t 



sin io c t 


Figure P7.9 

7.10. As discussed in Section 7.1.1, asynchronous modulation-demodulation requires the 
injection of the carrier signal so that the modulated signal is of the form 

y(;) = [A + *(»)] cos ( CO c l + 9 ,) (P 7.10) 

where [A + x(/)j > 0 for all t. The presence of the carrier means that more transmitter 
power is required, representing an inefficiency. 

(a) Let x(l) be given by x(t) = cos co M l with co M < co, and [A + *0)1 > 0. For a 
periodic signal y(/) with period T, the time average power Py is defined as 
P r =(\/D JrT'HOfft- Determine and sketch P, for y(t) in eq. (P7.10). Express 
your answer as a function of the modulation index m, defined as the maximum 
absolute value of x(f), divided by A. 

(b) The efficiency of transmission of an amplitude-modulated signal is defined to be 
the ratio of the power in the sidebands of the signal to the total power in the signal. 
With x(l) = cos o M t and with co M < co e and [A + x(/)] > 0, determine and sketch 
the efficiency of the modulated signal as a function of the modulation index m. 

7.11. In Figure 1*7.11 a system is proposed whereby a bandpass filter can be synthesized out 
of two lowpass filters and an oscillator. Let the input signal be bandlimited with the 
spectrum X(m) shown in Figure P7.ll, where we have shaded ti.e negative-frequency 
portion to distinguish it from the positive-frequency portion. 

With co M <co c , co, < co c , and co 2 > (co, - co,), sketch the spectra of r,(t), 
r 2 (t), r 2 (t), and y(/). Demonstrate, in particular, that the overall system is equivalent 
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Figure P7.ll 


to a bandpass filter and determine the upper and lower cutoff frequencies of the 
bandpass filter in terms of co et co,, and co 2 . 

7.12. In Section 7.2.1 we discussed the use of amplitude modulation with a complex expon¬ 
ential carrier to implement a bandpass filter. The specific system was shown in Figure 
7.16, and if only the real part of/(f) is retained, the equivalent bandpass filter is that 
shown in Figure 7.20. 

In Figure P7.12 we indicate an implementation of a bandpass filter using sinu- 
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soidal modulation and lowpass filters. Show that the output y(t) of this system is 
identical to that which would be obtainetTby retaining only &«[/(/)} in Figure 7.16. 
7.13. The system shown in Figure P7.13-1 is proposed to implement a lowpass filter. The 
system H(co) is an ideal “90° phase shifter” for which the frequency response is 


H(co) = 


( = /), 

| f -f(./l)(= -j). 


CO > 0 
CO <0 


The system output y(l) is the imaginary part of the complex signal r,(t). 


i 

/ 

x(t> 

Figure P7.13-1 

(a) With X(co) real and as sketched in Figure P7.13-2, sketch the spectra of r,(t), rj(f), 
r 3 (f), and y(t). Demonstrate in particular that the system implements an ideal low- 
\ pass filter and determine the cutoff frequency of the lowpass filter as a function of 
the modulating frequency co c . 



XM 



u Figure P7.13-2 


(b) Show that the system in Figure P7.13-3 is equivalent to the system in Figure P7.13-1, 
where the system H{co) is identical in both cases, and x{t) is real. 


COS CJ c t s * n w c l 



sin cj c t cos w c l 

Figure P7.13-3 


7 14 A commonly used system to maintain privacy in voice communications is a speech 
scrambler. As illustrated in Figure P7.14-1, the input to the system is a normal speech 
signa' x(t) and the output is the scrambled version y{t). The signal y(t) is transmitted 
and tnen unscrambled at the receiver. 

We assume that all inputs to the scrambler are real and bandlimited to frequency 
co m, that is, X(co) = 0 for |o)| > co M . Given any such input, our proposed scrambler 
permutes different bands of the input signal spectrum. In addition, the output signa 
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speech) 

Figure P7.14-1 

is real and bandlimited to the same frequency band, that is, Y(co) = 0 for |Ct)| > C0 M . 
The specific permuting algorithm for our scrambler is 

Y(co) = X (0 - co M ), 0 > 0 
Y(co) - X(co + co M ), co < 0 

(a) If X(co) is given by the spectrum shown in Figure P7.14-2, sketch the spectrum of 
the scrambled signal y{t). 


XI u) 



(b) Using amplifiers, multipliers, adders, oscillators, and whatever ideal filters you 
find necessary, draw the block dragram for such an ideal scrambler. 

(c) Again, using amplifiers, multipliers, adders, oscillators, and ideal filters, draw a 
block diagram for the associated unscrambler. 

7.15. In practice it is often very difficult to build an amplifier at very low frequencies. Con¬ 
sequently, low-frequency amplifiers typically exploit the principles of amplitude modu¬ 
lation to shift the signal into a higher-frequency band. Such an amplifier is referred to 



s(t) s(t> 


s(t> 



-T ° I T T t 

4 2 

Figure P7.15 


(a) Determine in terms of T the highest allowable frequency pr sent in x(t) if y(t) is 
to be proportional to x(/) (i.e., if the overall system is to be equivalent to an 
amplifier). 

(b) With x(t) bandlimited as specified in part (a), determine the gain of the overall 
system in Figure P7.15 in terms of A and T. 
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Hj(ca) 


_* T U 

T T Figure P7.15 (cont.) 

7.16. We wish to communicate one of two possible messages, message m 0 or message m ,. 
To do so we will send a burst of one of two frequencies over a time interval of length 
T. Note that Tis independent of which message is being transmitted. For message m 0 
we will send cos 0 o t and for message m, we will send cos 0 , 1 . Thus, a burst b(t) will 
look as shown in Figure P7.16-1. Such a communications system is called frequency 
shift keying (FSK). When the burst of frequency b(i) is received, we wish to determine 
if it represents message m„ or message m,. To accomplish this we do as shown in Figure 
P7.16-2. 



m „(0 



Figure P7.16-1 

(a) Show that the maximum difference between the absolute values of the two lines 
in Figure P7.16-2 occurs when cos 0„t and cos 0,1 have the relationship 

T 

cos 0 o tcos 0,1 dt — 0 

0 





Figure P7.16-2 










(b) Is it possible to choose CO 0 and a >, such that there is no interval of length T for 
which 

c T 

COS CO 0 t COS CO, I dt = 0? 

Jo 

7.17. As described in the text, it is quite difficult to build a filter with good frequency selec¬ 
tivity and gain that can be tuned over its entire range of operation. Since the accurate 
demultiplexing and demodulation of radio and television signals require this type of 
tunable filter, a system called the superheterodyne receiver has been designed to be 
equivalent to this tunable filter. The basic system is shown in Figure P7.I7-1. 



Figure P7.17-1 


(a) The input signal y(t ) consists of the superposition of many amplitude modulated 
signals which have been multiplexed using frequency division multiplexing so that 
they each occupy different frequency channels. Let us consider one such channel 
which contains the amplitude modulated signal y,(r) = x,(r) cos u> c t with spectrum 
y,(«) as depicted in Fig. P7.I7-2. We want to demultiplex and demodulate to 
recover the modulating signal x t (r), using the system of Fig. P7.17-1. The coarse 
tunable filter has the spectrum H^co) shown in Figure P7.l7-2(b). Determine the 
spectrum Z(a>) of the input signal to the fixed selective filter //i(fc>). Sketch and 
label the spectrum Z(ta) for to > 0. 

(b) The fixed frequency selective filter is a bandpass type centered around fixed fre¬ 
quency u>f, as shown in Figure P7.I7-3. We would like the output of filter Hi(u>) 
to be r(r) = x,(r) cos In terms of co c and co M , what constraint must a> T satisfy 
to guarantee that an undistorted spectrum of x,(r) is centered around &> = &>/? 

(c) What must G, a, and /i be in Figure P7.17-3 so that r(t) = X|(/)cos &>,(? 
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(b) Coarse tunable filter 


Figure P7.17-2 



7.18. In Section 7.2.2 we discussed the use of sinusoidal amplitude modulation for frequency- 
division multiplexing whereby several signals are shifted into different frequency bands 
and then summed for simultaneous transmission. In this problem we explore another 
multiplexing concept referred to as quadrature multiplexing. In this multiplexing pro¬ 
cedure two signals can be transmitted simultaneously in the same frequency band if the 
two carrier signals are 90° out of phase. The multiplexing system is shown in Figure 
P7.18(a) and the demultiplexing system in Figure P7.18(b). x,(t) and x 2 (t) are both 
assumed to be bandlimited with maximum frequency co M , so that A"i(a>) = Xilco) = 0 
for | co | > co M . The carrier frequency u> e is assumed to be greater than co M . Show 
that y,(r) = *i(f) and y^t) = x 2 (t). 

7.19. In Figure 7.27 we indicated a system for implementing single-sideband modulation in 
which only the lower sidebands are retained and in Figure 7.28 illustrated the corre¬ 
sponding spectra, assuming that X(co) is real and symmetric. By sketching the spectra 
of >’i(0. yiU), and y(r) for X(co), as indicated in Figure P7.19, show that for X(a>) 
imaginary and antisymmetric the system also retains only the lower sidebands. 
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r(t) 51 multiplexed signal 




Demultiplexed 

outputs 


(b) 

Figure P7.18 

XM 


Figure P7.19 

7.20. In Section 7.3 we discussed the implt mentation of single-sideband modulation using 
90° phase-shift networks and in Figures 7.27 and 7.28 specifically illustrated the system 
and associated spectra to retain the lower sidebands. 

In Figure P7.20-1 is shown the corresponding system for retaining the upper 
sidebands. 
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(a) With the same X(a>) illustrated in Figure 7.28, sketch K,(co), Y 2 (co), and /(CD) for 
the system in Figure P7.20-1, and demonstrate specifically that only the upper 
sidebands are retained. 

(b) For X(co) imaginary, as illustrated in Figure P7.20-2, sketch Y> (CD), Y 2 (C0 ), and 
y(co) for the system in Figure P7.20-1, and demonstrate that for this case also, 
only the upper sidebands are retained. 

7.21. Single-sideband modulation discussed in Section 7.3 is commonly used in point-to-point 
voice communication. It offers many advantages, including effective use of available 
power, bandwidth conservation, and insensitivity to some forms of random fading in 
the channel. In double-sideband suppressed carrier (DSB/SC) systems the spectrum of 
the modulating signal appears in its entirety in two places in the transmitted spectrum. 
Single-sideband modulation eliminates this redundancy, thus conserving bandwidth 
and increasing the signal-to-noise ratio within the remaining portion of the spectrum 
that is transmitted. 

In Figure P7.21-1 two methods of generating an amplitude-modulated single¬ 
sideband signal are shown. The system in Figure P7.21-l(a) can be used to generate a 
single-sideband signal for which the lower sideband is retained and the system in 
Figure P7.21-l(b) a single-sideband signal for which the upper sideband is retained, 
(a) For X(CO) as shown in Figure P7.21-2, determine and sketch S(co), the Fourier 
transform of the lower-sideband modulated signal and R(C0), the Fourier transform 
of the upper-sideband modulated signal. Assume that CO c > CO j. 
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(b) 

Figure P7.21-1 

XM 



The upper-sideband modulation scheme is particularly useful with voice 
communications, as any real filter has a finite transition region for the cutoff 
(i.e., near co c ). This region can be accommodated with negligible distortion, as 
the voice signal does not have any significant energy near co — 0 (i.e., for 
|tu| < co, = In x 40 Hz). 

(b) Another (third) procedure for generating a single-sideband signal is termed the 
phase-shift method and is illustrated in Figure P7.21-3. Show that the single¬ 
sideband signal generated is proportional to that generated by the lower-sideband 
modulation scheme of Figure P7.21-l(a) [i.e., p{t) is proportional to j(/)]. 

(c) All three AM-SSB signals can be demodulated using the scheme shown on the 
right-hand side of Figure P7.21-1. Show that whether the received signal is s(t), 
r(i), or p(t), as long as the oscillator at the receiver is in phase with oscillators at 
the transmitter, and tv = Ct) c , the output of the demodulator is x(r). 

The distortion that results when the oscillator is not in phase with the trans¬ 
mitter, called quadrature distortion, can be particularly troublesome in data com¬ 
munications. 
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Figure P7.21-3 


7.22. A pulse-amplitude-modulated (PAM) system for communications may be modeled as 
in Figure P7.22-1. The output of the system is q(l), the PAM signal. 

(a) Let x(t) be a bandlimited signal [i.e., X(co) = 0 |co| ^ n/T], as shown in Figure 
P7.22-2. Determine and sketch R(co) and Q(co). 

(b) Find the maximum value of A such that >v(r) = x(r) with an appropriate filter 

(c) Determine and sketch a compensating filter M(co) such that w(t) = x(r). 


PAM system 



I pit) - Z 6(t-nT) 


Figure P7.22-1 


XM 



to 


T T Figure P7.22-2 

7.23. Consider a discrete-time signal x[n] with Fourier transform shown in Figure P7.23-1. 
The signal is amplitude-modulated by a sinusoidal sequence, as indicated in Figure 
P7.23-2. 

(a) Determine and sketch F(fi), the Fourier transform ofy[.i]. 
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Figure P7.23-1 



COS n c n Figure P7.23-2 

(b) A proposed demodulation system is shown in Figure P7.23-3. For what value of 9 e , 
flip, and G will £[n] - jr[n]? Are any restrictions on ft e and ft lp necessary to 
guarantee that x[ri\ is recoverable from y[ri\1 


ilnl 

cos m c n + S £ | 

Figure P7.23-3 

7.24. In Section 7.5 we considered synchronous discrete-time modulation and demodulation 
wt th a sinusoidal carrier. In this problem we want to consider the effect of a loss in 
synchronization in phase and/or frequency. The modulation and demodulation systems 
are shown in Figure P7.24-1, where both a phase and frequency difference between 


cos[n c n + 0 c ] 





Figure P7.24-1 
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ft d — ft e be denoted as Aft and the phase difference 9j — 9 C as A 9. 

(a) If the spectrum of x[n] is that shown in Figure P7.24-2, sketch the spectrum of 
w[n], assuming Aft = 0. 



(b) If Aft = 0, show that w can be chosen so that the output r[n] is r[rt] = x[ri\ cos A 9. 
In particular what is r[n\ if A0 = 71/2? 

(c) For A 9 — 0, and w = ft M + Aft, show that the output r[n\ = x[n\ — x[n] cos [Aftn] 
(assume that Aft is small). 

7.25 Let *[n] be a discrete-time signal with spectrum X(ft) and let pit) be a continuous-time 
pulse function with spectrum P(a>). We form the pulse-amplitude-modulated signal 
y(t) as follows: 

y(t) = if x[n\p{t - n) 


(a) Determine the spectrum Y(a>) in terms of 2f(ft) and Pico). 

(b) If 


Pit) = | 


cos 8nt, 
0 , 


0 ^/^ 1 
elsewhere 


determine Pico) and Y(CO). 

7.26. When designing filters with highpass or bandpass characteristics, it is often convenient 
to first design a lowpass filter with the desired passband and stopband specifications 
and then transform this prototype filter to the desired highpass or bandpass filter. 
Such transformations are called lowpass-to-highpass or lowpass-to-bandpass trans¬ 
formations. Designing filters in this manner is convenient because it only requires us 
to formulate our filter design algorithms for the class of filters with lowpass character¬ 
istics. As one example of such a procedure, consider a discrete-time lowpass filter with 
impulse response /t, p [n] and frequency response //i p (ft) as sketched in Figure P7.26. 
The impulse response is modulated with the sequence (—1)" to obtain /t hp [/i] =. 
(—D-A.pt/tl. 


H, p (ni 



- 2 * -* * 2 * 
Figure P7.26 
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as shown in Figure P7.26, // kp (ft) corresponds to a highpass filter. 

(b) Show that modulation of the impulse response of a discrete-time highpass filter by 
( — 1)" will transform it to a lowpass filter. 

7.27. In Problem 7.26 we showed that modulation of the impulse response of a lowpass filter 
by (-1)” will convert it to a highpass filter, and vice versa. In this problem we consider 
how to effect this modulation by appropriately modifying the coefficients in the differ¬ 
ence equation which implements the filter. 

Consider a lowpass filter with impulse response hi p [n], frequency response //| p (ft), 
and for which the difference equation relating the input x[n] and output y[/i] is 

E “ky[n - k] = S b k x[n - A] (P7.27-1) 

k -0 *„0 

(a) Express the frequency response 7/ lp (ft) in terms of the difference-equation coeffi¬ 
cients. 

(b) The lowpass filter /r, p [n] is to be transformed to a highpass filter A hp [n] by modula¬ 
tion with (-1)”, that is, 

Ah P M = ( — l)”A| P [n] 

Express the frequency response // hp (ft) in terms of //, p (0). 

(c) By combining your results in parts (a) and (b), show that if the difference equation 
(P7.27-1) implements //,„(ft), then the difference equation 

t E ( -1 ) k a„y[n - k] = ( -1 ) k b k x[n - k] (P7.27-2) 

implements // hp (ft). 

7.28. In Problem 7.13 we considered a continuous-time system that implements a lowpass 
filter using modulators and 90° phase shifters. In Figures P7.28-1 and P7.28-2 are 
shown the discrete-time counterparts to the systems in Figures P7.13-1 and P7.13-3. 

(a) Show that the systems of Figures P7.28-1 and P7.28-2 are equivalent. 

(b) Determine whether or not the foregoing systems arc equivalent to an ideal lowpass 
filter. If so, determine the filter cutoff frequency as a function of ft c . 



Htm- 



o<n<* 

-*<n<o 


Figure P7.28-1 


06 


Modulation 


Figure 1*7.28-2 


7.29. Consider the discrete-time system shown in Figure P7.29-1. The input sequence x[n) 
is multiplied by 0,[n] and the product is taken as the input to an LTI system. The 
final output y[n] is then obtained as the product of the output of the LTI system 
multiplied by 


<x)-*- vtnl 


0, In) * 2 In) 



Figure P7.29-1 


(a) In general, is the overall system linear? Is it shift-invariant? 

(b) If $,[«] = z~‘ and = i", where, z is any complex number, show that the 

overall system is LTI. 

(c) If $,[«] = and //(ft) is as shown in Figure P7.29-2, sketch the 

frequency response (magnitude and phase) of the overall system; that is, sketch 
y(ft)//f(ft) as a function of ft. 


imrti <H(m 



Figure P7.29-2 

7.30. A discrete-time filter bank is to be implemented by using a basic lowpass filter and 
appropriate complex exponential amplitude modulation as indicated in Figure F7.30-1. 
(a) With //(ft) an ideal lowpass filter, as shown in Figure P7.30-2(a), the /th channel 
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of the filter bank is to be equivalent to a bandpass filter with frequency response 
shown in Figure P7.30-2(b). Determine the values of a, and /?, to accomplish this 
(b) Again with //(O) as in Figure P7.30-2, and with Cl, = 2 jli/N, determine the value 
of S2 0 in terms of Nso that the filter bank covers the entire frequency band without 
any overlap. 


H(tt| 




H,(ni 


Figure P7.30-2 
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i iic ebntinuoua-i.me sysiciirillustiaicu in Figtuc f 7.31-i an^ the disef eVt'-timc* sysiefn 
illustrated in Figure P7.31-2 are similar in the sense that both use the same configura¬ 
tion to make a lowpass filter appear in the overall system response like a bandpass 
filter. 

(a) Show that in both cases, whatever the input is to the lowpass filter, the output 
y{t) or y[n] will be a bandpass signal. 

(b) Determine and sketch the frequency response of the overall system of Figures 
P7.31-1 and P7.31-2. 













I -i- . S- . x .JCi 7.1 intro ... the c - r t of ‘ M 7//re irimtiylexing, wncreby two’ 

signals are summed after modulating each with carrier signals of identical frequency 
but with a phase difference of 90°. The corresponding discrete-time multiplexer and 
demultiplexer are shown in Figure P7.32. The signals and x t [n ] are both assumed 

to be bandlimited with maximum frequency C1 M so that 

A'lfQ) = = 0 for Ci M <Q < (2n — n M ) 

(a) Determine the range of values for D, so that x,[n] and x 2 [n] can be recovered from 
r[n). 

(b) With n c satisfying the conditions in part (a), determine 7/(0)so that y x [n) = x,[«] 
and y 2 [n] = x 2 [n]. 



7.33. In Section 7.5 we introduced the notion of discrete-time pulse amplitude modulation 
(PAM) and indicated that its analysis paralleled very closely that of continuous-time 
pulse amplitude modulation as discussed in Section 7.4. In this problem, we consider 
the analysis of discrete-time PAM. The system to be considered is that shown in Figure 
7.38. 

(a) Determine and sketch the discrete-time Fourier transform of the periodic square- 
wave signal p[n] in Figure 7.38. 

(b) Assume that x[n] has the spectrum shown in Figure P7.33. With fi M = n/2N and 
with M = 1 in Figure 7.38, sketch T(fi), the Fourier transform of y[n]. 
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(c) Now assume that A'(O) is known to be bandlimited with A'(D) = 0, < f2 

< (2 n — Ow), but is otherwise unspecified. For the system of Figure 7.38 deter¬ 
mine, as a function of N, the maximum allowable value of that will permit 
x[n) to be recovered from y[n]. Indicate whether your result depends on M. 

(d) With Q m and N satisfying the conditions determined in part (c), state or show in 
block-diagram form how to recover x[n) from y[n], 

7.34. A bandlimited signal x(l) is to be transmitted using narrowband FM techniques. By 
narrowband we mean that the modulation index m, as defined in Section 7.6, is much 
less than n/2. Before x(e) is transmitted to the modulator, it is processed so that 
-T(G>)L-o = 0 and |x(/)| < 1. This normalized x(l) is now used to angle-modulate a 
carrier to form the FM signal 

y(l) = cos (o)j + m J x(t) dx^ 

(a) Determine the instantaneous frequency CO,. 

(b) Using eqs. (7.46), the narrowband assumption (m <C n/2), and the normalization 
conditions cited above, show that 

y(t) — cos coj — [>n j x(j) dx'j sin C\t 

(c) What is the relationship among the bandwidth of y(/), the bandwidth of x(t), and 
the carrier frequency co c 7 

7.35. Consider the complex exponential time function 

s(l) = (P7.35) 

where 9(t) = r«j/ 2 /2. 

Since the instantaneous frequency co, = dd/dt is a function of time, this signal 
may be regarded as an FM signal. In particular, since the signal sweeps linearly through 
the frequency spectrum with time, it is often called a frequency “chirp” or “chirp 
signal.” 

(a) Determine the instantaneous frequency. 

(b) Determine and sketch the magnitude and phase of the Fourier transform of the 
chirp signal. To evaluate the Fourier transform integral you may find it helpful to 
“complete the square” in the exponent in the integrand and to use the relation 

j'~ e>" dz = J* (l +j) 

(c) Consider the system in Figure P7.35, where s(l) is the chirp signal in eq. (P7.35). 
Show that y(l) - X(co 0 i), where X(G) is the Fourier transform of x(l)- 
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hit) <= sltl 


Figure P7.35 


Note: The system in Figure P7.35 is referred to as the chirp transform algo¬ 
rithm and is often used in practice to obtain the Fourier transform of a signal. 
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signal using a discrete-time system, we can then convert back to continuous time. 

In the following discussion, we first introduce and develop the concept of sam¬ 
pling and the process of reconstructing a continuous-time signal from its samples. 
We then explore the processing of continuous-time signals that have been converted 
to discrete-time signals through sampling. Next we consider the dual concept to time- 
domain sampling, specifically sampling in the frequency domain. Finally, we develop 
the concept and some applications of sampling applied to discrete-time signals. 

8.1 REPRESENTATION OF A CONTINUOUS-TIME SIGNAL 
BY ITS SAMPLES: THE SAMPLING THEOREM 

In general, we could not expect that in the absence of any additional conditions or 
information, a signal could be uniquely specified by a sequence of equally spaced 
samples. For example, in Figure 8.1 we illustrate three different continuous-time 
signals, all of which have identical values at integer multiples of T , that is, 

xfkT) = xfkT) = xfkT) 


X : (t) X, (tl x 2 (t) 



-3T -2T -T 0 T 2T 3T 


Figure 8.1 Three continuous-time signals with identical values at integer mul¬ 
tiples of T. 

In general, there are an infinite number of signals that can generate a given set of 
samples. As we will see, however, if a signal is bandlimited and if the samples are 
taken sufficiently close together, in relation to the highest frequency present in the 
signal, then the samples uniquely specify the signal and we can reconstruct it perfectly. 
I he basic result was suggested in Section 7.4 in the context of pulse amplitude modu¬ 
lation. Specifically, if a bandlimited signal x(t) is amplitude-modulated with a periodic 
pulse train, corresponding to extracting equally spaced time segments, it can be 
recovered exactly by lowpass filtering if the fundamental frequency of the modulating 
pulse train is greater than twice the highest frequency present in x(t). Furthermore, 
the ability to recover x(t) is independent of the time duration of the individual pulses. 
Thus, as suggested by Figures 8.2 and 8.3 as this duration becomes arbitrarily small, 
pulse amplitude modulation is, in cfficct, representing x(t) by instantaneous samples 
equally spaced in time. In the pulse-amplitude-modulation system in Figure 8.2, we 
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Figure 8.2 Pulse amplitude modulation. As A —* 0 ,p(t) approaches an impulse 
train. 

have scaled the amplitude of the pulse train to be inversely proportional to the pulse 
width A. In any practical pulse-amplitude-modulation system, it is particularly impor¬ 
tant as A becomes small to maintain a constant time-average power in the modulated 
signal. As illustrated in Figure 8.3, as A approaches zero the snodulated signal then 
becomes an impulse train for which the individual impulses have values corresponding 
to instantaneous samples of x(t) at time instants spaced T seconds apart. 

8.1.1 Impulse-Train Sampling 

In a manner identical to that used to analyze the more general case of pulse ampli¬ 
tude modulation, let us consider the specific case of impulse-train sampling depicted 
in Figure 8.3. The impulse train p{t) is referred to as the sampling function, the period 
T as the sampling period, and the fundamental frequency of pit), co, = 2n/T, as the 
sampling frequency. In the time domain we have 

x p (t) = x(t)p(t) (8.1a) 

where 

/>(')= (8.1b) 

x p (t) is an impulse train with the amplitudes of the impulses equal to the samples 
of xif) at intervals spaced by T, that is, 
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Figure 8.3 Pulse amplitude modulation with an impulse train. 


X,(t) = £ x(nT) SO - nT) 

(8.2) 

Front the modulation property [Sec. 4.8], 


*,(») = ^[^(oj) * P(co)\ 

(8.3) 

and from Example 4.15, 


P{of) = ^ 2 <5(bJ — k<o,) 

(8.4) 

so that 


X p (oj) = y ^ £ X(to — k<o,) 

(8.5) 


That is, X p (co) is a periodic function of frequency consisting of a sum of shifted 
replicas of X(to), scaled by l/T as illustrated in Figure 8.4. In Figure 8.4(c), 
co M < (co, — co M ) or equivalently co, > 2to M , and thus there is no overlap between 
the shifted replicas of X(co), whereas in Figure 8.4(d) with co, < 2co M , there is 
overlap. For the case illustrated in Figure 8.4(c), X(oo) is faithfully reproduced at 
integer multiples of the sampling frequency. Consequently, if co, > 2co M , x(t ) can be 
recovered exactly from x p (t) by means of a lowpass filter with gain T and a cutoff 
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(a) 


PM 

tI 


—2cj, — cj, 0 u, 2u, 3 cj, u 

(b) 



Figure 8.4 Effect in the frequency domain of sampling in the lime domain: (a) 
speclrum of original signal; (b) spectrum of sampling function; (c) spectrum of 
sampled signal with to, > 2a> M ', (d) spectrum of sampled signal with co, < lco M . 


frequency greater than co M and less than co, — <o M , as indicated in Figure 8.5. This 
basic result, referred to as the sampling theorem, can be stated as follows;! 

tThis important and elegant theorem was available for many years in a variety of forms in 
the mathematics literature. See, for example, J. M. Whittaker, “Interpolatory Function Theory," 
Cambridge Tracis in Mathematics and Mathematical Physics, no. 33 (Cambridge, 1935), chap. 4. 
It did not appear explicitly in the literature of communication theory until the publication in 1949 of 
the classic paper by Shannon entitled "Communication in the Presence ef Noise” ( Proceedings of the 
IRE, January, 1949, pp. 10-21). However, H. Nyquist in 1928 and D. Gaaor in 1946 had pointed out, 
based on the use of Fourier Series, that 2TW numbers are sufficient to represent a function of time 
duration T and highest frequency W. [H. Nyquist, “Certain Topics in Telegraph Transmission 
Theory,” AI EE Transactions, 1946, p. 617; D. Gabor, "Theory of Communication," Journal of IEE 
93, no. 26 (1946): 429.) 
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Sampling Theorem: 

Let x(t ) be a bandlimited signal with X(co) = 0 for |o>| > a> M . Then x(t) 
is uniquely determined by its samples x{nT), n = 0, ±1, ±2,... if 
co, > 2 co m 

where 



Given these samples, we can reconstruct x(t) by generating a periodic 
impulse train in which successive impulses have amplitudes that are successive 
sample values. This impulse train is then processed through an ideal lowpass 
filter with gain T and cutoff frequency greater than co M and less than 
(co, — co M ). The resulting output signal will exactly equal x(t). 

The sampling frequency co, is also referred to as the Nyquist frequency. The frequency 
1a> M , which, under the sampling theorem, must be exceeded by the sampling 
frequency, is commonly referred to as the Nyquist rate. 

8.1.2 Sampling with a Zero-Order Hold 

The sampling theorem establishes the fact that a bandlimited signal is uniquely repre¬ 
sented by its samples, and is motivated on the basis of impulse-train sampling. In 
practice, narrow large-amplitude pulses, which approximate impulse.,, are relatively 
difficult to generate and transmit, and it is often more convenient to generate the 
sampled signal in a form referred to as a zero-order hold. Such a system samples x(r) 
at a given sampling instant and holds that value until the succeeding sampling instant, 
as illustrated in Figure 8.6. Reconstruction of x(r) from the output of a zero-order hold 



Figure 8.6 Sampling utilizing a zero-order hold. 


can again be carried out by lowpass filtering. However, in this case, the required filter 
no longer has constant gain in the passband. To develop the required filter charac¬ 
teristic, we first note that the output x 0 (r) of the zero-order hold can in principle be 
generated by impulse-train sampling followed by an LT1 system with a rectangular 
impulse response as depicted in Figure 8.7. To reconstruct x(t) from x 0 (,‘), we consider 
processing x 0 (r) with an LTI system with impulse response lift) and frequency 
response The cascade of this system with the system cf Figure 8.7 is shown in 

Figure 8.8, where we wish to specify //,(©) so that r{t) = x(t). Comparing the system 
in Figure 8.8 with that in Figure 8.5, we see that r(t) = x(t) if the cascade combination 
of h 0 (t ) and lift) is the ideal lowpass filter //(co) used in Figure 8.5. Since, from 
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( 8 . 6 ) 



Example 4.10 and the time-shifting property 4.6.3 
This requires that 


H 0 (a >) = e -r->T/xp.sjn faT/2) 


H r (co ): 


e'“ Tn H(co) 


~2 sin (co772)1 


(8.7) 


J 


For example with the cutoff frequency of //(cu) as co,/2, the ideal magnitude and 
phase for the reconstruction filter following a zero-order hold is that shown in 
Figure 8.9. 


I H t M | 




Figure 8.9 Magnitude and phase for re¬ 
construction filter for zero-order hold. 

In many situations the zero-order hold is considered to be an adequate approxi¬ 
mation to the original signal without any additional lowpass filtering and in essence 
represents a possible, although admittedly very coarse, interpolation between the 
sample values. In the next section we explore in more detail the general concept 
of interpreting the reconstruction of a signal from its samples as a process of inter¬ 
polation. 

8.2 RECONSTRUCTION OF A SIGNAL FROM ITS SAM PIES 
USING INTERPOLATION 

Interpolation is ? commonly used procedure for reconstructing a function either 
approximately or exactly from samples. One simple interpolation procedure is the 
zero-order hold discussed in Section 8.1. Another simple and useful form of inter¬ 
polation is linear interpolation, whereby adjacent sample points are connected by 
a straight line as illustrated in Figure 8.10. In more complicated interpolation for- 
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Figure 8.10 Linear interpolation between sample points. The dashed curve 
represents the original signal and the solid curve the linear interpolation. 

mulas, sample points may be connected by higher-order polynomials or other mathe¬ 
matical functions. 

As we have seen in Section 8.1, for a bandlimited signal, if the sampling instants 
are sufficiently close, then the signal can be reconstructed exactly, i.e., through the 
use of a lowpass filter exact interpolation can be carried out between the sample 
points. The interpretation of the reconstruction of x(r) as a process of interpolation 
becomes evident when we consider the effect in the time domain of the lowpass filter 
in Figure 8.5. In particular, the output x,(l) is 

x,(t) = x„{t) * h(t) 

or with x p (t) given by eq. (8.2), 

x,(l) = 2 x(nT)h(t -nT) (8.8) 

Equation (8.8) represents an interpolation formula since it describes how to fit a 
continuous curve between the sample points. For the ideal lowpass filter H(a>) in 
Figure 8.5, h(t) is given by 

*(') = T T sine (%f) (8.9) 

so that 

x,(0 = %j(nT)T^ sinc p^ ~ nT) ] ( 8 . 10 ) 

The reconstruction according to eq. (8.10) with co c = wJ2 is illustrated in Figure 

8 . 11 . 

Interpolation using the sine function as in eq. (8.10) is commonly referred to 
as bandlimited interpolation, since it implements exact reconstruction if x(t) is band- 
limited and the sampling frequency satisfies the conditions of the sampling theorem. 
Since a very good approximation to an ideal lowpass filter is relatively difficult to 
implement, in many cases it is preferable to use a less accurate but simpler filter (or 
equivalently interpolating function) /;(/). For example, as we previously indicated, the 
zero-order hold can be viewed as a form of interpolation between sample values in 
which the interpolating function h(t) is the impulse response h 0 (t) depicted in Figure 
8.7. In that sense, with x 0 (t) in Figure 8.7 corresponding to the approximation to x(r), 
the system h 0 (t) represents an approximation to the ideal lowpass filter required for 
the exact interpolation. Figure 8.12 shows the magnitude of the transfer function of 
the zero-order-hold interpolating filter, superimposed on the desired transfer func¬ 
tion of the exact interpolating filter. Both from Figure 8.12 and from Figure 8.7 we see 
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Figure 8.11 Ideal bandlimited interpo¬ 
lation using the sine function. 



Figure 8.12 Transfer function for the zero-order hold and for the ideal inter¬ 
polating filter. 


that the zero-order hold is a very rough approximation, although in some cases it is 
sufficient. For example, if, in a given application, there is additional lowpass filtering 
that is naturally applied, this will tend to improve the overall interpolation. This 
is illustrated in the case of pictures in Figure 8.13. Figure 8.13(a) shows a picture with 
“impulse” sampling (i.e., sampling with spatially narrow pulses). Figure 8.13(b) is the 
result of applying a two-dimensional zero-order hold to Figure 8.13(a) with a resulting 
mosaic effect when viewed at close range. However, the human v sual system inherently 
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Figure 8.13 (coni.) 


imposes lowpass filtering, and consequently when viewed at a distance, the discon¬ 
tinuities in the mosaic are not resolved. In Figure-8.13(c) a zero-order hold is again 
used, but here the sample spacing in each direction is half that in Figure 8.13(a). With 
normal viewing, considerable lowpass filtering is naturally applied although, partic¬ 
ularly with a magnifying glass, the mosaic effect is still somewhat evident. 

Another approximate form of interpolation often used is linear interpolation, 
for which the reconstructed signal is continuous, although its derivative is not. Linear 
interpolation, sometimes referred to as a first-order hold, was illustrated in Figure 
8.10 and can also be viewed as an interpolation in the form of Figure 8.5 and eq. 
(8.8) with h{t) triangular, as illustrated in Figure 8.14, The associated transfer function 
H(co) is also shown in Figure 8.14 and is given by 


m<o) = 


1 f sin (coT/iy 


The transfer function of the first-order hold in Figure 8.14 is shown superimposed on 
the transfer function for the ideal interpolating filter. Figure 8.15 corresponds to the 
same pictures as in Figure 8.13 but with a first-order hold applied to the sampled 
picture. 
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Figure 8.15 Figure 8.13 with a first-order hold applied to the sampled pictures. 


8.3 THE EFFECT OF UNDERSAMPLING: ALIASING 

In the discussion in previous sections, it was assumed that the sampling frequency 
was sufficiently high so that the conditions of the sampling frequency were met. As 
was illustrated in Figure 8.4, with co, > 2co M , the spectrum of the sampled signal 
consists of exact replications of the spectrum of x(t), and this forms the basis for the 
sampling theorem. When co, < 2co M , X(co), the spectrum of x(t), is no longer repli¬ 
cated in X p (co) and thus is no longer recoverable by lowpass filtering. This effect, in 
which the individual terms in eq. (8.5) overlap, is referred to as aliasing, and in this 
section we explore its effect and consequences. 

Clearly, if the system of Figure 8.5 is applied to a signal with co, < 2co M , the 
reconstructed signal x,{t) will no longer be equal to x (f). However, as explored in 
Problem 8.4 the original signal and the signal x,[t ) which is reconstructed using 
bandlimited interpolation will always be equal at the sampling instants; that is, 
for any choice of co„ 

x,{nT) — x(nT), n = 0, ±1, ±2,... (8.12) 



Some insight into the relationship between x(t) and x,(t) when co, < 2co M is 
provided by considering in more detail the comparatively simple case of a sinusoidal 
signal. Thus, let x(t) be given by 

x(t) = cos co„t (8.13) 

with Fourier transform X(co) as indicated in Figure 8.16(a). In this figure, we have 
graphically distinguished the impulse at co 0 from that at — co 0 for convenience as 
the discussion proceeds. Let us consider X p (co), the spectrum of the sampled signal 
and focus in particular on the effect of a change in the frequency co 0 with the sampling 
frequency co, fixed. In Figure 8.16(b) — (e) we illustrate X f (co) for several values of 
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Figure 8.16 EfTect in the frequency domain of oversampling and undersampling: 

(a) spectrum of original sinusoidal signal; (b), (c) spectrum of sampled signal 
with a), > 2ruo; (d), (e) spectrum of sampled signal with co, < 2am. 

a> 0 . Also indicated by a dashed line is the passband of the lowpass filter of Figure 8.5 
with co, = co,/ 2. Note that no aliasing occurs in (b) or (c), since co 0 < coJ2, whereas 
aliasing does occur in (d) and (e). For each of the four cases, the lowpass filtered 
output x,(f) is given by; 
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(a) co 0 = Q; x,(t) = cos co 0 t = x(t ) 

(b) co 0 = ^; x,(t) = cos co 0 t = x(t ) 

(c) co 0 = ^p; x r (t) = cos (co, — co 0 )t x(t ) 

0 

(d) co 0 = ^ ; x,(t) — cos (co, — co 0 )t x(t) 

When aliasing occurs, the original frequency co 0 takes on the identity or “alias” of 
a lower frequency (co, — co„). For <o,/2 < co 0 < co„ as co 0 increases relative to co„ 
the output frequency (co, — co 0 ) decreases. When co, — co 0 , for example, the recon¬ 
structed signal is a constant. This is consistent with the fact that when sampling once 
per cycle, the samples are all equal and would be identical to those obtained by sam¬ 
pling a constant signal (co 0 = 0). 

In Figure 8.17 we have depicted for each of these cases the signal xr(f), its samples, 
and the reconstructed signal x,(/). From these figures we can see how the lowpass 
filter interpolates between the samples, in particular, always fitting a sinusoid of 
frequency less than coJ2 to the samples of x(t). 

The effect of undersampling, whereby higher frequencies are reflected into 
lower frequencies, is the principle on which the stroboscopic effect is based. Consider, 
for example, the situation depicted in Figure 8.18, in which we have a disc, rotating 
at a constant rate, with a single radial line marked on the disc. The flashing strobe 
acts as a sampling system since it illuminates the disc for extremely brief time intervals 




(a) 


Figure 8.17 Effect of aliasing on a sinusoidal signal. For each of four values of 
coo, the original sinusoidal signal (solid curve), its samples, and the reconstructed 
signal (dashed curve) are illustrated: (a) coo — cti,/6\ (b) coo = 2 <d,/6; (c) <bo 
= 4co,/6; (d) coo = 5n>,/6. In (a) and (b) no aliasing occurs, whereas in (c) and 
(d) there is aliasing. 
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Figure 8.18 Strobe effect. 


at a periodic rate. When the strobe frequency is much higher than the rotational 
speed of the disc, the speed of rotation of the disc is perceived correctly. When the 
strobe frequency becomes less than twice the rotational frequency of the disc, the 
disc rotation appears to be at a lower frequency than is actually the case (and, inciden¬ 
tally, in the wrong direction). At one flash per revolution, corresponding to w, = co 0 , 
the radial line appears stationary (i.e., the rotational frequency of the disc and its 
harmonics have been aliased to zero frequency). A similar effect is commonly observed 
in western movies, where the stagecoach wheels appear to be rotating more slowly 
than would be consistent with the forward motion, and sometimes in the wrong 
direction. In this case the sampling process corresponds to the fact that moving pic¬ 
tures are a sequence of individual frames, with the frame rate (usually between 18 and 
24 frames per second) corresponding to the sampling frequency. 

The preceding discussion is generally suggestive of the interpretation of the 
stroboscopic effect as an example of aliasing due to undersampling, and in many 
cases represents a useful application of aliasing. Another useful application of alias¬ 
ing arises in a measurement instrument referred to as the sampling oscilloscope. It is 
intended for observing very high frequency waveforms and exploits the principles 
of sampling to alias these frequencies into ones that are more easily displayed. This 
application is explored in more detail in Problem 8.9. 

DISCRETE-TIME PROCESSING 

OF CONTINUOUS-TIME SIGNALS 

In many applications there is a significant advantage offered in processing a continu¬ 
ous-time signal by first converting it to a discrete-time signal and after processing, 
converting back to a continuous-time signal. The discrete-time signal processing 
can then be implemented with a general- or special-purpose computer, with micro¬ 
processors or with any of the variety of devices that are specifically oriented toward 
discrete-time signal processing. 
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In broad terms, this approach to continuous-time signal processing can be 
viewed as the cascade of three operations as indicated in Figure 8.19, where x,{t ) 



Figure 8.19 Discrete-time processing of continuous-time signals. 


and y c (t) are continuous-time signals and x[/t] and v[/i] are the discrete-time signals 
representing x c (/) and y c (t). The overall system in Figure 8.19 is, of course, a con¬ 
tinuous-time system in the sense that the system input and output are both con¬ 
tinuous-time signals. The theoretical basis for conversion of a continuous-time signal 
to a discrete-time signal and the reconstruction of a continuous-time signal from its 
discrete-time representation lies in the sampling theorem, as discussed in Section 8.1. 
Through the process of periodic sampling with the sampling frequency consistent with 
the conditions of the sampling theorem, the continuous-time signal x c (t) is exactly 
represented by a sequence of instantaneous sample values x,(nT); that is, the discrete¬ 
time sequence *[«] is related to x,(t) by 

x[n]=x c {nT) (8.14) 

The transformation of x,(r) to x[/t] corresponding to the first system in Figure 8.19 
will be referred to as continuous-to-discrete-time conversion and will be abbreviated 
C/D. The reverse operation corresponding to the third system in Figure 8.19 will be 
abbreviated D/C, representing discrete-time to continuous-time conversion. In systems 
such as digital computers and digital systems for which the discrete-time signal is 
represented in digital form, the device commonly used to implement the C/D conver¬ 
sion is referred to as an analog-to-digital (A-to-D) converter and the device used to 
implement the D/C conversion is referred to as a digital-to-analog (D-to-A) converter. 

To understand further the relationship between the continuous-time signal 
x t (t) and its discrete-time representation jr[«], it is helpful to represent the continuous¬ 
time to discrete-time transformation as a process of periodic sampling followed by a 
mapping of the impulse train to a sequence. These two steps are illustrated in Figure 
8.20. In the first step, representing the sampling process, the impulse train *,(/) 
corresponds to a sequence of impulses with amplitudes corresponding to the samples 
of ,v c (r) and with a time spacing equal to the sampling period T, In the conversion 
from the impulse train to the discrete-time sequence, we obtain .v(/i), corresponding to 
the same sequence of samples of x,(t), but with unity spacing in terms of the new inde¬ 
pendent variable n. Thus, in effect, the conversion from the impulse train sequence of 
samples to the discrete-time sequence of samples can be thought of as a time normal¬ 
ization. The time normalization in converting x p (t) to x[/r] is evident in Figure 8.20(b) 
and (c), in which x p {t) and *[/;] are illustrated for a sampling rate of T = T, and 
T--= 2 r,. 


532 


Sampling Chap. 8 




-4 -3-2 -1 0 1 2 3 4 n -4 -3 -2 -1 0 1 2 3 4 n 

(cl 


Figure 8.20 Sampling with a periodic impulse train-followed by conversion to a 
discrele-time sequence: (a) overall system; (b) x,(t) for two sampling rates. The 
dashed envelope represents *,(/); (c) the output sequence for the two different 
sampling rales. 

In the frequency domain, the relationship between x c {t) and x f (t) is that devel¬ 
oped in eq. (8.5) and illustrated in Figure 8.4; 

X,(m) = y i £ a x <(o> - km,) (8.15) 

Alternatively, we may express X f (m) in terms of the sample values of x c (t) by applying 
the Fourier transform to eq. (8.2). Thus, 

x,{‘)= x ,(nT) S(t — nT) (8.16) 

X,(w) = 2 xXnT)e-J°-’ T (8.17) 

Now consider the discrete-time Fourier transform of x[n] given by 

X{Cl) = g x[n\e~> n " (8.18) 
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or,' using eq. (8. i4), 


X(n)= £ x£nT)e- 


Comparing eqs, (8.17) and (8.19), we see that T(n) and X p (m) are related through 

jr(fl) = *,(«) <8.20) 

The relationship among X c (o>), X,(w), and X(Q) is illustrated in Figure 8.21 for two 



Figure 8.21 Relationship between X ( (oi), X„(co), and X(Q) for two ditTerent 
sampling rates. 


different sampling rates. From this figure, we note that T(fi) is a frequency-scaled 
replication of X p (a>), and in particular, is periodic in fi with period 2 n. This peri¬ 
odicity is, of course, characteristic of any discrete-time Fourier transform. The 
spectrum of x[n] is related to that of x c (0 through periodic replication represented by 
eq. (8.15) followed by linear frequency scaling represented by eq. (8.20). The peri¬ 
odic replication is a consequence of the first step in the conversion process in Figure 
8.20, namely the impulse train sampling. The linear frequency scaling in eq. (8.20) 
can be thought of as a consequence of the time normalization introduced by con¬ 
verting from the impulse train x p (t) to the discrete-time sequence x[n]. From the 
time-scaling property of the Fourier transform in Section 4.6.5, scaling of the time 
axis by 1/7* will introduce a scaling of the frequency axis by T. Thus, the relation¬ 
ship n = c oT is consistent with the notion that in converting from x (r) to x[n] the 
time axis is scaled by I /T. P 

In the overall system of Figure 8,19, after processing with a discrete-time system, 
the resulting sequence is converted back to a continuous-time signal. This process 
is the reverse of the steps in Figure 8.20. Specifically, from the sequence y[n] a con- 
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tinuous-time impulse train >>,(/) can be generated. Recovery of the continuous-time 
signal y£t) from this impulse train is then accomplished by means of lowpass filtering, 
as illustrated in Figure 8.22. 


D/C conversion 



Figure 8.22 Conversion of a discrete-time sequence to a continuous-time signal. 

Now let us consider the overall system of Figure 8.19, represented as shown in 
Figure 8.23. Clearly, if the discrete-time system is an identity system (i.e.,x[n] = y[ri\), 

H e (w) 

l- 


! phi 



Figure 8.23 Overall system for filtering a continuous-time signal using a discrete-time filler. 


then, assuming that the conditions of the sampling theorem are met, the overall 
system will be an identity system. The characteristics of the overall system with 
a more general frequency response H(Cl) is perhaps best understood by examining 
the representative example depicted in Figure 8.24. On the left-hand side of the 
figure are the representative spectra X,(m), X p (co), and X(Q). The spectrum T(fi) 
corresponding to the output of the discrete-time filter is the product of T(fi) and H(Q), 
and this is depicted in Figure 8.24(d) by overlaying H(Ci) and A^ft). The transforma¬ 
tion to Y,(co) then corresponds to applying a frequency scaling and lowpass filtering, 
resulting in the spectra indicated in Figure 8.24(e) and (f). Since T(fi) is the product 
of the two overlaid spectra in 8.24(d), the scaling and filtering are applied to both. 
In comparing 8.24(a) and (f), it should be clear that 

y,(co) = X c {w)H(wT) (8.21) 

Consequently, the overall system of Figure 8.23 is, in fact, equivalent to a continuous¬ 
time LTI system with frequency response H c (co), which is related to the discrete-time 
frequency response H(Q) through 
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Figure 8.25 Discrete-time frequency re¬ 
sponse and the equivalent continuous¬ 
time frequency response for the system 
of Figure 8.23. 

\H(coT), 

H c (co) = | (8.22) 

( 0 , \o>\>% 

The equivalent continuous-time filter frequency response is one period of the dis¬ 
crete-time filter characteristics with a linear scale change applied to the frequency 
axis. This relationship between the discrete-time frequency response and the equiva¬ 
lent continuous-time frequency response is illustrated in Figure 8.25. 

The equivalence of the overall system of Figure 8.23 to an LTI system is somewhat 
surprising in view of the fact that the impulse train modulator is clearly not a time- 
invariant component. In fact, the overall system of Figure 8.23 is not time-invariant 
for arbitrary inputs. For example, if x c (r) was a narrow rectangular pulse, of dura¬ 
tion less that T, then a time shift of x c (r) could generate a sequence x[n] that either 
had all zero sequence values or had one nonzero sequence value, depending on 
the alignment of the rectangular pulse relative to the sampling impulse train. How¬ 
ever, as suggested by the spectra of Figure 8.24, for bandlimited input signals with a 
sampling rate sufficiently high to avoid aliasing, the system of Figure 8.23 is equiva¬ 
lent to a continuous-time time-invariant system. For such inputs, Figure 8.23 and eq. 
(8.22) provide the conceptual basis for continuous-time processing using discrete-time 
filters. This is now explored further in the context of some specific examples. 


-n t n c 

~T~ T 


8.4.1 Digital Differentiator 


Let us consider the discrete-time implementation of a continuous-time bandlimited 
differentiating filter. As discussed in Chapter 5, the frequency response of a con¬ 
tinuous-time differentiating filter is 

H c (o>) = jco (8.23) 

and that of a bandlimited differentiator with cutoff frequency co c is 


HM = 


jco, 

0, 


| CO I < CD c 
\co\> CO c 


(8.24) 
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as sketched in Figure 8.26. Using eq. (8.22) with a sampling frequency a>, = 2co c , 
the corresponding discrete-time transfer function 7/(fi) is 

m) = y(^), |fl| < n (8.25) 

as sketched in Figure 8.27. With this discrete-time transfer function, y c (t) in figure 
8.23 will be the derivative of x c (t) as long as there is no aliasing in sampling x e (r). 


|H,M l 




4 Him 



Figure 8.27 Frequency response of discrete-time filter to implement a continu¬ 
ous-time bandlimited differentiator. 

8.4.2 Half-Sample Delay 

Let us consider the implementation of a time shift (delay) of a continuous-time signal 
through the use of a system in the form of Figure 8.19. Thus, we require that the 
input and output of the overall system be related by 

yX 0 = x c (t - A) (8.26) 
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where A represents the delay time. From the time-shifting property derived in Section 
4.6.3, 

Y,(o>) = e-^XXco) 

Since x c (t) must be bandlimited to be processed with the system of Figure 8.19, and 
since the equivalent continuous-time system to be implemented must be bandlimited, 
choose 



M < o), 
otherwise 


(8.27) 


where o> c is the cutoff frequency of the continuous-time filter. The magnitude and 
phase of the frequency response is shown in Figure 8.28(a). With the sampling fre- 



<)Htm 



(a) lb) 


Figure 8.28 (a) Magnitude and phase of the frequency response for a continu¬ 
ous-time delay; (b) magnitude and phase of the frequency response for the cor¬ 
responding discrete-time delay. 


quency co, taken as u>, = 2co„ the corresponding discrete-time frequency response 
H(Q) is 

H(Q) = e- jn “' T , |n [ < 7i (8.28) 


and is shown in Figure 8.28(b). 

For bandlimited inputs the output of the system of Figure 8.23 with H(Q) as 
in eq. (8.28) is a delayed replica of the input. For A/T an integer the sequence y[n] 
is a delayed replica of x[n], that is, 

yin] = *[« - y] ( 8 - 29 ) 

For A IT not an integer, eq. (8.29) has no meaning since sequences are defined only 
at integer values of the index. However, we can interpret the relationship between 
x[rj] and y[n] in these cases in terms of bandlimited interpolation. The signals x c (t) 
and x[n] are related through sampling and bandlimited interpolation, as are y c (t ) 
and y[ri\. With H(Ci) in eq. (8.28), y[n] is equal to samples of the bandlimited 
interpolation of the sequence x[n]. This is illustrated in Figure 8.29 with (A/T) = |, 
which is sometimes referred to as a one-half-sample delay. 
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Figure 8.29 (a) Sequence of samples of a continuous-time signal x c (t); 
(b) sequence in (a) with a "half-sample” delay. 


SAMPLING IN THE FREQUENCY DOMAIN 

The sampling theorem was developed in Section 8.1 for time-domain sampling of 
bandlimited signals. As was discussed in Section 4.6.6, there is a duality between 
the time domain and frequency domain for continuous-time signals. In this section 
we develop the dual to the time-domain sampling theorem, whereby a time-limited 
signal can be reconstructed from frequency-domain samples. 

To develop this result, consider the frequency-domain sampling operation in 
Figure 8.30, which is the frequency-domain dual of the time-domain impulse train 
sampling in Figure 8.3. Since in the frequency domain, 


X(oj) = X(o))P(co) 

(8.30) 

then in the time domain, 


x(‘) = x(t) * p{t) 

(8.31) 

where 


/>(') = — E <5 0-—k) 

co 0 *.e_ V co 0 ) 

(8.32) 

Thus, 


x(t) = — E 

co 0 \ co 0 J 

(8.33) 

Equation (8.33) is the dual of eq. (8.5) and the relation between x(t) and x(t) in eq. 

(8.33) is similar to the relationship between *(/) and x(/) in 
time-limited with 

Figure 4.12. If x(t) is 


x(i) = 0, 1 i 1 > T m (8.34) 
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Figure 8.30 Frequency-domain impulse-train sampling: (a) overall operation; 
(b) associated spectra. 


then, as illustrated in Figure 8.31, with 

|>2T„ (8.35) 

x(i) as given by eq. (8.33) consists of nonoverlapping periodic replica: of x(r) 
spaced at integer multiples of T„ — 2n/co 0 . In this case, the original signal x(r) [and 
thus, of course, its transform X(co)] can be reconstructed by “low-time windowing” 
of x(t), that is, 

x(/) = x(t)w(t) (8.36) 

where 




(8.37) 



Sec. 8.5 Sampling in the Frequency Domain 


541 




Figure 8.31 Time-domain waveforms 
associated with frequency-domain sam¬ 
pling. 


as illustrated in Figure 8.31. If the inequality in eq. (8.35) is not satisfied, then the 
replications of x(i) in eq. (8.33) and Figure 8.31 will overlap and x(t) will no longer 
be recoverable from x(l). This is the dual of frequency-domain aliasing, as discussed 
in Section 8.1, and is commonly referred to as lime-domain aliasing .t 

In analogy with the discussion in Section 8.2, low-time windowing of x(r) to 
recover x{i) can be interpreted as interpolation of the frequency-domain samples of 
X(co). Specifically, from eq. (8.36), 


X(cj) = ~T(co) * iV(co) 

(8.38) 

where 


X(co) = 2 X(ka) a ) 3(a> — kco 0 ) 

(8.39) 

and W(co) is the Fourier transform of w(r), that is, 


IK(cu) = 2n sine (g) 

(8.40) 

Combining eqs. (8.38), (8.39), and (8.40), 


X(co) = X(kco .,) sine p ~ 

(8.41) 


fin cq. (8.34) wc have assumed that the time interval over which x(i) is nonzero is centered 
about r = 0. As developed in Problem 8.20, the results in this section are easily modified to apply 
if x{l) is nonzero over any specified time interval of length 2T m . 
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which is the dual of eq. (8.10). In particular, the sine function provides exact inter¬ 
polation between equally spaced frequency samples for a time-limited signal j-st as 
it does between equally spaced time samples for a bandlimited signal. 


SAMPLING OF DISCRETE-TIME SIGNALS 

Thus far in this chapter we have considered the sampling of continuous-time signals 
and in addition to developing the analysis necessary to understand continuous-time 
sampling, we have introduced a number of its applications. As we will see in this 
section, a very similar set of properties and results with a number of important 
applications can be developed for sampling of discrete-time signals. 

In analogy with continuous-time sampling as carried out using the system of 
Figure 8.3, sampling of a discrete-time signal can be represented as shown in Figure 
8.32. Here’ the new sequence x,[n] resulting from the sampling process is equal to 



pin! - £ Mn-kNl 



Figure 832 Discrete-time sampling. 

the original sequence x[n] at integer multiples of the sampling period N and is zero 
at the intermediate samples, that is, 

\x[n], if n = an integer multiple of N (8.42) 

X ’ ln]= \0, otherwise 
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Paralleling the development in Section 8.1, the effect in the frequency domain of 
discrete-time sampling is seen by using the modulation property developed in Section 
5.7. Thus, with 

x p [ri\ — x[rt]p[n] = £ x[A:IV]<5[n — kN] (8.43) 

we have in the frequency domain that 

X r (Cl) = ^ | P(0)X(C1 - 9) (19 (8.44) 

As developed in Example 5.11, the Fourier transform of the sampling sequence p[n] is 
i>(n)=?5 g <5(0 - kCl t ) (8.45) 

where Ci„ the sampling frequency, is 2n/N. Combining eqs. (8.44) and (8.45), we have 

X,(0) = 4? s' - kCl') (8.46) 

iY *-o 

Equation (8.46) is the counterpart for discrete-time sampling to eq. (8.5) for 
continuous-time sampling and is illustrated in Figure 8.33. In Figure 8.33(c), with 
— C1 M ) > or equivalently fl, > 2Cl M , there is no aliasing [i.e., the nonzero 
portions of the replicas of T(H) do not overlap], whereas with Cl, < 2C1 M , as in Figure 
8.33(d), frequency-domain aliasing results. In the absence of aliasing T(f2) is faithfully 
reproduced around D = 0 and integer multiples of 2it. Consequently, x[n] can be 
recovered from x,[n] by means of a lowpass filter with gain N and a cutoff fre¬ 
quency greater than C1 M and less than fi, - as illustrated in Figure 8.34, where 
we have specified the cutoff frequency of the lowpass filter as C1J2. If the overall 
system of Figure 8.34(a) is applied to a sequence for which fl, < 2Cl M so that 
aliasing results, x,[n] will no longer be equal to *[*]. However, as with continuous¬ 
time sampling, the two sequences will be equal at multiples of the sampling period, 
that is, corresponding to eq. (8.12) we have 

,v,[7:T/] = x[7:7V], k — 0, ± I, 4:2,.. . (8.47) 

independent of whether aliasing occurs (see Problem 8.23). 

The reconstruction of *[n] through the use of a lowpass filter applied to x„[n] 
can be interpreted in the time domain as an interpolation formula similar to eq. 
(8.10). Specifically, with /i[n] denoting the impulse response of the lowpass filter, we 
have 


AW = ~2n SlnC (if) 

(8.48) 

The reconstructed sequence x,[«] is then 


„v,[/i] = x p [n] * /i[n] 

(8.49) 

or, equivalently, 


x,[n] = 4 £_ x[kN]^ sine [£(« - **)] 

(8.50) 


Equation (8.50) represents ideal bandlimited interpolation and requires the implemen¬ 
tation of an ideal lowpass filter. In typical applications a suitable approximation for 
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x p in) 



Id) 


Figure 8.33 Effect in the frequency domain of impulse-train sampling of a 
discrete-time signal: (a) spectrum of original signal; (b) spectrum of sampling 
sequence; (c) spectrum of sampled signal with fi, > ; (d) spectrum of 

sampled signal with Cl, < 2 CIm- Note that aliasing occurs. 

the lowpass filter in Fig. 8.34 is used, in which case the equivalent interpolation 
formula is of the form 

*,[«] = £ x[kN]h,[n - kN] (8-51) 

where h,[n] is the impulse response of the interpolating filter. Some specific examples 
including the discrete-time counterparts of the zero-order hold and first-order hold 
discussed in Section 8.2 for continuous-time interpolation are considered in Prob¬ 
lem 8.22. . .. 

In Section 8.5 we discussed the continuous-time dual to time-domain sampling 
of bandlimited signals, specifically frequency-domain sampling of time-limited 
signals. A similar result also applies to sampling the discrete-time Fourier transform 
for a time-limited sequence. Again, consider multiplying the discrete-time Fourier 
transform of a sequence by an impulse train in the frequency domain as; shown m 
Figure 8.35. This is identical to the procedure illustrated in Figure 8.30 with the 
exception that the spacing between frequency samples is restricted such that 
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Figure 8.34 Exact recovery of a discrete-time signal from its samples using an 
ideal lowpass filter. 

27t/ft 0 is an integer N to ensure that P(Q) and are both periodic in Si with 
period 2n. Then, in the time domain 



x[n] = * p[n\ 

(8.52) 

From Example 5.11, 

or, with Si 0 — 

N 


(8.53) 

x[n] = ~ 2 *[n — kN] 
in 

(8.54) 
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o fl 0 2k ft 

Figure 8.35 Impulse-train sampling of the discrete-time Fourier transform. 


Equations (8.52) and (8.54) are the counterparts to eqs. (8.31) and (8.33). Assum¬ 
ing that x[n] is time-limited with 

x\n ] = 0, n < 0, n > JV — 1 (8-55) 

then, as illustrated in Figure 8.36, x[n] consists of nonoverlapping periodic replica¬ 
tions of x[n] spaced at integer multiples of N. Thus, the original signal x[n] can be 
reconstructed by “low-time windowing” of x[ri\, that is, 


where 


x[n] = x [n]w[n\ 


jn„, § n <, N — 1 

(0, otherwise 


(8.56) 

(8.57) 


as illustrated in Figure 8.36. As in the continuous-time case, if eq. (8.55) is not sat¬ 
isfied, then the periodic replications of x[n] in eq. (8.52) overlap and time-domain 

aliasing results. . . 

It is useful to note that, to within the constam scale factor N/2n, the periodic 
sequence x[n] in eq. (8.54) is identical to the periodic replication of a finite-duration 
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Figure 8.36 Time-domain sequences associated with frequency-domain sam¬ 
pling. 

sequence as considered in Section 5.4.3. In fact, the DFT of a sequence x{«] of length 
N is proportional to samples of the discrete-time Fourier transform equally spaced in 
frequency by 2n/N. 

7 DISCRETE-TIME DECIMATION AND INTERPOLATION 

There are a variety of important applications of the principles of discrete-time sam¬ 
pling such as in signal multiplexing and filter design and implementation. In many of 
these applications it is inefficient to represent, transmit, or store the sampled sequence 
x r [n\ directly in the form depicted in Fig. 8.32 since, in between the sampling instants, 
the sampled sequence x,[n] is known to be zero. Thus, often the sampled sequence 
is replaced by a new sequence Xj[n], which is simply every Mh value of x,[/i] or 
equivalently x[n], that is, 

x d [n) = x[nA'] = x,[«W] ( 8 - 58 ) 

The operation of extracting every Mh sample is commonly referred to as decimation .t 
The relationship between x[n], x r [n], and Xj[n] is illustrated in Figure 8.37. To 
determine the effect in the frequency domain of decimation, we wish to determine 
X d (Q), the Fourier transform of xj/t], To this end, we note that 

tTechnically, decimation would correspond to extracting every tenth sample. However, it has 
become common terminology to refer to the operation as decimation even when N is not equal to 10. 
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Figure 8.37 Relationship between x,[n] corresponding to sampling and x&n\ 
corresponding to decimation. 

Xm= % xj[n\e-' a ’ ( 8 - 59 ) 

or, using eq. (8.58), 

X d (Ct) = E x„{nN]e-“" (8-60) 

Since x r [n] is zero except at integer multiples of N, we can equivalently write that 
X d {Q) = g x f [n]e~ JO ’ /N (8-61) 

The individual terms in the summation will only be nonzero for n equal to integer 
multiples of N. Furthermore, we recognize the right-hand side of eq. (8.61) as the 
Fourier transform of xj»], specifically, 

J_x p Mc-aw" = *,(§) (8.62) 

Thus, from eqs. (8.61) and (8.62), we conclude that 

XM = *,(§) ( 863 > 

This is illustrated in Figure 8.38 and we observe that from eq. (8.63) the spectra for 
the sampled sequence and the decimated sequence differ only in a frequency scaling 
or normalization. If the original spectrum X(Q) is appropriately bandhmited so that 
there is no aliasing present in 2f,(fi), then as illustrated in Figure 8.38, the effect of 
decimation is to spread the spectrum of the original sequence over a larger portion of 

the frequency band. . 

When the original sequence x[n] is obtained by sampling a con.inuous-time 
signal, the process of decimation can be viewed as reducing the sampling r?.te on the 
continuous-time signal by a factor of M To avoid aliasing in the decimation process, 
^(fi) cannot occupy the full frequency band. This requirement is indicative of the 
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Figure 8.38 Frequency-domain illustration of the relationship between sampling 
and decimation. 


fact that the original continuous-time signal was oversampled, and thus that the 
sampling rate can be reduced. With the interpretation of the sequence x[n] as samples 
of a continuous-time signal, the process of decimation is often referred to as down- 
sampling. 

In some applications in which a sequence is obtained by sampling a continuous- 
time signal, the original sampling rate may be as low as possible without introducing 
aliasing, but after additional processing the bandwidth of the sequence may be 
reduced. An example of such a situation is shown in Figure 8.39. Since the output 
of the discrete-time filter is bandlimited, downsampling or decimation can be applied. 

Just as in some applications it is useful to downsample, there are situations in 
which it is useful to convert a sequence to a higher equivalent sampling rate, a process 
referred to as upsampling or interpolating. Interpolation or upsampling is basically 
the reverse process to that of decimation or downsampling. As was illustrated in 
Figures 8.37 and 8.38, we analyzed decimation by first sampling and then retaining only 
the sequence values at the sampling instants. To upsample, we reverse the process. 
Thus, referring to Figure 8.37, consider the process of upsampling the sequence x d [n] 
to obtain x[n]. From x d {n\ we form the sequence x p [n] by “inserting” (N — I) sequence 
points with zero amplitude between each of the sequence values in x d [n\. The inter¬ 
polated sequence x[n] is then obtained from x„[n] by lowpass filtering. The overall 
procedure is summarized in Figure 8.40. 

As one example of an application which requires upsampling, consider a set of 
sequences which we wish to frequency-division-multiplex. With M channels, it is 
required that the spectral energy for each input channel x,[n] be bandlimited, that is, 
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Figure 8.39 Continuous-time signal that was originally sampled at the Nyquist 
rate. After discrete-time filtering, the resulting sequence can be further down- 
sampled. 


X,(0) = 0, ^<\n\< n (8.64) 

If the sequences originally occupied the entire frequency band corresponding, for 
example, to having sampled a set of continuous-time signals at the Nyquist rate, then 
they would first have to be converted to a higher sampling rate (i.e., upsampled) 
before frequency-division multiplexing. 

8.7.1 Discrete-Time Transmodu/ation 

One context in which discrete-time modulation, decimation, and interpolation are 
widely used is that of digital communications systems. Typically, in such systems 
continuous-time signals are transmitted over communication channels in the form of 
discrete-time signals, utilizing the concepts of sampling as presented in this chapter. 
In such communication systems, the continuous-time signals are often in the form of 


Sec. 8.7 Discrete-Time Decimation end Interpolation 


IJNIVEKSIDAD 
DE CANIABUA 
tueuoTaoA 


551 


Sampling Chap. 8 





Figure 8.40 Upsampling: (a) overall system; (b) associated sequences and spectra for 
upsampling by a factor of 2. 


time-division-multiplexed (TDM) or frequency-division-multiplexed (FDM) signals. 
These signals are then converted to discrete-time sequences with the sequence values 
represented digitally, for storage or long-distance transmission. In some systems, 
because of different constraints or requirements at the transmitting end and the 
receiving end, or because sets of signals that have been individually multiplexed by 
different methods are then multiplexed together there is often the requirement for 
converting from sequences representing TDM signals to sequences representing FDM 
signals, or vice versa. This conversion from one modulation or multiplexing scheme 
to another is referred to as transmodulation or transmultiplexing. In the context of 
digital communication systems, one obvious way of implementing transmultiplexmg is 
to first convert back to continuous-time signals, demultiplex and demodulate, and 
then modulate and multiplex as required. However, if the new signal is then to be 
converted back to discrete time, it is clearly more efficient for the entire process to be 
carried out directly in the discrete-time domain. Figure 8.41 shows in block-diagram 
form the steps involved in converting a discrete-time TDM signal to a discrete-time 
FDM signal. Note that after demultiplexing the TDM signal, each channel must be 
upsampled in preparation for frequency-division multiplexing. 


8.8 SUMMARY 

In this chapter we have developed the concept of sampling, whereby a continuous¬ 
time or discrete-time signal is represented by a sequence of equally spaced samples. 
The conditions under which the signal is exactly recoverable from the samples is 
embodied in the sampling theorem. This theorem requires, for exact reconstruction, 
that the signal to be sampled be bandlimited and that the sampling frequency be 
greater than twice the highest frequency in the signal to be sampled. Under these 
conditions reconstruction of the original signal is carried out by means of ideal 
lowpass filtering. The time-domain interpretation of this ideal reconstruction proce¬ 
dure is interpolation with a sine function, often referred to as ideal bandlinyted 
interpolation. In practical implementations, the lowpass filter is approximated and the 
interpolation in the time domain is no longer exact. In some instances, simple inter¬ 
polation procedures such as a zero-order hold or linear interpolation (first-order 

hold) suffice. . , , . . , 

If a signal is undersampled (i.e., the sampling frequency is less than that required 
by the sampling theorem), then the signal reconstructed by ideal bandlimited inter¬ 
polation will be related to the original signal through a form of distortion referred to 
as aliasing. In many instances it is important to choose the sampling rate to avoid 
aliasing. However, there are a variety of important examples, such as the stroboscope, 
where the presence of aliasing is important and is exploited. 

Sampling has a number of important applications. One particularly significant 
set of applications relates to using the concept of sampling to process continuous-time 
signals with discrete-time systems, using minicomputers or microprocessors, or any 
of a variety of devices specifically oriented toward discrete-time signal processing. 

The basic theory of sampling is similar for both continuous-time and discrete- 
time signals. In the discrete-time case there is the closely related concept of deci- 
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mat ion whereby the decimated sequence is obtained by extracting sequence values 
at periodic intervals. The difference between sampling and decimation lies in the 
fact that for the sampled sequence, values of zero lie in between the sample values, 
whereas in the decimated sequence these zero values are discarded, thereby com¬ 
pressing the sequence in time. The inverse of decimation is interpolation. The ideas of 
decimation and interpolation for sequences arise in a variety of important practical 
applications, including transmodulation systems. 


PROBLEMS 

8.1. In the system shown in Figure P8.1, two time functions x,(r) and x 2 (t) are multiplied 
and the product w(/) is sampled by a periodic impulse train. *,(/) is bandlimited to 
CO, and x 2 (t) is bandlimited to C0 2 , that is, 

*,(£!>)= 0, M>G>i 

X 2 (co) = 0, |«|>a>i 

Determine the maximum sampling interval T such that w(r) is recoverable from 
w„{t) through the use of an ideal lowpass filter. 




p(t) * Z 6(t - nT) 



Figure P8.1 


5.2. Shown in Figure P8.2 is a system in which the sampling signal is an impulse train with 
allernating sign. The Fourier transform of the input signal is as indicated in Figure 
P8 2 

(a) For A < 7t/2d) M , sketch the Fourier transform of x p (t) and y(t). 

(b) For A < 7tl2(0 M , determine a system which will recover x(t) f-om x f (t). 

(c) For A < 7tl2CO M , determine a system which will recover x(i) from ></). 

(d) What is the maximum value of A in relation to 0) M for which x(l) can be recovere 
from either x p (t) or >’(()• 
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Figure P8.2 



—3ir 21 I — 

A A A A 


8.3. Shown in Figure P8.3 is a system in which the input signal is multiplied by a periodic 
square wave. The period of s(l) is T. The input signal is bandlimited with | X(CO)| = 0, 
|CO| CO M . 



s(t) 

s(t) 



(a) For A = Tl 3 determine in terms of CO M the maximum value of T for which x(t) 
can be recovered from w{l). With this maximum value, determine a system to 
recover x(t) from w(t). 

(b) For A = T/4, determine in terms of CO M the maximum value of T for which .»(/) 
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can be recovered from tv(/). With this maximum value, determine a system to 
recover x(l) from w(t). 

8 4. In Figure 8.5 and redrawn as Figure P8.4 is a sampler, followed by an ideal lowpass 
filter for reconstruction of x(t) from its samples x f (t). From the sampling theorem, we 
know that if co, = 271 /Tis greater than twice the highest frequency present in x(t) and 
O c = co,/2, then the reconstructed signal x,(t) will exactly equal x(l). If this condition 
on the bandwidth of x(l) is violated, then x,(t) will not equal x(t). However, as we show 
in this problem, if co c = a>,l 2, then for any choice of T, x,{t) and x(t) will always be 
equal at the sampling instants, that is, 

x r (kT) = x(kT), k = 0, ±1,±2, ... 


p(t) - I 6(1-nT) 



Figure P8.4 

To obtain this result, consider eq. (8.10), which expresses x,(t) in terms of the 
samples of ,v((), specifically 

+5 . ■ .rn> c (t - nT) 

[eq. (8.10)] x,(t) = x(nT)T~ sinc^-—- 

With (£>, = (OJ2 this becomes 

x,(t) = ^x(nT) sinc[ (/ ~ r " - - ) ] (P8- 4 ) 

Using the properties of the sine function [in particular, th: values of a for 
which sine (a) = 0], show from eq. (P8.4) that without any restrictions on x(t),x,{kT) 
= x(kT) for any integer value of k. 

85. A signal limited in bandwidth to | CO] < W can be recovered from ncnuniformly spaced 
samples as long as the average sample density is 2( W/ 2rr) samples per second. This problem 
illustrates a particular example of nonuniform sampling. Assume that in Figure P8. 



Chap. 8 Problems 


557 






1. L'l.iban, r.A\X..,, 0, | c_,, -W. ' 

2. p(i) is a nonuniformly spaced periodic impulse train, as shown in Figure P8.5-2. 



Figure P8.5-2 


3. /(/) is a periodic waveform with period T = 2nHV. Since /(/) multiplies an 
impulse train, only its values, /(0) = a and /(A) = b, at t = 0 and / = A are 
significant. 

4. is a 90° phase shifter, that is. 


H t (co) 


l j, CD > 0 
\ CD < 0 


5. Hi[(d) is an ideal lowpass filter; 


(K, 0 < cd < W 

Hi(CD) = | AT*, — IF < 0) < 0 

lo, |<a| < W 


where K is a (possibly complex) constant. 


Find (and sketch where appropriate) the following: 

(a) The Fourier transform, P(cd), of /?(/). 

(b) The Fourier transform of the product, p(t)f(t), in terms of the as-yet-unspecified 
parameters, a and b. 

(c) An expression for the Fourier transform, Ti(w), oT y,(r) valid in the interval 
0 < CD < W. 

(d) An expression for the Fourier transform, y 2 (ta), of y 2 (0 valid in the interval 
0 < CD < W. 

(e) An expression for the Fourier transform, Y,(cd), of y 3 (r) valid in the interval 
0 < CD < W. 

(0 The values of the real parameters, a and b, and the complex gain K as functions 
of A such that z(t) = x (r) for any bandlimited *(/) and any A, 0 < A < n/W. 

8.6. The sampling theorem as we have derived it states that a signal *(/) must be sampled at 
a rate greater than its bandwidth (or equivalently a rate greater than twice its highest 
frequency). This implies that if x (/) has a spectrum as indicated in Figure P8.6-1, then 
x(i) must be sampled at a rate greater than 2ta 2 . Since the signal has most of its energy 
concentrated in a narrow band, it would seem reasonable to expect that a sampling 
rate lower than twice the highest frequency could be used. A signal whose energy is 
concentrated in a frequency band is often referred to as a bandpass signal. There are a 
variety of techniques for sampling such signals, and these techniques are generally 
referred to as bandpass sampling. 
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Figure P8.6-1 



Figure P8.6-2 

8.7. In Problem 8.6 we considered one procedure for bandpass sampling and reconstruc¬ 
tion. Another procedure when x(l) is real consists of using complex modulation followed 
by sampling. The sampling system is shown in Figure P8.7-1. With .v(r) real and with 



Figure P8.7-1 
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1 i'iV 1 ' ■' ; -WW fewXv.; - - :ir '''' 

' X(co) nonzero only for co, < | 0 )| < 0 ) 2 , the modulating frequency co 0 is chosen as 


co 0 — ^(<a, + <w 2 ) and the lowpass filter H,(co) has cutoff frequency ^(Ct) 2 — <*>i). 

(a) For X(co) as shown in Figure P8.7-2, sketch X p (co). 

(b) Determine the maximum sampling period T such that x(t) is recoverable from 


xM 


(c) Determine a system to recover x(t) from x p {t). 


X(ul 



8.8. Consider a disc on which four cycles of a sinusoid are painted. The disc is rotated at 
approximately 15 revolutions/second, so that the sinusoid when viewed through a 
narrow slit has a frequency of 60 Hz. 

The arrangement is indicated in Figure P8.8. Let v(t) denote the position of the 
line seen through the slit. Then v(t ) is of the form 

v(l) = A COS {CO at + tf>), CO a — 12071 



For notational convenience, we will normalize v(t) so that A = 1. At 60 Hz, the eye 
is not able to follow v{t), and we will assume that this effect can be explained by model¬ 
ing the eye as an ideal lowpass filter. The cutoff frequency of this filter will be taken 
to be 20 Hz. 

Sampling of the sinusoid can be accomplished by illuminating the disc with a 
strobe light. Thus, the illumination /(/) can be represented by an impulse train, 

i{t)^ *f j{l~kT) 


where l/7~is the strobe frequency in hertz. The resulting sampled signal is the product 
r{t) — »(/)•/(/). Let R(co), V(co), and I(co) denote the Fourier transforms of r(t),v{t), 
and «(/), respectively. 

(a) Sketch V(co), clearly indicating the effect of the parameters 0 and co 0 . 


560 


Sampling Chap. 8 


mm ^ jsm mL 

(b) Sketch /(co), indicating the effect of T. nf 

(c) According to the sampling theorem, there is a maximum value for T in terms of 
co B such that v(t) can be recovered from r(t) using a lowpass filter. Determine this 
value of T and the cutoff frequency of the lowpass filter. Sketch R(co) when is 

slightly less than that value. . 

If the sampling period Tis made greater than the value determined in part (c), 
aliasing of the spectrum occurs. As a result of this aliasing, we perce.ve a lower-fre- 

(dT Suppose that 2nlT = co 0 + 20te. Sketch R{co) for |0)| < 4071. Denote by ».(t) the 
apparent position of the line as we perceive it. Assuming that the eye behaves as 
an ideal lowpass filter with 20-Hz cutoff and unity gain, express v.(t) >n the form 

v«0) = A, cos (CtV + $») 


where A. is the apparent amplitude, CO. the apparent frequency, and <j>. the apparent 
phase of v/t). 

(e) Repeat part (d) for 2njT = Ct>o — 207t - 


8.9. It is frequently necessary to display on an oscilloscope screen waveforms having very 
short time structures, for example, on the scale of thousandths of a nanosecond Smce 
the rise time of the fastest oscilloscope is longer than this, such d,splays cannot be 
achieved directly. If however, the waveform is periodic, the desired result can be obtained 
indirectly using an instrument called a sampling oscilloscope. 

The idea as shown in Figure P8.9-1, is to sample the fast waveform x(t) once 
each period but at successively later points in successive periods. , 

should'be an appropriately chosen sampling interval in relation to the bandwidth of 
x(t). If the resulting impulse train is then passed through an appropriate lowpass inter¬ 
polating filter the output, */), will be proportional to the original fast waveform slowed 
down or stretched out in time [i.e., y(<) is proportional to x{at\ where a < 1]. 



Figure P8.9-1 


For xit) - A X B cos [(27t/T)r + 0 1 find a range of values of A so that y{t) m 
Figure P8.Sis proportional to x{at) with < 1. Also, determine the vaiue of . » 
terms of T and A. 
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1 

2(T + A) 
t 0 elsewhere 

Figure P8.9-2 


8.10. In Figure P8.10-1 is shown the overall system for filtering a continuous-time signal 
using a discrete-time filter. If X c (Oi) and H(Q) are as shown in Figure P8.10-2 and with 
1/r = 20 kHz, sketch X,((D), Jf(ft), Y(0), Y„(w), and y e (co). 



-nT) 

Figure P8.10-1 


X c<“> H(fl) 



-* X 10' 1 7T X 10 4 1U 

Figure P8.10-2 


8.11. Figure P8.11-1 shows a system that converts a continuous-time signal to a discrete-time 
signal. The input x (/) is periodic with a period of 0.1 second. The Fourier series coeffi¬ 
cients of x(l) are 

a k = (J^) 1 * 1 , —oo < k < + oo 

The lowpass filter H(oS) has the frequency response shown in Figure P8.11-2. The 
sampling period T — 5 x 10' 3 second. 

(a) Show that *[n] is a periodic sequence and determine its period. 

(b) Determine the Fourier series coefficients of x[n]. 
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p(t| = I 6(t-nT) 


Figure P8.11-1 


H(w) 



-205* 205* Figure P8.11-2 

8.12. Consider a bandlimited signal x c (l) which is sampled at a rate greater than the Nyquist 
rate. The samples, spaced T seconds apart, are then converted to a sequence x[n], as 
indicated in Figure P8.12. 


p(t) - I 6 (t - nT) 



Figure P8.12 


Determine the relation between the energy Ej of the sequence, the energy E c of 
the original signal, and the sampling interval T. The energy of a sequence ar[n] is 
defined as 

= W"1P 

and the energy in a continuous-time function x* c (r) is defined as 
E c = J* + ” I x c (/) | 3 dt 

8.13. We wish to design a continuous-time sinusoidal signal generator that is capable of 
producing sinusoidal signals at any frequency satisfying 

^ a> ^ 

where co, and co 2 are given positive numbers. 

Our design is to take the following form. We have stored a discrete-time cosine 
wave of period N\ that is, we have stored *[0]. ~ H. where 
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4 *] = cos(~^j 

Every T seconds we output an impulse weighted by a value of jc[*], where we proceed 

through the values of k = 0, 1./V — 1 in a cyclic fashion. That is, 

y(kT) = x(k modulo N) 

or equivalently 

y(kT) = cos(^) 

and 

y,U) = cos (~) <5(r-AT) 

(a) Show that by adjusting T, we can adjust the frequency of the cosine signal being 
sampled. Specifically, show that 

y p 0) = (cos m 0 i) k S <5 (l ~ kT) 

where co 0 = 2njNT. Determine a range of values for T so that y(l) can represent 
samples of a cosine signal with a frequency that is variable over the full range 
co, ^ <u < (U 2 


(b) Sketch Y p (w). 

The overall system for generating a continuous-time sinusoid is depicted in 
Figure P8.13-1. H(co) is an ideal lowpass filter with unity gain in its passband 


//(«) = 


1 CO I < co e 
otherwise 



The parameter a> c is to be determined so that y(t) is a continuous-time cosine 
signal in the desired frequency band. 

(c) Consider any value of Tin the range determined in part (a). Determine the minimum 
value of N and some value for co c so that y(t) is a cosine signal in the range a)[ <1 
<w <; a> 2 . 

(d) The amplitude of y(t) will vary, depending upon the value of a) chosen between 
&>i and o) 2 . Thus, we must design a system G(o>) that normalizes the signal, as 
shown in Figure P8.13-2. Find such a G(o>). 


yli) 


GM 


cos tot 


Figure P8.13-2 



k 

i 

p- 


8.14. In Figure P8.14 is shown a system consisting of a continuous-time linear time-invariant 
system, followed by a sampler, conversion to a sequence, and a linear time-invariant 
discrete-time system. The continuous-time LTI system is causal and satisfies the 
LCCDE 


dyM 

dt 


+ ylt) = xM 



3lti 


y(n 1 - y c (nT) 


Figure P8.14 


The input -v £ (t) is a unit impulse 5(f). 

(a) Determine y e (l). 

(b) Determine the frequency response H(Ci) and the impulse response h[n] such that 

w[n] = <5[n]. 

8.15. Shown in Figure P8.15 is a system that processes continuous-time signals using a 
digital filter. The digital filter A[n] is linear and causal with difference equation 
y[n\ = \y[n — 1] + x[n] 

For input signals which are bandlimited so that X c ((°) — 0 for |co! > nIT, the system 
of Figure P8.15 is equivalent to a continuous-time LTI system. 

Determine the frequency response H e (co) of the equivalent overall system .vith 
input x c (l) and output y c (t). 



p(t) » E 6(t - nT) 


Figure P8.15 


8.16. In Figure P8.16-1 is depicted a system for which the input and output are discrete-time 
signals. The discrete-time input x[n ] is converted to a continuous time impulse tram 
x p (t). The continuous-time signal x p (l) is then filtered by an LTI system to produce the 
output y c (t). y,(l) is then converted to the discrete-time signal y[r}. The LTI system 
with input * c (r) and output y c (t) is causal and is characterized by the linear constant- 
coefficient differential equation 

^MH + 4^ + 3yM = x c (t) 
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£ 6(t- nT) 



x p (t) ■= I x[n| ilt-nT) 


V p (t) * y £ (t) I 6 It — nT) 
y|nl * y e (nT) 

Figure P8.16-1 

Tlie overall system is equivalent to a causal discrete-time LTI system, as indicated in 
Figure P8.16-2. 

Determine the frequency response N(Cl) and the unit sample response, h[n], of 
the equivalent LTI system. 



8.17. In the system shown in Figure P8.17, the input x c (t) is bandlimited with X c (a>) = 0, 
|< 0 | > 2n x )0 4 . The digital filter h[ri\ is described by the input-output relation 

y[n] = T tjlk] (P8.17-1) 



iT) 


Figure P8.17 

(a) What is the maximum value of T allowed if aliasing is to be avoided in the trans¬ 
formation from x c (t) to x ,(()? 

(b) With the discrete-time LTI system A[n] specified through eq. (P8.17-1), determine 
its impulse response A[n]. 

(c) Determine if there is any value of 7" for which 

lim y[n\ = lim j x c (t) di (P8.I7-2) 
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If so, determine the maximum value. If not, explain and specify how T would be 
chosen so that the equality in eq. (P8.17-2) is best approximated. (Think carefully 
about this part. It is easy to jump to the wrong conclusion.) 

8.18. Consider a continuous-time signal 

x c (l) = + tts c (t — T d ) 

Assume that the Fourier transform of x c (t) is bandlimited such that X c (a>) = 0 for 
|C0| > n/Tand that x c (t) is sampled with a sampling period T to obtain the sequence 

jr[n] = xJnT) 

We want to find the unit sample response, A[n], of a discrete-time system such that 

S m/in-k] 

where r[/i] = s c (nT). 

(a) Find A[n] when T D = T. 

(b) Find A[n] when T D = Tj2. 

8.19. In many practical situations a signal is recorded in the presence of an echo, which 
we would like to remove by appropriate processing. For example, in Figure P8.19-1, 



Figure P8.19-1 


we illustrate a system in which a receiver simultaneously receives i signal x(l ) and an 
echo represented by an attenuated delayed replication of x(t). Thus, the receiver output 
is s(t) - x(t) + a x(t - To), where |a| < 1. The receiver output is to be processed to 
recover x(t) by f'.st converting to a sequence and using an appropriate digital filter 
h[ri\ as indicated in Figure P8.19-2. 


Ideal lowpass 
filter 














‘ • A'aiuine that xyi) is bandiimited [i.e.; A(w) = 0 lor | w | > ti> M ] and that |a| < 1. 

(a) If T 0 < 7t/w. w , and the sampling period is taken equal to T 0 (i.e., T = T 0 ), deter¬ 
mine the difference equation for the digital filter h[n] so that y c (t) is proportional to 
x(t). 

(b) With the assumptions of part (a), specify the gain A of the ideal lowpass filter so 
that y c (t) = x (/). 

(c) Now suppose that n)co M < T 0 < 2nlco M . Determine a choice for the sampling 
period T, the lowpass filter gain A, and the frequency response for the digital filter 
/i[n] so that y c (t) is proportional to x(t). 

8.20. In discussing frequency-domain sampling in Section 8.5 we assumed that the interval 
over which *(/) is nonzero is centered about t = 0. Then, with x(t) = 0 for |r| > T„ 
we showed that .v(r) could be recovered from equally spaced samples of X(co) provided 
that the sample spacing w 0 satisfies the inequality in cq. (8.35), specifically 

[eq. (8.35)] § > 2T U 

In this problem we generalize that result to apply to a time-limited signal that 
is zero outside any specified time interval of length 2 T m . 

Paralleling the discussion in Section 8.5, consider x (/) as sketched in Figure 
P8.20, and let A'(cu) denote its Fourier transform. Applying the system of 
Figure 8.30 to X(co), we have in the frequency domain X(CO) — X(co)P(co), where 

f(w) = <5(co - kco a ). 

xltl 


T, (T, +2T m ) t Figure P8.20 

(a) For 2nlCO 0 > 2T,„, sketch x(l), the inverse Fourier transform of -?(w). 

(b) As shown in Section 8.5, for 27r/W 0 > 2 T m , x (/) can be recovered from x(i) by 
windowing, that is, 

-v(r) = x(/)w(/) 

Determine and sketch w(t) for the more general case considered in this problem. 

8.21. We have a continuous-time signal x c (t) with Fourier transform X c (a>). We wish to 
evaluate samples of X c (co ) by first sampling x c (t) to obtain a discrete-time sequence 
x[n], where 

x[n] = x c (nT) 

Samples of the discrete-time Fourier transform A^fi) are then computed. If samples of 
X(Cl) are computed with a sample spacing in frequency of Aft, this corresponds to 
computing samples of A'cfW) with a sample spacing in frequency which we denote by 
Ao). 

Assume that x c (l) is bandiimited to 10 kHz, that the sampling period 
T = 50 //sec and that Aft «* 7t x 10' 5 . Determine Aw. 

8.22. In this problem we consider the discrete-time counterpart of the zero-order hold 
(ZOH) and first-order hold (FOH), which were discussed for continuous time in Sec¬ 
tions 8.1.2 and 8.2. 
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; :-T43 'X-VM « ’ J '~j ' 

We consider a sequence x[n\ to which discrete-time sampling as illustrated in 
Figure 8.32 has been applied. We assume that the conditions of the discrete-time sam¬ 
pling theorem are satisfied; that is, ft, > 2ft„ where ft, is the sampling frequency 
and X(fl) = 0, ft v < |ft| ^ n. The original sequence x[n] is then exactly recoverable 
from *,[«] by ideal lowpass filtering, which, as discussed in Section 8.6, corresponds 

to bandiimited interpolation. . 

The ZOH represents an approximate interpolation whereby each sample value 
is repeated (or held) N - 1 successive times as illustrated in Figure P8.22-1 for the 
case of N = 3. The FOH represents a linear interpolation between samples as illus¬ 
trated in Figure P8.22-1. 





Figure P8.22-1 


(a) The ZOH can be represented as an interpolation in the form of eq. (8.51) and the 
system in Figure P8.22-2. Determine and sketch h 0 [n] for the general case of a 

sampling period N. . 

(b) x[n] can be exactly recovered from the ZOH sequence x 0 [n] using an appropriate 
LT1 filter //(ft) as indicated in Figure P8.22-3. Determine and sketch//(12). 

(c) The FOH (linear interpolation) can be represented as an interpolation in the form 
of eq. (8.51) and equivalently the system in Figure P8.22-4. Determine and sketch 
h,[n\ for the general case of a sampling period N. 

(d) x[n] can be exactly recovered from the FOH sequence Jr,[.i] using an appropriate 
LTI filter with frequency response //(ft). Determine and sketch //(. )■ 
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Figure P8.22-4 


8.23. A signal x[n] is sampled in discrete time as shown in Figure P8.23. h,[n] is an ideal low- 
pass filter with frequency response 

[i. im<^ 

HC. ft) « J N 

0 , ^<\Cl\<n 



p(n| - 1 6 (o - kN|. 


From eqs, (8.50) and (8.51), the filter output is expressible as 

x,[n] = ^ J x[kN]h r [n -kN]= £ x[kN]~^ sine [0-'(/» - JtJV)] 

where ft c — 2n/N. Show that independent of whether the sequence a[n] is sampled 
above or below the Nyquist rate, jr,[m/7] = x[m/V], where m is any positive or negative 
integer. 

8.24. Consider a discrete-time sequence x[n] from which we form two new sequences, x p [n] 
and Xj[n], where x p [n] corresponds to sampling x[n] with a sampling period of 2 and 
x d [n] corresponds to decimating jr[n] by a factor of 2, so that 

ix[n], n = 0, ±2, ±4,. .. 
x p [n] = i 

10, n = ±l, ±3, ... 

and 

— x[2 n] 

(a) If x[/i] is as illustrated in Figure P8.24-1, sketch the sequences x p [n] and x j[«], 

(b) If A^ft) is as shown in Figure P8.24-2, sketch X p (Ci) and X/Cl). 
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Figure P8.24-2 



8.25. As discussed in Section 8.7 and illustrated in Figures 8.40 and P8.25-1, the procedure 
for interpolation or upsampling by an integer factor N can be thought of as the cascade 
of two operations. The first system, system A, corresponds to inserting (N — 1) zero- 
sequence values between each sequence value of x[n], so that 



n = 0, ±N, ±2N,.. . 
otherwise 


System A 

x[nl 


Figure P8.25-1 

For exact bandlimited interpolation, //(ft) is an ideal lowpass filter. 

(a) Determine whether or not system A is linear.. 

(b) Determine whether or not system A is time-invariant. 

(c) For A'jfft) as sketched in Figure P8.25-2 and with N = 3, sketch X„(£}). 

(d) For N — 2, XAki) as in Figure P8.25-2, and //(ft) appropriately chosen for exact 
bandlimited interpolation, sketch X(Q). 



xjn) 



n Figure P8.25-2 


8.26. As shown in Figure 8.40 and discussed in Section 8.7, the procedure for interpolation 
or upsampling by an integer factor N can be thought of as a cascade of two operations. 
For exact bandlimited interpolation, the filter //(ft) in Figure 8.40 is an ideal lowpass 
filter. In any specific application it would be necessary to implement an approximate 
lowpass filter. In this problem we explore some useful constraints tha t are often imposed 
on the design of these approximate lowpass filters. 

(a) Let us first consider //(ft) approximated by a zero phase FIR filter. The filter is to 
be designed with the constraint that the original sequence values x d [n] get repro¬ 
duced exactly, that is, 

x[n\ — ’ n ~ 0, tkL, ±2/., . . . (P8.26-1) 

This guarantees that even though the interpolation between the original sequence 
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values may not be exact, the original values are reproduced exactly in the inter¬ 
polation. Determine the constraint on the impulse response h[n] of the lowpass 
filter to guarantee that eq. (P8.26-1) will hold exactly for any sequence x d [n], 

(b) Now suppose that the interpolation is to be carried out with a linear-phase causal 
symmetric FIR filter of length N, that is, 

h[n] =0, n < 0, n> N - \ (P8.26-2) 

H{Q) = H R (Q.)e>* a (P8.26-3) 

where H R (C1) is real. The filter is to be designed with the constraint that the original 
sequence values x d [n] get reproduced exactly but with an integer delay a, where a 
is the negative of the slope of the phase of H(Q), that is, 

*[«] - ^1, n - a = 0, ±L. ±2 L,.. . (P8.26-4) 

Determine whether this imposes any constraint on whether the filter length N is 
odd or even. 

(c) Again, suppose that the interpolation is to be carried out with a linear-phase causal 
symmetric FIR filter, so that H(Q) is of the form 

H(Cl) = H R (Q)e-!f a 

where H R (Q) is real. The filter is to be designed with the constraint that the original 
sequence values x d [n] get reproduced exactly, but with a delay M which is not 
necessarily equal to the negative of the slope of the phase, that is, 

4«] = ^[^2 —}> n-M = 0,±L, ±21,.. . 

Determine whether this imposes any constraint on whether the filter length N is 
odd or even. 
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(9.1a) 


^ /(-e) - e St -* y(t) = H{s)e“ 

where 

i/( f ) = [*“ h{t)e-» dt (9.1b) 

For s imaginary (i.e., s=jco), the integral in eq. (9.1b) corresponds to the 
Fourier transform of hit). For general values of the complex variable s, it is referred 
to as the Laplace transform of the impulse response h{t). As with the Fourier 
transform, the Laplace transform plays an important role in representing not only 
the system impulse response for LTI systems, but also the input signals and output 
signals to such systems. The Laplace transform of a general signal x(t) is defined ast 

(9.2) 

and we note in particular that it is a function of the independent variable s corre¬ 
sponding to the complex variable in the exponent of e~". The complex variable s 
is in general of the form s — a -f jeo, with a and co the real and imaginary parts, 
respectively. For convenience we will sometimes denote the Laplace transform in 
operator form as £{x(t)} and denote the transform relationship between x(t) and X(s) 
as 

x(t) A X(s) (9.3) 

When s — jeo eq. (9.2) becomes 

X(jco) — J x(t)e~ Jaj ‘ dt (9.4) 

which corresponds to the Fourier transform of x(t), that is, 

*(*)!,-> = s{*(0} (9.5) 

The Laplace transform also bears a straightforward relationship to the Fourier 
transform when the complex variable s is not purely imaginary. To see this rela¬ 
tionship, consider X(s) as specified in eq. (9.2) with j expressed as s = a + ja>, 
so that 


X(a + jeo) = 

xiOe'^ 1 ^ dt 

(9.6) 

X(a + jeo) = 

J [x(t)e~°']e- ,w ' dt 

(9.7) 


We recognize the right-hand side of eq. (9.7) as the Fourier transform of x(i)e~'”; 
that is, the Laplace transform of x(t) can be interpreted as the Fourier transform 

tThe transform defined by eq. (9.2) is often called the bilateral Laplace transform, to dis¬ 
tinguish it from the unilateral Laplace transform, which we discuss in Section 9.8. As we are con¬ 
cerned primarily with the bilateral transform, we will omit the word “bilateral” except where it is 
needed to avoid ambiguity. 
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of x(t) after mutiplication by a real exponential signal. The real exponential e"' 
mav be decaying or growing in time, depending on whether a ts pos.Uve or negative. 

y TomZrL ihe L.pLe trsmsfo™ and iu ,el..lo„ship to the Foon.t .»■ 
form, let us consider the following example. 

EXam Colslder the signal *(r) = «-*)• From Example 4.7 the Fourier transform X(jCO) 

converges for a > 0 and is given byt 

. f“ dt = —--, a > 0 (9.8) 

X(jco) = J e e 1 jeo + a' 

From eq. (9.2) the Laplace transform is 

2f(s)=j + e—'e-‘‘u(t) dt 

= j* e~ b +fl l* cit 

or, with s = o + Ju>, 

X(a + jco)= C dt (9 ‘ 9) 

Jo 

By comparison with eq. (9.8) we recognize (9.9) as the Fourier transform of e* 
and thus 

+ m = (ff + n) > 0 

or equivalently, 

X(s) = (9 ’ 10) 

For fl==0, for example, x(t) is the unit step with Laplace transform Xis) = 1/r 
(R«{s) > 0. 

We note, in particular, that just as the Fourier transform do« not 
signals the Laplace transform may converge for some vames oi l J _ 
for others. In Example 9.1, the Laplace transform converges only fer > • 

If a is positive, then T(y) can be evaluated at o - 0 to obtain 

(9 - 10 

* * j• , d ™ for a = 0 the Laplace transform is equal to the Fourier 

As indicated in eq. {?•->)> i° r ° v . , /o q\ am) Win If a is 

not. 

remainder of this book, wc adopt this simple change of notation. 
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s-.g;. -- . feir ’- 4 

iiAmnple 9./ 

For comparison with Example 9.1, let us consider as a second example the signal 
x(t) = -e~"u(-t) 


X(s) = — J e-“e-“u(~t) < 
r o 

= — I e- (,+ “>'r/t 


For this example, however, we require that for convergence + a) < 0 or 
< —a, that is, 

£ 1 

-e-“u(-i) tRve{4 < —a (9.12) 


The algebraic expression for the Laplace transform is identical in both Example 
9.1 and 9.2. However, the set of values for s for which the expression is valid is very 
different in the two examples. This serves to illustrate the fact that in specifying the 
Laplace transform of a signal, both the algebraic expression and the range of values 
of s for which this expression is valid are required. In general, the range of values 
of s for which the integral in eq. (9.2) converges is referred to as the region of con¬ 
vergence (which we abbreviate as ROC) of the Laplace transform. That is, the 
ROC consists of those values of s = a + jco for which the Fourier transform of 
x(r)e“" converges. We will have a great deal more to say about the ROC as we 
develop some insight into the properties of the Laplace transform. 

A convenient way to display the ROC is shown in Figure 9.1. The variable s is 
a complex number and in Figure 9.1 we display the complex plane, generally referred 
to as the s-plane, associated with this complex variable. The coordinate axes are 
CR£{j} along the horizontal axis and along the vertical axis. The horizontal and 
vertical axes are sometimes referred to as the er-axis and theyco-axis, respectively. The 
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shaded region in Figure 9.1(a) represents the set of points in the s-plane corresponding 
to the region of convergence for Example 9.1. The shaded region in Figure 9.1(b) 
indicates the region of convergence for Example 9.2. 

Example 9.3 

In this example we consider the signal which is the sum of two real exponentials, 
specifically 

x(t) — e~‘u(i) + e 2 'u(t) (9.13) 

The algebraic expression for the Laplace transform is then 
X(s) = J + ” (e-'w(f) + e~ 2 'a(t)]e~" dt 


= J e-'e-“u(t) dt + | e~ 2, e~"u(t) dt 

or 

X( A = __L_ + _i- (9.14) 

s+l^s+2 

To determine the ROC, we note that since x(t) is a sum of two real exponentials 
and the Laplace transform operator is linear, as is evident in eq. (9.14), X(s) is the sum 
of the Laplace transforms of each of the individual terms. The first term is the Laplace 
transform of e-u(t) and the second term the Laplace transform of r J 'u(t). From 
Example 9.1 we know that 

e-uO) Tqry. <R*M>~1 

e~ 2l u(t) *—*■ s ^ ~ 2 ■ dtejs} > —2 

Thus, the set of values of (R e[s] for which the Laplace transform of both terms 
converge is 6i-e[s] > —1, and thus 

e~'u(t) + e~ 2 'u(i) *—*■ + 7TT2’ 

or equivalently, combining the two terms on the right-hand side, 

e-HO + e-Mt) ~ jrfirVr (R€W> ~ 1 (9 ' 15) 


In each of the three examples above, the Laplace transform is a ratio of 
polynomials in the complex variable s, that :s, is of the form 


X(s) = 


N(s) 

D(s) 


(9.16) 


where N(s) and D(s) are the numerator polynomial and denominator polynomial, 
respectively. When X(s) is of this form, it is referred to as rational. As suggested 
by Example 9.3, A"(j) w:.I be rational whenever x(t) is a linear combination of real 
or complex exponentials, and as we will see in Section 9.7.1, rational transforms 
also arise when we consider LTI systems specified ,n terms of linear constant-coef¬ 
ficient differential equations. Except for a scale factor, the numerator and denominator 
polynomials in a rational Laplace transform can be specified by their roots; thus, 
marking the location of the roots of N(s) and D(s) in the j-plane provides a con- 
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venient pictorial way of describing the Laplace transform. For example, we show in 
Figure 9,2 the s-plane representation of the Laplace transform of Example 9.3 with 
the location of each root of the denominator polynomial in eq. (9.15) indicated 
with an x and the location of the root of the numerator polynomial in eq. (9.15) 
indicated with an O. The region of convergence for this example is also indicated 
as a shaded region. For rational Laplace transforms, the roots of the numerator 
polynomial are commonly referred to as the zeros of 3f(r) since for those values of 
s t X(s) = 0. The roots of the denominator polynomial are referred to as the poles 
of X(s), and for those values of s, A"(s) becomes unbounded. If the order of the denomi¬ 
nator polynomial is greater than the order of the numerator polynomial, then A'(s) 
will become zero as s approaches infinity. Conversely, if the order of the numerator 
polynomial is greater than the order of the denominator polynomial, then T(s) will 
become unbounded as s approaches infinity. This behavior can be interpreted as zeros 
or poles at infinity, an interpretation which will be useful in Chapter 11. However, it 
should be recognized that the poles and zeros of T(s) in the finite s-plane are sufficient 
to completely characterize the algebraic expression T(s) to within a scale factor since 
these represent all the roots of the polynomials N(s) and D(s) in eq. (9.16) but do not 
by themselves identify the ROC for the Laplace transform. The representation of T(s) 
through its poles and zeros in the s-plane is referred to as the pole-zero plot. To within 
a scale factor, the pole-zero plot, together with the ROC, provides a complete speci¬ 
fication of the Laplace transform. 



Figure 9.2 s-Plane representation of the 
Laplace transform for Example 9.3. X 
and O mark the locations of the roots 
of the denominator and the numerator, 
respectively. The shaded region indicates 
the ROC. 


Example 9.4 
Let 


x(t) = S(t) — j e-'u(i) + }e 2 '</(r) 


JrM-'-yj-n+TrLr 31 <•!■!> ! <’ IM 


*'>-uTTK7Llj. ®*W> 2 « l7bl 

The pole-zero plot for this example is shown in Figure 9.3 together with the ROC. 
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Figure 9.3 Pole-zero plot and ROC for 
Example 9.4. 

Recall from eq. (9.5) that for the Laplace transform corresponds to 

the Fourier transform. However, if the ROC of the Laplace transform does not 
include the Jco- axis, [i.e., «*} - <4 then the Fourier transform d-s not converge 
As we see from Figure 9.3, this, in fact, is the case for Example 9.4. We observe 
also for this example that the two zeros in eq. (9.17) occur at the same value . 
In general, we will refer to the order of a pole or zero as the number of times it is 
repeated at a given location. Thus, in Example 9.4 there is a serond-order zero a 
5 = 1 and two first-order poles, one at i - -1, the other at s = 2. In this example 
the ROC lies to the right of the rightmost pole. In general, for rational Laplace 
transforms there is a close relationship between the locations of the poles and the 
oS ROCs ,h„ can be ...ocia.cd with a given pole-zero. pk ., and n-pec,6 
constraints are closely associated with time-domain properties of x(t). In the 
section we explore some of these constraints and relationships. 

2 THE REGION OF CONVERGENCE 
FOR LAPLACE TRANSFORMS 

In ,h. foregoing die. • salon, we have seen ,ha, a complete apedficata of UnrUpdace 
transform requires not only the algebraic expression to* A u), but a.so , - assocut_ 
region of convergence, and as evidenced by Examples 9.1 and 9.2. two very different 
signals can have identical algebraic expressions for X(s), so tnat taeir Lap.ace t..ms- 
forrns^re dislinguishablc on,, by *, region of convergence. R, ,h» *cUonw» to 
some specific constraints on the ROC for various classes of signals. As w. wil. s e 
an understanding of these constraints often permits us to specify implicitly, or to 
reconstruct the ROC from knowledge only of the algebraic expression for *C0 
Tee,..in genera! el,.race,is,ice of in ,he ,i„,e donrarn. In develop,,„ ,n=sc 
properties we justify the statements intuitively rather than rigorously. 

” property I: The ROC of X(s) consists of strips parallel to the jo- axis in the j 
j-plane. ______1 
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> ' The vamiity ot mis property stems from the fact that the ROC of A^r) consists 

of those values of s = a + jco for which the Fourier transform of x(t)e-°‘ converges, 
and thus the ROC depends only on the real part of s. 

Property 2: For rational Laplace transforms, the ROC does not contain any 
poles. 

This property is easily observed for all the examples studied thus far. Since 
X(s ) is infinite at a pole, the integral in eq. (9.2) clearly does not converge at a pole, 
and thus the ROC cannot contain those values of s. 

Property 3: If x(t) is of finite duration and if there is at least one value of s 
for which the Laplace transform converges, then the ROC is the entire j-plane. 

We verify Property 3 as follows. A finite-duration signal has the property that 
it is zero outside an interval of finite duration, as illustrated in Figure 9.4. Now, let 
us assume that x(r)e"“' is absolutely integrable for some value of a, say o 0 , so that 

J T ‘|x(r)|e-"' dt < oo (9.18) 



T t T 2 1 Figure 9.4 Finite-duration signal. 

In this case, the line dte(s) = a 0 is in the ROC. For (R^fr) = er, to also be in the ROC 
we require that 

| | x(f) | e~"'' dt — | |x(f)|e~'”'e'' l ‘’ l- ‘’ ,) ' dt < oo 

Let us assume that a, > cr 0 , so that is a decaying exponential. Then, over 

the interval when x(t) is nonzero, the maximum value of this exponential is 
and thus we can write that 

| |x(r)|e~‘"' dt < J j,v(r)| e~°'' dt (9.19) 

Since the right-hand side of eq. (9.19) is bounded, so is the left-hand side, and thus 
the y-plane for <R«(.s] > o 0 must also be in the ROC. By a similar argument, if 
a, < o q, then 

| 7 ’ I x(t) | e"” 1 ' dt < e- \x(t)\e~’-dt (9.20) 

and again x(t)e~°'‘ is absolutely integrable. Thus, the ROC includes the entire j-planc. 
The intuition behind this result is suggested in Figure 9.5. In Figure 9.5(a), we have 
shown x(t) of Figure 9.4 multiplied by a decaying exponential, and in Figure 9.5(b) 
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the same signal multiplied by a growing exponential. Since the interval lsfinlte >‘ h = 
exponential weighting is never unbounded, and consequently it is reasonable 
the integrability of x(t) is not destroyed by this exponential weighting. 



Figure 9.5 (a) Finite-duration signal of 

Figure 9.4 multiplied by a decaying 
exponential; (b) finite-duration signal of 
Figure 9.4 multiplied by a growing 
exponential. 

It is important to recognize that to ensure that the exponential weighting is 
bounded over the interval in which x(t) is nonzero, the discussion above relies heavily 
on the fact that jc(r) is finite length. In the next two properties we consider a modi¬ 
fication of the result when x(r) is of finite extent in only the positive-time or negativ.- 
time direction. 

I Property 4: If x(t) is right-sided and if the line <R«M - o, is in the ROC, 
then all values of j for which > a 0 will also be in t he RC ~ _ 

A right-sided signal is one for which x(t ) = 0 prior to some finite time T u 
as illustrated in Figure 9.6. It is possible that for such a signal there is no va.ue 


x(l) 



- j -- 1 — t Figure 9.6 Right-sided f^nal. 

or s for which the Laplace transform will converge. One example is the signal 
x(f) = e"u(t). However, suppose that the Laplace transform converges for some 
value of a, which we denote by <r„. Then 

J + \x(f)\e-"dt < oo 
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(9.21) 



Then if rr, > a 0 , it must also be true that x(t)e~°'' is absolutely integrable, since 
£-»■' decays faster than e~°“ as t — * + oo, as illustrated in Figure 9.7. Formally, 



we can say that with cr, > a 0 , 


| |x(r) | e~’" dt = | \x(j)\e~° % 'e <dt 
■It , 


(9.22) 


Since F, is finite, then from eq. (9.21) the right side of the inequality in eq. (9.22) 
is finite, and hence x(t)e~‘" is absolutely integrable. Note that in the argument 
above we explicitly rely on the fact that x(t) is right-sided so that although with 
<7, > a 0 , e~ m " diverges faster than e~°" as t —> — oo, x(t)e~'“ cannot grow without 
bound in the negative-time direction since x{t) — 0 for l < T x . 


Property 5; If x(t) is left-sided and if the line = a 0 is in the ROC, then 

all values of s for which < a 0 will also be in the ROC. 


A left-sided signal is one for which x(r) = 0 after some finite time T, as illus¬ 
trated in Figure 9.8, and the argument and intuition behind this property are exactly 
analogous to that for Property 4. 



Property 6: If x(t) is two-sided and if the line ®€(i] = o a is in the ROC, then 
the ROC will consist of a strip in the j-plane which includes the line (R&{s } = <j 0 . 
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A two-sided signal is one that is of infinite extent for both t > 0 and t < 0, as 
illustrated in Figure 9.9(a). For such a signal, the ROC can be examined by choosing 
an arbitrary time T 0 and dividing x(t) into the sum of a nght-sided signal x s (0 and 
left-sided signal x L (t), as indicated in Figure 9.9(b) and (c). The Laplace transform 



Figure 9.9 Two-sided signal divided 
into the sum of a right-sided and left¬ 
sided signal. 


of x(t) converges for values of s for which the transforms of both x/t) and x L (t) 
converge. From Property 4, the ROC of £ W 0} consists of a half-plane <*.<{i) > 
for some value and from Property 5 the ROC of £{x L Q)} consists oi a half-pUnc 
<R«[s] < o, for some value a L . The ROC of £{.v(f)) is then the overlap of these 
two half-planes, as indicated in Figure 9.10. This assumes, of course, that < Ou 
so that there is some overlap. If this is not the case, then ever if the Laplace trans¬ 
forms of x,(t) and x L (t) individually exist, the Laplace transform of x(t) does not. 



Figure 9.10 ROCs for x*(t) and for 
xpit) assuming that they overlap. The 
overlap of the two ROCs is the ROC for 
x(t) — x K (i) 4 xdt). 
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Example 9.5 
Let 


XU) = e-‘e~“ dt = ^[1 - e-'‘+°»] (9.23) 

Jo 

Since in this example, x(t) is finite length, from Property 3, the ROC is the entire 
r-plane. In the form of eq. (9.23), X(s) would appear to have a pole at r = —a, which 
from Property 2 would be inconsistent with an ROC that consists of the entire s-plane. 
In fact, in the algebraic expression in eq. (9.23), both numerator and denominator 
are zero at s = —a and thus, to determine X(s) at s = —a, we can use L’Hdpital’s 
rule to obtain 

[>—>] 

lim X(s) = lim -j- = lim Te ^e ,T 


X(-a) = T (9.24) 

In particular, then, X(s) in eq. (9.23) has no poles. There are an infinite number of 
zeros of the numerator corresponding to the values of s for which 

1 _ e -o*°)T = o (9.25) 

or equivalently, 

g- (i+a)T _ j = k an y integer (9.26) 

Thus eq. (9.25) is satisfied whenever 

U + a)T = jink 


s — —a 4- j~Y-, k = 0, ±1, ±2,... (9.27) 

The resulting pole-zero plot for X(s) is shown in Figure 9.11. Note that although 



Figure 9.11 Pole-zero pattern for 
Example 9.5. As indicated, the pole, 
represented by the denominator term in 
eq. (9.23), is canceled by a zero of the 
numerator. Thus, the Laplace transform 
contains only zeros and the ROC is the 
entire j-planc. 


584 


Tho Laplace Transform Chap. 9 


eqs. (9.25) and (9.27) imply a zero at s = -a, this is, in effect, canceled by a pole 
represented by the denominator term in eq. (9.23), as indicated in Fig. 9.11, so that 
there is neither a pole nor a zero at s = -a. This, of course, is consistent with our 
conclusion in eq. (9.24). 


Example 9.6 


x(t) = e - * 1 ' 1 


as illustrated in Figure 9.12 for both b > 0 and b < 0. Since this is a two-sided signal, 
let us divide it into the sum of a right-sided and left-sided signal, that is, 

x(l) = e~ k 'u(f) + e* b 'u(-t) (9.29) 




Figure 9.12 Signal x(l)—e- 1 '’' for 
both b > 0 and b < 0. 


From Example 9.1, 


r<R£{.s} > -b 


and from Example 9.2, 


£ -1 

e* b, u(-t) yzri' 


(Rie(r} < +b 


Although the Laplace transforms of each of the individual terms in eq. (9.29) have a 
region of convergence, there is no common region of convergence if b < 0, and .hus 
for those values of b, x(l) has no Laplace transform. If * > 0. < he Lap,ace transform 
of x(t) is 

-b<CU(s}<+b (9.32) 

e s + b s — b s* — b 1 

The corresponding pole-zero plot is shown in Figure 9.13 with the shading indicating 
the ROC. 
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Note that any signal either does not have a Laplace transform or it falls into 
one of the four categories covered by Properties 3 to 6. Thus, for any signal with a 
Laplace transform, the ROC must be either the entire r-plane (for finite-length 
signals), a left-half plane (for left-sided signals), a right-half plane (for right-sided 
signals), or a single strip (for two-sided signals). In all the examples that we have 
considered, the ROC has the additional property that in each direction (i.e., 
increasing and dtie{r} decreasing) it is bounded by poles or extends to infinity. In 
fact, this is always true for rational Laplace transforms. A formal argument is some¬ 
what tedious, but its validity is essentially a consequence of the fact that a signal 
with a rational Laplace transform consists of linear combinations of exponentials 
and from Examples 9.1 and 9.2, the ROC for the transform of individual terms 
in this linear combination must have this property. As a consequence of this, together 
with Properties 1 and 4, the ROC for a right-sided signal is the region in the s-plane 
to the right of the rightmost pole. For a left-sided signal the ROC is the region in the 
s-plane to the left of the leftmost pole. 

To illustrate how different ROCs can be associated with the same pole-zero 
pattern, let us consider the following example. 


Example 9.7 

Consider the algebraic expression 

= (s + l)(s + 2) 


(9.33) 


with the associated pole-zero pattern in Figure 9.14(a). As indicated in Figure 9.14(b)- 
(d), there are three possible ROCs that can be associated with this algebraic expression, 
corresponding to three distinct signals. The signal associated with the pole-zero pattern 
in Figure 9.14(b) is right-sided. Since the ROC includes the/CU-axis, the Fourier trans¬ 
form of this signal converges. Figure 9.14(c) corresponds to a left-sided signal and 
9.14(d) to a two-sided signal. Neither of these two signals have Fourier transforms 
since the ROC does not include the jCO- axis. 
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(c) W) 

Figure 9.14 (a) Pole-zero pattern for Example 9.7; (b) ROC corresponding to a 
right-sided sequence; (c) ROC corresponding to a left-sided sequence; (d) ROC 
corresponding to a two-sided sequence. 


9.3 THE INVERSE LAPLACE TRANSFORM 

In Section 9.1 we discussed the interpretation of the Laplace ‘ransform of a time 
function as the Fourier transform of the function exponentially weighted; that is, 
with s expressed as s = a + jo, where <Jhe{s} = a is a line in the ROC, the Laplace 
transform X(a + jo) of a signal x(t) is given by 

X(a + jeo) = SMOe-') = £_ x(t)e—e-^ c't (9-34) 

We can invert this relationship using the inverse Fourier transform as given in eq. 
(4.62), specifically 

x{t)e-* = ff -'{X(a + jeo)} = ^ J _ X{o -|- ;©)«'" do (9 35) 

or multiplying both sides by ef, we obtain 

x(t) = JL J X{a -F ja>)e ( ’ +M ' dco (9-36) 

Finally if we change the variable of integration from a> to s, and use the fact tnat 
a is constant so that ds = jdo, we obtain the basic inverse Laplace transform 


Soc. 9.3 The Inve.'a Loplaco Transform 


587 






This states that x(r)can be represented as a weighted integral of complex exponentials. 
The contour of integration is a straight line in the complex plane, parallel to the 
./a>-axis and determined by any value of a so that X(a + ja>) converges. The formal 
evaluation of this integral for a general X(s) requires the use of contour integration 
in the complex plane, a topic that we will not consider here. However, for the class of 
rational transforms, the inverse Laplace transform can be determined without direct 
evaluation of eq. (9.37) by utilizing the partial fraction expansion in a manner similar 
to that used in Chapter 4 to determine the inverse Fourier transform. Basically, 
the procedure consists of expanding the rational algebraic expression into a linear 
combination of lower-order terms. For example, assuming no multiple-order poles 
and assuming that the order of the denominator polynomial is greater than the order 
of the numerator polynomial, 3f(s) can be expanded in the form 

m = t (9-38) 

From the ROC of T(r), the ROC of each of the individual terms can be inferred. 
Since from Examples 9.1 and 9.2 we know the inverse Laplace transform of the 
individual first-order terms in eq. (9.38), the composite time function x(/) repre¬ 
senting the inverse transform of Z(i) is then obtained. The details of the procedure 
are best presented through a number of examples, which follow. 

Example 9.8 
Let 

*(*>- <; -iks TTy (939) 

To obtain the inverse Laplace transform, our first step is to perform a partial fraction 
expansion to obtain 

X{s) = (7 + l)(r + 2) = 7T7 + 7T"2 (9,40) 

As discussed in the Appendix, we can evaluate the coefficients A and B by multiplying 
both sides of (9.40) by (s + l)(s + 2) and then equating coefficients of equal powers 
of s on both sides. Alternatively, we can observe that 

4=[(»+im4.-. = l (9.41) 

R = [(s + 2)Am~i = -1 (9.42) 

Thus, the partial fraction expansion for X(s) is 


Next, we need to determine the ROC to associate with each of the individual first-order 
terms in eq. (9.43). This is done by reference to the properties of the ROC developed 
in Section 9.3. Since the ROC for X(s) is (51ie{sj > —1, the ROC for the individual 
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terms in the partial fraction expansion (9.43) includes (R*[s] > -1. For each term, 
it can then be extended to the left and/or right to be bounded by a pole or infinity. 
This is illustrated in Figure 9.15. Figure 9.15(a) shows the pole-zero plot and ROC 
for X(s) as specified in eq. (9.39). Figure 9.15(b) and (c) represent the individual terms 
in the partial fraction expansion in eq. (9.43). The ROC for the sum is indicated with 
diagonal shading. For the term represented by Figure 9.15(c), the common ROC can 



(a) 



Fiaure 9 15 Construction of ROC for the individual terms in a pa; Hat fraction 
expansion: (a) pole-zero plot and ROC for X(s); (b) pole at r = -1 and us 
ROC; (c) pole at s = -2 and its ROC. 


Since both poles in eq. (9.39) are to the left of the ROC, both terms in eq. (9.43) 
correspond to right-sided signals. The inverse transform of the individual terms m 


e~’u{t) 

£ 

1 

s + 1 ’ 

> -1 

(9.44a) 

e~ 

£ 

< —> 

1 

s + 2' 

> -2 

(9.44b) 

- e-^MO 

£^ 

' dlicW > 

(s + l)(i + 2)* 

(9.44c) 


Continuing this example, let us now suppose that the algebraic «Pr« s| on for 
X(s) is again that in eq. (9.39) but that the ROC is now < -2. The partial 

fraction expansion for X(s) relates only to the algebra.c expression and in Particula 
eo (9 43) is still valid. With this new ROC, however, both poles are to the right o . 

4 : _ ' ..m Wt.dHed sionals. From Example 9.2 
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we then have 

-t(') = I-* - ' + e- l, M-0 (j + ij(j + 2 ) ’ < -2 (9.45) 

Finally, suppose that the ROC of AXr) is —2 < (5he{.r) < —1. In this case, the pole 
at s = —1 is still to the right of the ROC (corresponding to a left-sided signal), while 
the pole at s — —2 is to the left (corresponding to a right-sided signal). Using Examples 
9.1 and 9.2, we obtain 

x(i) = -e-'u(-t) - e- u u(.t) + + 2 ) . -2 <&£{*]<-1 (9.46) 

In Example 9.8, we used the partial fraction expansion technique to express the 
Laplace transform as a sum of terms whose inverse transform we could then recognize 
“by inspection.” As discussed in the Appendix, when A"(s) has multiple-order poles, 
and/or the denominator is not of higher degree than the numerator, its partial fraction 
expansion will include other terms in addition to the first-order terms considered 
above. In Section 9.6, after discussing properties of the Laplace transform, we develop 
some other Laplace transform pairs which, in conjunction with the properties, are 
useful in extending the inverse transform method outlined in Example 9.8. 

GEOMETRIC EVALUATION OF THE FOURIER TRANSFORM 
FROM THE POLE-ZERO PLOT 

As we saw in Section 9.1, the Fourier transform of a signal is the Laplace transform 
evaluated on the /co-axis. In this section we discuss a procedure for geometrically 
evaluating the Fourier transform and more generally the Laplace transform at any 
set of values from the pole-zero pattern associated with the Laplace transform. To 
develop the procedure, let us first consider a Laplace transform with a single zero 
[i.e., X(s) = (i — a)], which we evaluate at a specific value of s, say s = s t . The alge¬ 
braic expression (j, — a) is the sum of two complex numbers, s, and —a, each of 
which can be represented as a vector in the complex plane, as illustrated in Figure 
9.16. The vector representing the complex number (i, — a) is then the vector sum 
which we see in Figure 9.16 to be a vector from the zero at s = a to the point s,. The 
value of X(s,) then has a magnitude which is the length of this vector and an angle 
which is the angle of the vector relative to the real axis. If .Y(s) has instead a single 

im 


Figure 9.16 Complex plane representa¬ 
tion of the vectors S|,a,and (si — a) 
representing the complex numbers s i, a. 
and (ri — a) respectively. 
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pole at s = a [i.e., ^( 5 ) = l/(s - a)], then the denominator would be represented by 
the same vector as above and the value of *(.$,) would have a magnitude that is the 
reciprocal of the length of the vector from the pole to s = r, and an angle that is the 
negative of the angle of the vector with the real axis. A more general rational Laplace 
transform consists of a product of pole and zero terms of the form discussed above; 
that is, it can be factored into the form 


A'(s) = M 


g (* - /?,) 

j^Os - a j) 


(9.47) 


To evaluate A'(s) at s = s u each term in the product is represented by a vector from 
the zero or pole to the point The magnitude of X(s t ) is then the magnitude of the 
scale factor M, times the product of the lengths of the zero vectors (i.e., the vectors 
from the zeros to s,) divided by the product of the lengths of the pole vectors (i.e., 
the vectors from the poles to s,). The angle of the complex number X(s t ) is the sum 
of the angles of the zero vectors minus the sum of the angles of the pole vectors. If 
the scale factor M in eq. (9.47) is negative, an additional angle of jt would be included. 
Clearly, if X(s) has a multiple pole and/or zero, corresponding to some of the a/s 
being equal and/or some of the 0,’s being equal, the lengths and angles of the vectors 
from these poles or zeros must be included a number of times equal to the order 
of the pole or zero. 


Example 9.9 

Consider X(s) given by 

X(s) = jqrj (9 - 48) 

The Fourier transform is X(s)\ l . l<J . For this example, then, the Fourier transform is 
given by 

*('")“ 75T+1 (M9) 

The pole-zero plot for X(s) is shown in Figure 9.17. To determine the rourier transform 



Figure 9.17 Pole-zero plot for Example 
9.9. | is the reciprocal of the length 

of the vector shown and <^X(jm) is the 
negative of the angle of the vector. 


graphically, we construct the pole vector as indicated. The magnitude of the Fourier 
transform at 0 ) = (B, is the reciprocal of the length of the vector from the pole to t c 
point yo), on the jeo- axis. The phase of the Fourier transform is th: negative ~f the 
angle of the vector. Geometrically, from Fig. 9.17 we can write that 
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-$.XU a \) = —tan" 1 2 co, (9.50b) 

Often, part of the value of the geometric determination of the Fourier transform lies 
in its usefulness in obtaining an approximate view of its overall characteristics. For 
example, in Fig. 9.17 it is readily evident that the length of the pole vector mono- 
tonically increases with increasing co,, and thus the magnitude of the Fourier transform 
will monotonically decrease with increasing co,. The ability to draw general conclusions 
about the behavior of the Fourier transform, particularly its magnitude, from the 
pole-zero plot is further illustrated by the consideration of general first- and second- 
order systems. 

9.4.1 First-Order Systems 


As a generalization of Example 9.9, let us consider the class of first-order systems 
that was discussed in some detail in Section 4.12. The impulse response for this class 
of systems is 

h(t) = — e-«'u(t) (9.51) 

and its Laplace transform is 

H{s) = i^rv < 9 - 52 ) 

The pole-zero plot is shown in Figure 9.18 and the Bode plot for the frequency 



response is shown in Figure 9.19. From the behavior of the pole vector as cu, varies, 
it is clear that the magnitude of the frequency response monotonically decreases as co, 
increases, which is, of course, consistent with the behavior in Figure 9.19. We also 
note that as the pole moves farther into the left-half plane, the effective cutoff fre¬ 
quency of the system increases. Also, from eq. (9.51) and from Figure 4.36, we see 
that this same movement of the pole to the left corresponds to a faster decay of the 
impulse response and correspondingly a faster rise time in the step response. This 
relationship between the real part of the pole locations and the speed of the system 
response holds more generally; that is, poles farther away from the Jco-axis are 
associated with faster response terms in the impulse response. 
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Figure 9.19 Frequency response for first-order system. 

9.4.2 Second-Order Systems 


Let us next consider the class of second-order systems, which was d.scussed in some 
detail in Section 4.12. The impulse response h(t) and frequency response H(jco) for 
the system are given in eqs. (4.175) and (4.171), respectively, which we repeat below 
for convenience: 

[eq. (4.175)] KO = M[e'" - e‘"]u{t) 

where _ 

c, = — C<w„ -r <*V\/C 2 “ 1 

c 1 = —(co„ — a>„VC 2 — 1 
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-1 1 


Figure 9.21 Magnitude of the frequency response for a second-order system 
with 0 < C < 1. 


) PROPERTIES OF THE LAPLACE TRANSFORM 

In exploiting the Fourier transform, we relied heavily on the set of properties devel¬ 
oped in Sections 4.6 to 4.8. In this section we consider the corresponding set of prop¬ 
erties for the Laplace transform. The derivations for many of these results are 
analogous to those of the corresponding properties for the Fourier transform. Thus, 
we will not present the derivations in detail, some of which are left as exercises at the 
end of the chapter (see Problems 9.9 to 9.11). 



9.5.1 Linearity of the Laplace Transform 


If 


and 


then 


x,(r) «—» with a region of convergence that 

will be denoted as R , 

£ 

x 2 (r) -<—> Jfj(s) with a region of convergence that 

will be denoted as R 1 
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(a) 


^ Hljru} 



(b) 

Figure 9.22 (a) Pole-zero plot for all-pass system; (b) magnitude and phase of all-pass 
frequency response. 


fl x,( t) + b Xl (t) A aX t (s) + bX 2 U) with ROC containing 

O 1^2 


As indicated, the region of convergence of XU) is at least the intersection of R t 
and R 2 , which could be empty, in which case X(s) has no region of convergence 
; e x (t) has no Laplace transform. For example, for x(r) as in eq. (9.29) (Example 
9.6) with b > 0 the ROC for X(s) is the intersection of the ROC for the two terms 
in the sum. If b < 0, there are no common points in R, and R 2 ; that is, the intersection 
is empty and thus x(r) has no Laplace transform. The ROC can also be larger' l ^ n 
the intersection. As a simple example, for x,(f) = x 2 (f) and a b in eq. ( . ), 
x(/) and thus XU) - 0. The ROC of XU) is then the entire 5 -plane. 

The ROC associated with a linear combination of terms can always be con¬ 
structed by using the properties of the ROC developed in Section 9.2. Speci ca y 
from the intersection of the ROCs for the individual terms (assuming that it is not 
emntv) we can find a line or strip that is in the ROC of the linear combination. 
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i I......-..- , t&Tf L? ... • i: >• 

We then extend this to the right (dte{j] increasing) and to the left ((Stefs) decreasing) 
to the nearest pole (which may be at infinity). 


* lW=5 rFT’ <R*U)>-1 (9.57a) 

^- (s + lXs + Z) ' <R ^>- 1 ( 957b > 

x(r) = ^i(t) — x 2 (r) (9.57c) 

The pole-zero plot, including the ROC for X t (s) and X 2 (s), is shown in Figure 9.23(a) 
and (b). From eq. (9.57c), 

= 7+T ~ (s + l)(s + 2) = (s + W + 2) = 7+2 (9 ‘ 58) 

Thus, in the linear combination of Xift) and x 2 (j), the pole at s = — 1 is canceled by 
a zero at s = —1. The pole-zero plot for X(s) is shown in Figure 9.23(c). The inter¬ 
section of the ROCs for X t (s) and X 2 (s) is <3te(s) > —1. However, since the ROC 
is always bounded by a pole or infinity, for this example the ROC can be extended to 
the left to be bounded by the pole at s = —2, as a result of the pole-zero cancellation 
at s = — 1. 






Figure 9.23 Pole-zero plots and ROCs for Example 9.10: (a) Xi(s); (b) X 2 (s); 
(c) Xi(s) — X 2 (s). The ROC for Xi(s) — X 2 (s) includes the intersection of Rt and Ri 
which can then be extended to be bounded by the pole at j = —2. 

9.5.2 Time Shifting 


x(l) <—y X(s ) with ROC = R 


X(t - t 0 ) 


with ROC — R 
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9.5.3 Shifting in the s-Domain 
If 

x(f) ROC = R 

then 

e :' x (t) JU X(s-s 0 ) with ROC R i —R + (R«{s 0 ) ( 9 6 °) 

That is the ROC associated with X(s — s 0 ) is that of X(s), shifted by Thus, 

for any value s that is in R, the value 5 + fltefj,} will be in R r This is illustrated m 

Figure 9.24. 


tfra ^ m 



la) (l,) 


Figure 9.24 Effect on the ROC of shifting in the j-domaip.: (a) the ROC of A (s >, 
(b) the ROC of 2f(J - Jo). 

9.5.4 Time Scaling 
If 

x(t) A m ROC = R 

then 



That is, for any value j in R, the value s/a will be in R„ as illustrated in Figure 9.25. 
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Figure 9.25 Effect on the ROC of time scaling: (a) ROC of Jf(s);'(b) ROC of 
(l/|a|)Jf(s/a) for a positive. 


9.5.5 Convolution Property 


X,(s), ROC = R, 
X 2 (s), ROC = R 2 


£ 

x i0)*x 2 (t) > X,(s)X 2 (s) with ROC containing R, n R 2 (9-62) 

Thus, in a manner similar to the linearity property 9.5.1, the ROC of X,(s)X 2 (s) 
includes the intersection of the ROCs of 2f,(j) and X 2 (s) and may be larger if 
pole-zero cancellation occurs in the product. For example, if 

*,(*) = f±4, > -2 


r 2 (s) = i±j, (R€{i] > -1 

then X i (s)X 1 (s) = 1 and its ROC is the entire s-plane. 

As we saw in Chapter 4, the convolution property in the context of the Fourier 
transform played an important role in the analysis of linear time-invariant systems. 
In Section 9.7 we will exploit in some detail the convolution property for Laplace 
transforms for the analysis of LTI systems in general, and more specifically, for 
the class of systems represented by linear constant-coefficient differential equations. 


The Laplace Transform 


9.5.6 Differentiation in the Time Domain 


X(i), ROC = R 


with ROC containing R 


This property follows by differentiating both sides of the inverse Laplace transform 
expression equation (9.38). Specifically, with 


_ j_ r J - 
2 *j i-,- 


X(s)e" ds 


! = ±r 

2 nj J 


sX(s)e" ds 


Consequently, dx{t)jdi is the inverse Laplace transform of .r2f(s). The ROC of sX(s) 
includes the ROC of X(s) and may be larger if X(s) has a firs' -order pole at J --= 0 
which is canceled by the multiplication by s. For example, if ;:(f) == u(t), then X(s) 
= 1 Is with an ROC that is (R€{s) > 0. The derivative of x(t) is an impulse with an 
associated Laplace transform which is unity and an ROC which is the entire j-piane. 

9.5.7 Differentiation in the s-Domain 

Applying differentiation to both sides of the Laplace transform equation (9.2), we 
have 


X(s) - j x(t)e " dt 

_ f (— t)x(t)e~‘‘dt 
ds J__ 

Consequently, 

(9.65) 

Let us consider an example of the use of this property. 

Example 9.11 

Consider obtaining the Laplace transform of 

x(t) = (9-66) 
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> —a 


it follows from eq. (9.65) that 


-ihhhtrh" **<'»- 


In fact, by repeated application of eq. (9.65), it follows that 


and, more generally, 


>M(* *w e -« u r t ) JL 

(n - 1)1 


(R ■£{.?) > —a 


dbe{.r] > —a 


vr^m euw W+&' 

This specific Laplace transform pair is particularly useful when applying the partial 
fraction expansion to the determination of the inverse Laplace transform of a rational 
function with multiple-order poles. 


9.5.8 Integration in the Time Domain 

If 

x(t) X(s), ROC = R 

then 

J x(t) dx «-> -|l(s), ROC contains R O. > 0} (9.70) 


This property follows by integrating both sides of the inverse Laplace transform 
expression and is the inverse of the differentiation property 9.5.6. It can also be 
interpreted through property 9.5.5. Specifically, 


| x(x) dx = u(t) * xIt) 

(9.71) 

From Example 9.1, with a = 0, 


u(t) «—> y, > 0 

(9.72) 

and thus, from property 9.5.5, 


u(t) * x(t) i—r yA'(j) 

(9.73) 


with an ROC that contains the intersection of the ROC of X(s) and the ROC of the 
Laplace transform of u(t), which corresponds to the ROC associated with Property 
9.5.8. 
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9.5.9 The Initial and Final Value Theorems 

Under the specific constraints that x(t) = 0, t < 0, and that x(t) contains no impulses 
or higher-order singularities at the origin, one can directly calculate from the Lap ace 
transform the initial value x(0+), i.e., x(t) as t approaches zero from positive values 
of t , and the final value, i.e., the limit as t —*°o of x(t). Specifically, the initial value 

theorem states that . 

x(0+) = lim sX(s) (9-74) 

while the final value theorem is 

lim x(t) = lim sX(s) (9-75) 

i-»0 

The derivation of these results is considered in Problem 9.11. 

9.5.10 Table of Properties 

In Table 9.1 we summarize the properties developed in this section. In Section 9.7 
many of these properties are used in applying the Laplace transform to the ana.vsis 
and characterization of linear time-invariant systems. 

TABLE S.t PROPERTIES OF THE LAPLACE TRANSFORM 


Property 

Signal 

Transform 

ROC 

9.5.1 

9.5.2 

9.5.3 

x(t) 

Xi(t) 

xj(r) 

axi(') + hxi(t) 
x(l — to) 
t-x':) 

X(i) 

X;(S) 

Xi (s) 

aX i (s) + bXi(s) 
e-‘»X(s) 

X(s - to) 

R 

Ri 

Ri 

At least R\ (T Ri 

R 

Shifted version of R [i.e., J is in 
the ROC if (J - r 0 ) is in R] 

9.5.4 

x(at) 

!51' V (i) 

"Scaled” ROC [i.e., s is in the 

ROC if (i/a) is in the ROC of 




*M1 

9.5.5 

Xl(0 * Xl(l) 

X/JXj (J) 

At least J?i n Ri 

9.5.6 

£* (i) 

sX(s) 

At least R 

9.5.7 

-!X(I) 

Js X(S) 

R 

9.5.8 

J'- x(x)dx 

yW 

At least R O {&*{*) > 0) 


.6 SOME LAPLACE TRANSFORM PAIRS 

As we indicated in Section 9.3, the inverse Laplace transform can often be easily 
evaluated by decomposing X{s) into a linear combination of simpler terms the 
inverse transform of each of which can be recognized. Listed in Table 9.2 are a 
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TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS 


Transform 




pair 

Signal 

Transform 

ROC 

i 

<5(r) 

1 

All J 

2 

»(/) 

s 

<H£{j} > 0 

3 

-«(-/) 

s 

(Refs) < 0 

4 

(*-!0!“ (0 

Jl 

s n 

> 0 

5 

(n-l)l“ ( l) 

2. 

s n 

<R« 2 (s} < 0 

6 

e~*'u(0 

1 

s + a 

(Refs) > a 

7 

-e-“'M(—0 

1 

s + a 

<R<3(s} < —a 

8 

in - l)!* U(<) 

i 

(s + <*)" 

<R *e{s) > — a 

9 

(«'-l)l e '"' M( 0 

1 

(s + ay 

< —a 

10 

&U ~ T) 

e-.T 

All s 

11 

[COS £Oodu(0 

S 

s 1 + col 

<R>e{s} > 0 

12 

[sin coo/]«(0 

0)0 

S l + col 

> 0 

13 

[«-'■' cos coor]u(0 

s + a 

(s + a) 2 + col 

(Refs) > —a 

14 

le~*‘ sin co<st]u(t) 

CQq 

is + a) 2 + a>S 

(R>e{x) > —a 


number of useful Laplace transform pairs. Transform pair 1 follows easily from eq. 
(9.2). Transform pairs 2 and 6 follow directly from Example 9.1 with a = 0 and a = a, 
respectively. Transform pair 4 was developed in Example9.11 using the differentiation 
property. Transform pair 8 follows from 4 using Property 9.5.3. Transform pairs 3, 5, 
7, and 9 are based on 2, 4, 6, and 8, respectively, together with Property 9.5.4. Simi¬ 
larly, transform pairs 10 through 14 can all be obtained from prior ones in the table 
using appropriate properties in Table 9.1 (see Problem 9.13). 


ANALYSIS AND CHARACTERIZATION OF LTI SYSTEMS 
USING THE LAPLACE TRANSFORM 

In previous sections we developed the Laplace transform and discussed some of its 
characteristics and properties. One of the important applications of the Laplace trans¬ 
form is in the analysis and characterization of linear time-invariant systems. Its role 
for this class of systems stems directly from the convolution property 9.5.5, from which 
it follows that the Laplace transforms of the input and output of an LTI system are 
related through multiplication by the Laplace transform of the system impulse 
response. Thus, 


604 


The Laplace Transform Chap. 9 


Y(s) = H(s)X(s) (9-76) 

where X(s), Y(s), and H(s) are the Laplace transforms of the system input, output, 
and impulse response, respectively. Equation (9.76) is the counterpart, in the context 
of Laplace transforms, of eq. (4.117) as developed for the Fourier transform. In fact, 
for s =jm, each of the Laplace transforms in eq. (9.76) reduces to the respective 
Fourier transforms and eq. (9.76) corresponds exactly to eq. (4.117). 

For s = jm, H(s) is the frequency response of the LTI system. In the broader 
context of the Laplace transform, H(s) is commonly referred to as the system function 
or, alternatively, the transfer function. Many properties of LTI systems can be closely 
associated with the characteristics of the system function in the s-plane, and in partic¬ 
ular with the pole locations and the region of convergence. For example, for a causal 
LTI system, the impulse response is zero for / < 0 and thus, in particular, is right¬ 
sided. Consequently, from the discussion in Section 9.2, the ROC associated with the 
system function for a causal system with a rational system function will be the entire 
region in the s-plane to the right of the rightmost pole (i.e., the pole with the most 
positive real part). Similarly, if the system is anticausal [i.e., h(t) = 0, / > 0], then 
the ROC for 7/(s) will be the region in the s-plane to the left of the leftmost pole 
(i.e., the pole with the most negative real part). It should be stressed, however, that the 
reverse statements are not necessarily true. An ROC to the right of the rightmost pole 
does not guarantee that the system is causal, only that the impulse response ts right¬ 
sided. Similarly, an ROC to the left of the leftmost pole only guarantees that the 
impulse response is left-sided, not that it is anticausal. 

The ROC of H(s) can also be related to the stability of the system. As we 
discussed in Chapter 4, the Fourier transform of the impulse response for a stable 
LTI system exists (converges). Thus, for a stable system, the ROC of 7/(s) must 
include they'cu-axis [i.e., <Re{s) = 0). ... 

The relationship of the ROC to both causality and stability also leads to the 
conclusion that for an LTI system with a rational system function and which is both 
causal and stable, all the poles must lie in the left half of the s-plane (i.e., they must 
all have negative real parts). This is a straightforward consequence of the observation 
that due to causality the ROC is to the right of the rightmost pole and due to stability, 
the ROC must include the yco-axis. The relationship of the ROC to stability and 
causality is illustrated in the following examples. 

Example 9.12 

Consider a system with impulse response 

h(t) = e~'u(t) (9.77) 

The system function is the Laplace transform of h(t), which from Example 9.1 is 

* W TFT m,eW> -i < 9 - 78) 

The ROC in eq. (9.78) is to the right of the rightmost pole and includes they co-axis. 

Consequently, from our discussion above, the system is both stable and causal. 

Stability and causality of the system is also evident from the impulse response as given 

in eq. (9.77). 
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Example 9.13 

Consider the system function 

I!(s) = , «£{*}> -1 (9.79) 

For this example, the ROC is again to the right of the rightmost pole. Therefore, the 
impulse response must be right-sided. To determine the impulse response, we first 
use the result of Example 9.1, in particular 

e-'u(t) > -1 (9.80) 

Next, from the time-shifting property 9.5.2, eq. (9.59), we see that the factor e‘ in eq. 
(9.79) can be accounted for by a time shift in the time function in eq. (9.80). In partic¬ 
ular, then 

e~ l,t,, u(t + 1) «£{*}>-! (9.81) 

so that the impulse response associated with the system is 

h(t) — e~ ( ‘* l, u(,t + 1) (9.82) 

which is zero for t < —1 but not for t < 0, and hence the system is not causal. This 
example serves as a reminder that in our previous discussion, we noted that causality 
implied that the ROC is to the right of the rightmost pole but that the reverse statement 
cannot in general be made. 


Example 9.14 

Let us consider the class of second-order systems that we have previously discussed 
in Sections 4.12 and 9.4.2. The impulse response and system function are, respectively, 
h(t) = MW" - £*•']«(/) (9.83) 

and 


where 


s 1 + 2£a>„ + col (s — c,)(s — Ci) 


c , = -{o>„ + ov/C 2 - 1 (9.85a) 

c.i = -£o>„ - &)„VC Z - 1 (9,85b) 


M = 


co„ 

2-/C* - 1 


(9.85c) 


In Figure 9.20 we illustrated the pole locations for { > 0. In Figure 9.26 we illustrate 
the pole locations for £ < 0. As is evident from Figure 9.26 and from eqs. (9.85), for 
C < 0 both pojes have positive real parts. Since in eq. (9.83) we have specified a causal 
impulse response, the ROC must lie to the right of the rightmost pole in Figure 9.26 
and thus, in particular, cannot include the/co-axis. Consequently, for f <0 the causal 
second-order system cannot be stable. This is also evident in eq. (9.83), since with 
(R*e{ci) > 0 and dlse{c 2 } > 0 each term will grow exponentially as r increases, and 
thus h(t) cannot be absolutely integrable. 
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Figure 9.26 Pole locations and ROC 
for a causal second-order system with 
C <0. 



Example 9.15 

Let us consider an LTI system with system function 

™ = (7rfe) (9 - 86) 

Since the ROC has not been specified, we know from our discussiot in Section 9.2 that 
there are several different ROCs and consequently several different system impulse 
responses that can be associated with the algebraic expression for H(s) given in cq. 
(9.86). If, however, information about causality or stability is known, the appropriate 
ROC can be identified. For example, if the system is known to be causal, the ROC will 
be that indicated in Figure 9.27(a). If the system is known lo be stable, it wili be as 
indicated in Figure 9.27(b). For the ROC shown in Figure 9.27(c), the system is 
neither causal nor stable. 


9.7.1 Systems Characterized by Linear 

Constant-Coefficient Differential Equations 

In Section 4.11 we saw how the Fourier transform can be used to obtain the frequency 
response of a system characterized by a linear constant-coefficient differential equation 
without first solving for the impulse response or time-domain solution. In an exactly 
analogous manner, the properties of the Laplace transform can be exploited to 
obtain directly the system function for a system characterized by a linear constant- 
coefficient differential equation. To first illustrate the procedure, consider an LTI 
system for which the input x(t) and output y(t ) satisfy the linear constant-coefficient 
differential equation 

m + 3xo =(»- 57 > 
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Figure 9.27 Possible ROCs for the system function of Example 9.15: (a) causal, 
unstable system; (b) noncausal, stable system; (c) noncausal, unstable system. 

Applying the Laplace transform to both sides of eq. (9.87) and utilizing the derivative 
and linearity properties 9.5.6 and 9.5.1 [(eqs. (9.63) and (9.56)], we obtain the algebraic 
equation 

sF(s) +3F(*) = X(s) (9.88) 

Since from cq. (9.62), the system function //(s) is 

H(s) — Y( s ) 

W X(s) 

we obtain for this example 


This then provides the algebraic expression for the system function, but not the region 
of convergence. In fact, the differential equation by itself is not a complete specification 
of the LT1 system, and there are in genera! different impulse responses all consistent 
with the differentia! equation, but depending for example on whether the equation is 
to be solved forward in time (causally) or backward in time (noncausally). If, in 
addition to the differential equation, we know that the system is causal, then the ROC 
can be inferred to be to the right of the rightmost pole, which for this example cor- 
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responds to <Jhe{s] > -3. If the system were known to be anticausal, then the ROC 
associated with H(s) would be <M*} < -3. The corresponding impulse response m 
the causal case is 

h(t ) = <r 3, tv(f) (9.90) 

whereas in the anticausal case it is 

h(t) = — e~ 3 'u(— t) ( 9 - 91 ) 

It is easily verified by substituting into eq. (9.87) that both solutions are consistent 
with the differential equation. 

The same procedure used to obtain H(s) from the differential equation m this 
example can be applied more generally. Specifically, consider a general linear con¬ 
stant-coefficient differential equation of the form 

Applying the Laplace transform to both sides and using the derivative property 
9.5.6 [eq. (9.63)] and the linearity property 9.5.1 [eq. (9.56)] repeatedly, we obtain 




Thus, the system function for a system specified by a differential equation is always 
rational, with zeros at the solutions of 


and poles at the solutions of 


S = 0 


Consistent with our previous discussion, eq. (9.94) does not include a specification 
of the region of convergence of W(s) since the linear constant-coefiicient differential 
equation by itself does not constrain the region of convergence. However, with addi¬ 
tional information such as the stability or causality of the system, the reg.on of conver¬ 
gence can be inferred. 

9.7.2 System Function for Interconnections 
of LTI Systems 

As we have seen, the use of the Laplace transform allows us to replace time-domain 
operations such as differentiation, convolution, time shifting, and so on, with algebraic 
operations. A further example of the usefulness of this is in analyzing and describing 
systems which are combined in series, parallel, and feedback interconnections For 
example, for a parallel combination of two systems as shown in Figure 9.28(a), the 


Sec. 9.7 Analysis and Characterization of LTI Systems Using the Laplace Transform 


609 



(bl 


Figure 9.28 (a) Parallel connection of two LTI systems; (b) series combination 
of two LTI systems. 

impulse response of the system is 

h(t) = h i (t) + h t (i) (9-97) 

and from the linearity of the Laplace transform, 

H(s) = //,(*) + Hi(s) (9.98) 

Similarly, the impulse response of the system in Figure 9.28(b) is 

h(t) = A,(r) * A,(i) (9.99) 

and the associated system function is 

H(s) = //,(j)// 2 (i) (9.100) 

To illustrate the utility of the Laplace transform in representing combinations 
of linear systems through algebraic operations, consider the feedback interconnection 
of two systems as indicated in Figure 9.29. The design, applications, and analysis of 
such interconnections are treated in considerable detail in Chapter 11. For the moment 
let us simply focus on determining the overall system function from input x(t ) to 



Figure 9.29 Feedback interconnection of two LTI systems. 
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SSI, 


output y{i). Analysis of the system in the time domain is not particularly straight¬ 
forward. However, let us consider the analysis in the Laplace transform domain. 
From Figure 9.29 

Yi(s) = H 2 (s) Y(s) (9.101) 

f(s) = //,(sPW-l'.(j)] (9.102) 

from which 

no = H,(s)X(s) - H t (s)H 2 (s) no (9.103) 


no _ H(s) _ H *( s ) _ (9.104) 

X(s) ~ { ) - l + J/ t (Otf a (0 

Thus, through the use of the Laplace transform, the analysis of the system to obtain 
the overall system function reduces to a set of straightforward algebraic manipulations. 

9.7.3 Butterworth Fitters 

As a further illustration of the usefulness of Laplace transforms in characterizing 
LTI systems, let us return to a discussion of the class of Butterworth filters, which 
was introduced in Section 6.5. From eq. (6.23), the magnitude squared of the frequency 
response of an Mh-order lowpass Butterworth filter is 

in»i 2 =, + (jhjof" (9 ' 105) 

where N is the filter order. In rewriting eq. (6.23), we have modified it slightly by 
multiplying both co and co e by j. From eq. (9.105) we would like to determine the 
system function B(s) which gives rise to \B(jw)\ 1 . We first note that by definition, 
\B(ja>) | 2 = B(jw)B*(ja>) (9-106) 

and from Table 4.1, if we restrict the impulse response of the Butterworth filter to 
be real, then 

B*(jm) = Bi-jot) (9-107) 

so that 

BUco)B(-jot) = i + (jhjjtf * (9 ‘ 108) 

Next, we note that B{s) \,. M = B(jco) and consequently from eq. (9.108), 

B(s)Bi-s) = 1+ (^;p (9-109) 

The roots of the denominator polynomial corresponding to the combined poles of 
B(s)B(—s) are at 

s = (-\y ,1N Uo>c) (9. 1 10) 

Equation (9.110) is satisfied for any value j = s, for which 

( 9 - U1 > 


n(2k + 1 ) . 


k an integer 
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that is, 

s, = m c exp + t]} (9 ' 113) 

In Figure 9.30 we illustrate the positions of the poles of B(s)B(—s) for N = 1,2, 
3, and 6. In general, the following observations can be made about the poles of 
B(s)B(-s): 

1. There are 2N poles equally spaced in angle on a circle of radius m c in the i-plane. 

2. A pole never lies on the jc u-axis and occurs on the c-axis for N odd but not 
for N even. 

3. The angular spacing between the poles of B(s)B(—s) is njN radians. 


in . 



Figure 9.30 Position of the poles of B(s)B( — s) for N = 1,2, 3 and 6. 


To determine the poles of B(s) given the poles of B(s)B(—s), we observe that 
the poles of B(s)B(—s) occur in pairs, so that if there is a pole at j = s f , then 
there is also a pole at j = — s f . Consequently, to construct B(s) we choose one pole 
from each pair. If we restrict the system to be stable and causal, then the poles that 
we associate with B(s) are the poles along the circle in the left-half plane. The pole 
locations specify B(s) only to within a scale factor. However, from eq. (9.109) we 
see that j5 j (j)|,_ 0 = 1 or, equivalently, from eq. (9.105) the scale factor is chosen 
so that the magnitude squared of the frequency response has unity gain at cu = 0. 
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To illustrate the determination of fi(s), let us consider the cases N = l, N-2, 
and N = 3. In Figure 9.30 we had shown the poles of B(s)B(—s) as obtained from eq. 
(9.113). In Figure 9.31 we show the poles associated with B(s) for each of these three 
cases. The corresponding transfer functions are: 


N= 1 
N — 2 

N = 3 


B(s) = 

V ' S + CO c 


(s + ai c e n ’ / * ) )(s + co c e~ J{ " ,t> ) 


s 2 + + m] 


(j + cu c )(j + m c e IMS) )(s + m c e~ JM> ') 

__co)_ 

(s + oj,)(3 ; + m c + ml) 


(9.114) 

(9.115) 

(9.116) 


j 5 + 2m c s 1 + 2 mis -f ml 



Figure 9.31 Position of the poles of /?(*) for A - 1.2, 3. 
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Bl’Uc^o thi- j-.ov-ussio'n HI section y.7!!, from B(s) we can determine the associated 
linear constant-coefficient differentia! equation. Specifically, for the three cases con¬ 
sidered above, the corresponding differential equations are: 

N ~ 1: + ®«.K0 — a>*x(0 (9.117) 

N = 2: + ©MO = ©MO (9.11 g) 


+ a>] = ©)x(/) 


HE UNILATERAL LAPLACE TRANSFORM 

In the preceding sections of this chapter we have dealt with a form of the Laplace 
transform referred to as the bilateral Laplace transform. A somewhat different form 
of the Laplace transform, referred to as the unilateral Laplace transform , plays a 
particularly important role in analyzing causal systems specified by linear constant- 
coefficient differential equations with initial conditions (i.e., which are not initially 
at rest). 1 

The unilateral Laplace transform 9C(.f) of a signal x(f) is defined as 

^OO = x(t)e-“ dt (9.120) 

From comparison of eqs. (9.120) and (9.2) we see that the difference in the definition 
of the unilateral and bilateral Laplace transforms lies in the lower limit on the integral 
The bilateral transform depends on the entire signal from t = -oo to t = -f oo, 
whereas the unilateral transform depends only on the signal from t = 0+ to oo. 
Consequently, two signals which differ for / < 0 but which are identical for / > 0 
will have different bilateral Laplace transforms but identical unilateral transforms 
We note also that since the unilateral transform does not include r = 0, it does 
not incorporate any impulses or higher-order singularity functions u n (t), n > 0. Bas¬ 
ically, the unilateral transform should not be thought of as a new "transform^ It is 
the bilateral transform of a signal whose values for t < 0+ have been set to 0. Thus, 
using Property 4 in Section 9.2 for right-sided signals, we see that the ROC for eq, 
(9.120) is always a right-half plane. To illustrate the unilateral Laplace transform 
let us consider two examples. 

Example 9.16 

Consider the signal 

= ()/- (9.121) 

Since x(t) = 0, / < 0, and contains no singularities, the unilateral and bilateral trans¬ 
forms are identical. Thus, from Table 9.2, 

9C(l) = (Tqhrp ’ > -a (9.122) 
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Example 9.17 

Consider next 

x (,) = e -.«*»u(r + l) (9.123) 

The bilateral transform X(s) for this example can be obtained from Example 9.1 and 
the time-shifting property (Section 9.5.2). Specifically, 


By contrast, the unilateral transform is 


9C(r) = F e-“« ,+ 1) rr(t + l)<r 
Jo + 

= f" e“*e"' (,+>) dt 
Jo + 


= e -»— — > —a 

s + a 

Thus, for this example, the unilateral and bilateral Laplace transforms are distinctly 
different. In fact, we should recognize 9C(r) as the bilateral transform not of x(t) but of 
x(t)u(t) consistent with our comment above that the unilateral transform is the bilateral 
transform of a signal whose values for t < 0+ have been set to zero. 

Most of the properties of the unilateral transform are the same as for the 
bilateral transform. In fact, the initial and final value properties, eqs. (9.7S) and 
(9.79), are more appropriately associated directly with the unilateral Laplace trans¬ 
form because they required for their validity that x(t) be zero fcr / < 0 and contain 
no impulses or higher-order singularities. Under these conditions the bilateral Laplace 
transform is identical to the unilateral Laplace transform. 

A particularly important difference between the properties of the unilateral 
and bilateral transforms is the differentiation property. Specifically, let x(t) have 
unilateral Laplace transform 3C(s). Then, integrating by parts, v e find that the uni¬ 
lateral transform of dx(t)/dt is given by 

f dJ f‘- - *>H." + ’I XW '~' (9.126) 

= r9C(r) - x(0+) 

Similarly, a second application of this would yield the unilateral Laplace transform 
of d 1 x(f)ldt 1 , 

r J 9C(i) - «(0-F) - x'(0+) (9.127) 

where x'(O-f) denotes the derivative of x{f) evaluated at t = 0-f. Clearly, we can 
continue the procedure to obtain the unilateral transform of higher derivatives. 

A primary use of the unilateral Laplace transform is in obtaining the solution 
of linear constant-coefficient differential equations with nonzero initial conditions. 
For example, consider a causal system characterized by the equation 


+ 3 mn + 2y(t) = x(t) 


with the initial conditions 
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y(0+) = 3, 


Let x(t) = 2u(t). Then, applying the unilateral transform to both sides of eq. (9.128), 
we obtain 

* 2< y(j) - 3* + 5 + 3^0) - 9 + 2 < y(s) = A (9.130) 


aw “(* + 1)(* + 2) ^ s(s + \)(s + 2) v 

where ')J(j) is the unilateral Laplace transform of y(t). To obtain y(t), we can expand 
y(s) in a partial fraction expansion to obtain 

»-T~rn + ?T2 <9 ' l32) 

Application of Example 9.16 to each term yields 

y(t) = [1 - e-< + 3<r 2, ]t/(r) (9.133) 


SUMMARY 

In this chapter we have developed and studied the Laplace transform, which can 
be viewed as a generalization of the Fourier transform. It is particularly useful as 
an analytical tool in the analysis and study of LTI systems. Because of the properties 
of Laplace transforms, LTI systems, including those represented by linear constant- 
coefficient differential equations, can be characterized and analyzed in the transform 
domain by algebraic manipulations. 

For signals and systems with rational Laplace transforms, the transform is 
often conveniently represented in the complex plane (r-plane) by marking the locations 
of the poles and zeros and indicating the region of convergence. From the pole-zero 
plot, the Fourier transform can be geometrically obtained. Causality, stability, and 
other characteristics are a'so easily identified from the pole locations and knowledge 
of the region of convergence. 

This chapter was concerned principally with the bilateral Laplace transform. 
A somewhat different form of the Laplace transform, the unilateral transform, was 
also introduced. In effect, the unilateral transform can be interpreted as the bilateral 
transform of a signal whose values prior to / = 0+ have been set to zero. This form 
of the Laplace transform is particularly useful for obtaining the solution of linear 
constant-coefficient differential equations with nonzero initial conditions. 


PROBLEMS 

9.1. Determine the Laplace transform and the associated region of convergence and 
pole-zero plot for each of the following time functions. 

(a) e~“'i/(0, a < 0 

(b) — e"u( — t), a > 0 


616 


The Laplace Transform Chap. 9 




(c) e“'u(.t), a > 0 

(d) e-" 1 ' 1 , a > 0 

(e) u(t) 

(f) 6(t - t„) 

( g ) xp a* <5(r — kT) (put your answer in closed form before determining the 

pole-zero plot) 

(h) te~°'Li(t), a > 0 

(i) 8(at + 6), a, b real constants 

0) cos (co 0 t -t- 4>)u(t) 

9.2. For each of the following statements about x(t) and for each of the four pole-zero 
plots in Figure P9.2, determine the corresponding constraint on the ROC. 

1. The Fourier transform of x(r)e - ' exists. 

2. x(t) = 0, t > 10. 

3. x(t) = 0, / < 0. 



Ic) «> 


Figure P9.2 

9.3. The Laplace transform is said to exist for a specific complex s if the magnitude of the 

transform is finite, that is, if | T(r)| < t». 

Show that a sufficient condition for the existence of the transform a(s) at 
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■ s a = o a -+- y coo is given by 


J |x(/)| e -"“« 


that is, that x(t) exponentially weighted by e-“' is absolutely integrable. You will need 
to use the result that for a complex function /(/), 


Without rigorously proving eq. (P9.3), can you argue its plausibility? 

9.4. Determine the time function x(t) for each Laplace transform X(s) and associated region 
of convergence listed below. 

(a) rri’ 

(b) ~-p, (R ( e{j)<-1 

(c) > 0 


0 < (R>e{.s] < 1 
-1 < (R e{s] 

(R«{r) > — I [Hint: Use result from part (c).] 


v ' j 2 + 4’ 

<e) jr^T+l. 

( 8) iTTiF 1, ~ 1<(R * W 

(h) r — - , (R«{r) > — I [Hint: Use result from part (c).] 

(s + l)- 1 + 4 

9.5. The Laplace transform Y(j) of a signal x (/) has four poles and an unknown number of 
zeros. x(r) is known to have an impulse at t = 0. Determine what information, if any, 
this provides about the number of zeros and their locations. 

9.6. Throughout this problem we will consider the region of convergence of the Laplace 
transforms to always include the?cu-axis. 

(a) Consider a signal x(t) with Fourier transform X(ju>) and Laplace transform 
X(s) = j -f j. Draw the pole-zero plot for A"(j). Also draw the vector whose 
length represents \X(jco)\ and whose angle with respect to the real axis represents 
<£ X(jco) for a given w. 

(b) By examining the pole-zero plot and vector diagram in part (a), determine a differ¬ 
ent Laplace transform X 2 U) corresponding to a time function x,(r) so that 

I Xt(ja))\ = | X(jco)\ 
but 

*l(0 ^ x(t) 

Show the pole-zero plot and associated vectors that represent X,(/co). 

(c) For your answer in part (b), determine, again by examining the related vector dia¬ 
grams, the relationship between <£X(fco) and QX^jco). 

(d) Determine a Laplace transform X 2 {s) so that 

«* 2 (/w) = 

but x 2 (t) is not proportional to x(r). Show the pole-zero plot for X 2 (s) and the 
associated vectors that represent X 2 (ja>). 
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(e) For your answer in part (d), determine the relationship between |X 2 (/C0)I and 

(f) Consider a signal x(t) with Laplace transform X(s) for which the pole-zero plot 

is as shown in Figure P9.6. Determine Y,(s) such that 1*0®)I ~ and 

poles and zeros of Y,(s) are in the left-half of the s-plane [. e„ <R.*M < 0). Also 

ft determine X 2 (s) such that <£X(jCO) = <X 2 (jO» and all poles and zeros of X 2 (s) 

1 are in the left-half of the s-plane. 



9 7 By considering the geometric determination of the Fourier transform, as de''=lopedin 
Secdon 9.4, sketch, for each of the pole-zero plots in Figure P9.7, the magmtude of the 
associated Fourier transform. 


. dm 

9 m 




Figure P9.7 







(e) 


(f) 


Figure P9.7 (cont.) 

9.8. In long-distance telephone communication, an echo is sometimes encountered due to 
the transmitted signal being reflected at the receiver, sent back down the line, reflected 
again at the transmitter, and returned to the receiver. The impulse response for a system 
that models this effect is shown in Figure P9.8, where we have assumed that only one 
echo is received. The parameter T corresponds to the one-way travel time along the 
communication channel and the parameter a represents the attenuation in amplitude 
between transmitter and receiver. 


hit) 



0 T 3T t Figure P9.8 

(a) Determine the system function H(s) and associated region of convergence for the 
system. 

(b) From your result in part (a), you should observe that H(s) does not consist of a 
ratio of polynomials. Nevertheless, it is useful to represent it in terms of poles and 
zeros, where, as usual, the zeros are the values of s for which H(s) = 0 and the 
poles are the values of s for which [1///($)] = 0. For the system function determined 
in part (a), determine the zeros and demonstrate that there are no poles. 

(c) From your result in part (b), sketch the pole-zero plot for H(s). 

(d) By considering the appropriate vectors in the r-plane, sketch the magnitude of the 
frequency response of the system. 

.9. As indicated in Section 9.5, many of the properties of the Laplace transform and their 
derivation are analogous to corresponding properties of the Fourier transform, as 
developed in Chapter 4. In this problem you are asked to outline the derivation for a 
number of the Laplace transform properties in Section 9.5. 

By paralleling the derivation for the corresponding property in Chapter 4 for the 
Fourier transform, derive each of the following Laplace transform properties. Your 
derivation must include a consideration of the region of convergence. 

(a) Time-shifting property (9.5.2) 

(b) Shifting in the r-domain (9.5.3) 

(c) Time scaling (9.5.4) 

(d) Convolution property (9.5.5) 
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9.10. (a) If x(r) is an even time function so that 40 = 4~0. show that this requires that 

(b) If x(t ) is an odd time function so that 40 — —4—0, show that X(s) = -X{-s). 

(c) Determine which, if any, or the pole-zero plots in Figure P9.10 could correspond 
to an even time function. For those that could, indicate the required ROC. 



4m 



10 |d > 

Figure P9.10 


(d) Determine which, if any, of the pole-zero plots in Figure P9.10 could correspond 
to an odd time function. For those that could, indicate the required ROC. 

9.11. As presented in Section 9.5.9, the initial value theorem states that for a signal 40 with 
Laplace transform X(s) and for which 40 = 0 for r < 0, the initial value of 40 
[i.e., x(0-f)) can be obtained from Y(0 through the relation 

[eq. (9.74)] 4°+) = J™ sX( f) 

First, we note that since 40 = 0 for , < 0, 40 = 4040- Next, expanding 40 as 
a Taylor series at t — 0-f, 

40 = [40+) + x (,, (0-F)f + ... + 4”(0+)^] + ...]40 O’ 9 - 11 ) 

L 

where x'^O-F) denotes the nth derivative of 40 evaluated at t == 0 + . 

(a) Determine the Laplace transform of an arbitrary term 4»>(0+)<r//»!)40 on the 
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■aittft. to-,wU. 

^t-ight-hancf side of eq. (P9.I I). (You may find it helpful to review Example 9.11.) 

(b) From your result in part (a) and the expansion in eq. (P9.ll), show that Y(s) can 
be expressed as 

xu) = S *“(0+)^ 

(e) Demonstrate that eq. (9.74) follows from the result in part (b). 

(d) By first determining x(l), verify the initial value theorem for each of the following 
examples. 


2 - ™-(F TWTT) 

(e) A more general form of the initial value theorem states that if *‘"’(0+) = 0 for 
// < N, then x l,vl (0 + ) = lim,^.. s ,v+1 XU)- Demonstrate that this more general 
statement also follows from the result in part (b). 

9.12. Consider a real-valued signal ,v(r) with Laplace transform X(s)- 

(a) By applying complex conjugation to both sides of eq. (9.37), show that 

XU) = X*U*). 

(b) From your result in (a), show that if XU) has a pole (zero) at s = s 0 it must also 
have a pole (zero) at s = jJ, i.e., for x(l) real, the poles and zeros of X(s) which 
are not on the real axis must occur in complex conjugate pairs. 

9.13. In Section 9.6, Table 9.2, we listed a number of Laplace transform pairs and we indi¬ 
cated specifically how transform pairs 1 through 9 follow from Examples 9.1 and 9.11 
together with various properties from Table 9.1. 

By exploiting appropriate properties from Table 9.1, show how transform pairs 
10 through 14 follow from transform pairs 1 through 9 in Table 9.2. 

9.14. Consider an LT1 system for which the system function H(s) has the pole-zero pattern 
shown in Figure P9.14. 



(a) Indicate all possible ROCs that can be associated with this pole-zero pattern. 

(b) For each ROC identified in part (a), specify whether the associated system is stable 
and/or causal. 

9.15. Consider an LT1 system with input x(t) = e~'u(t) and impulse response h(t) = e -1 'w(f). 

(a) Determine the Laplace transform of x(i) and h(t). 

(b) Using the convolution property, determine the Laplace transform YU) of the output 

AO- 
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(c) From the Laplace transform of AO as obtained in part (a), determine AO- 

(d) Verify your result in part (b) by explicitly convolving x(t) and h(t). 

9 16 A pressure gauge, which can be modeled as an LT1 system, has a time response to a unit 
step input given by (1 - e- - te")u(t). For a certain unknown input x(t), the output 
is observed to be (2 — 3e~' -I- e~ , ')u(t). 

For this observed measurement, determine the true pressure input to the gauge 
as a function of time. 


9.17. The inverse of an LT1 system HU) is defined as a system which, when cascaded with 
HU), results in an overall transfer function of unity or equivalently an overall impulse 
response which is an impulse. 

(a) If HiU) denotes the transfer function of an inverse system for HU), determine the 
general algebraic relationship between HU) and HiU)- 

(b) Shown in Figure P9.17 is the pole-zero plot for a stable, causal system HU)- 
Determine the pole-zero plot for the associated inverse system. 



(c) Determine the impulse response h,(t) of the inverse system if it is assumed to be 
stable. 

(d) By explicitly convolving h(t) with A,(t), as determined in part (c), demonstrate that 
the impulse response of the two systems in cascade is an impulse. 

9.18. A class of systems, referred to as minimum-delay or minimum-phase systems, are 
sometimes defined through the statement that they are causal and stable and that the 
inverse system is also causal and stable. 

Develop an argument to demonstrate that based on the definition above, all poles 
and zeros of the transfer function of a minimum-delay system must be in the left half 
of the j-plane [i.e., (5te{.r) < 0]. 

9.19. Determine whether or not each of the following statements about LTI systems is true. 
If a statement is true, construct a convincing argument. If false, demonstrate a counter- 

Statemen /1 A stable continuous-time system must have all its poles in the left half of 
the j-plane [i.e., (RiC{j) < 0], 

Statement 2 If the system function has more poles than zeros, and the system is causal, 
the step response will be continuous at / = 0. 

Statement 3 If the system function has more poles than zeros, and the system ts^not 
restricted to be causal, the step response can be discontinuous at t - 0. 
Statement 4 A stable, causal system must have all its poles and zeros in the left half 
of the j-plane. 
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9.20. The aulocorrelalion function $,,(t) of a signal x (/) is defined as 


<f>,M = J x{t)x(t + T). 


(a) Determine, in terms of x (r), the impulse response h(t) of an LTI system for which, 
when the input is x(r), the output is <j> xx (t) (Figure P9.20-1). 


(b) From your answer in part (a), determine the Laplace transform of t) 

in terms of Tf(i). Also, express <& xx (,jco), the Fourier transform of (f> xx (z), in terms 
of X(jco). 

(c) If x(t) has the pole-zero pattern and ROC shown in Figure P9.20-2, sketch the 
pole-zero pattern and indicate the ROC for <f> xx (z). 



'.21. In a number of applications in signal design and analysis, the class of signals 0„(r), 
n — 0, 1,2, ... are encountered, defined by the relations 

= e-' n L„(i)u(t) n =0,1,2,... (P9.21a) 




(a) The functions L n {t) are, in fact, polynomials and are referred to as Laguerre poly¬ 
nomials. To verify that they have the form of polynomials, explicitly determine 
L 0 (t), Lilt), and L 1 (l). 

(b) Using properties of the Laplace transform in Table 9.1 and Laplace transform 
pairs in Table 9.2, determine the Laplace transform <T>„(j) of <j> x (t). 

(c) The set of signals <f>„(t) can be generated by exeting a network of the form in Figure 
P9.21 with an impulse. From your result in part (b), determine H,(s) and // 2 (i) so 
that the impulse responses along the cascade chain are the signals <j>„{t) as indicated. 
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9.22. Consider an LTI system for which we are given the following information: 


vlt) 

Figure P9.22-1 


* 0 ) = 0 , / > 0 

and 

y(t) = -|e 2 'o(-r) + Je-'u(f) 
vlt) 


Figure P9.22-2 

(a) Determine H(s) and its region of convergence. 

(b) Determine h(t). , , , . ..,. 

(c) Using the system function H(.s) found in part (a), determine the output/(r) iftne 

input x{t) is 

x(t) = e u , — oo < t < +oo 

9.23. Consider a continuous-time LTI system for which the input x(t) and output y(t) are 
related by the differential equation 

Cgfl-g-j*,)-*) 

Let A'Cr) and y(r) denote the Laplace transforms of x(t) and y{t), and let H(s) denote 
the Laplace transform of h(t), the system impulse response. 

(a) Determine H(s) as a ratio of polynomials in r. Sketch the pole-zero pattern o 

ms). .... 

(b) Determine h(i) for each of the following three cases. 

1. The system is stable. 

2. The system is causa). 

3. The system is neither stable nor causal. 

9.24. A causal linear time-invariant system with impulse response h(t) has t ie following 
properties: 

1. When the input to the system is x(t) = e 2 ' for all r, the output is y(t) - (*)* 2 ' 
for all t. 
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2. The impulse response h(i) satisfies the differential equation 

^ + 2h(t) = (e- 4, )«( 0 + MO 
at 

where 6 is an unknown constant. 

Determine the system function HU) of the system consistent with the information 
above. There should be no unknown constants in your answer; that is, the constant b 
should not appear in your answer. 

9.25. H(s) represents the system function for a causal, stable system. The input to the system 
consists of the sum of three terms, one of which is an impulse S(r) and another a complex 
exponential of the form e-< where s 0 is a complex constant. The output is 

y(t) = — 6e~'u(t) + fie 4 ' cos 3 1 -f ^|e 4 ' sin 3 1 + <5(0 
Determine H(s) consistent with this information. 

9.26. The signal 

y(t) = u(t)e~ 2 ' 

is the output of a causal all-pass system for which the system function is 


(a) Find and sketch at least two possible inputs x(t) that could produce this output. 

(b) What is the input if it is known that 


J J40h 


(c) What is the input x(0 if it is known that a stable (but not necessarily causal) system 
exists which will have *(/) as an output ify(0 is the input? Find the impulse response 
/,(/) 0 f (his filter and show by direct convolution that it has the property claimed 
[i.e., that y(t) * h(t) — *(0]- 

9.27. The system function, H(s)> of a causal LTI system, is given by 
//(j) = s 2 2s +’2 

Determine and sketch the response y(t), when the input x(t) is given by 
x(t) = e-l'l, -co < t < co 

9 28. As we discussed in Chapter 6, in filter design it is often possible and convenient to 
transform a lowpass filter design to a highpass filter, and vice versa. With HU) denoting 
the transfer function of the original filter and GU ) that of the transformed filter, one 
such commonly used transformation consists of replacing s by 1 Is, that is, 


(a) For H(s) = UU + i). sketch | H(jco )| and \G(jco)\. 

(b) Determine the linear constant-coefficient differential equation associated with HU) 

and with G(r). . . 

(c) Now consider a more general case in which H(s) is the transfer function associated 
with a linear constant-coefficient differential equation in the general form 


" d*y{t) _ £ . d»xU) 
2 ** -T,TT ~ A bk dt * 
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^hou, any loss of generality, we haW assumed .flat theifumber of ^rWnv^Tv " 
is the same on both sides of the equation, although in any particular case, 
of the coefficients may then be zero. Determine HU) and G(s). 

«,, From oTm- in ex (=). do—. i« °‘ 

the linear constant-coefficient differential equation associated with G(s) ; 

9.29. Consider a general continuous-time system with input x(<) and output y( ,). Listed below 
are a number of possible input-output properties. 

1 . xU-to)-*yU-to) for any to 

2 . kxU) — ky(t) for a °y k 

. dx(t) dy(t) 

3 ‘ ~dt * dt 
4. e" -* HU)e“ 

For each of the four properties above, indicate whether it is true, in general for: 
fa) Every linear system 0>) Every time-mvanant system 

9.30. r;l“sfer function for an Mh-order Butterworth filter with cutoff 

(a) Q Draw the pole-zero plot for B(s) with o) c = 2zc x 10> and: 

1. Af = 4 

2. N = 5 

(b) Express B(s) algebraically for the two cas« >n part (a) _ ^ * J0 , and 

(c) Determine the differentia, equation associated with („) 

9.31. If ^denotes the unilateral Laplace transform of a( 0, Ermine in terms of 9C0 

the unilateral Laplace transform of: .. 

r it _ 11 (b) ** + 

(8) X U ... d 2 x(t) 

(c) f x(T) dx (d) dt* 

9.32. (a) Determine the differential equation relating and v.(0 fo. the RLC circuit of 

Figure P9.32. 


3H lb 



v 0 (0+) - 1 

dVoWL, 

dt l t >o+ Figure P9.32 

(b) Suppose that „,(,) = e-«(r). Using the unilateral Laplace transform, determine 
u 0 (r) for t > 0. 
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THE z-TRANSFORM 


l ^ 


i. •• ;j faEii 


As we saw in Section 5.1, for a discrete-time linear time-invariant system with impulse 
response h[n], the response y[n] of the system to a complex exponential input of the 


form z” is 




y[n] — H(z)z" 

( 10 . 1 ) 

where 




H(z) = £ h[n}z~" 

( 10 . 2 ) 


For z = e jn with H real (i.e., with |zj = 1), the summation in eq. (10.2) corresponds 
to the discrete-time Fourier transform of h[ri\. More generally, when | z | is not restricted 
to unity, the summation in eq. (10.2) is referred to as the z-transform of h[n\. As with 
the Fourier transform for both continuous-time and discrete-time signals and the 
Laplace transform in the continuous-time case, the z-transform plays an important 
role as a transformation applied to sequences in general, whether or not they represent 
a system impulse response. 

The z-transform of a sequence x[n] is defined as 

(10.3) 

where z is a complex variable. The z-transform in this form is often referred to as 
the bilateral z-transform to distinguish it from the unilateral z-transform, which we 
discuss in Section 10.9. We will refer to A"(z) as defined in eq. (10.3) simply as the 
z-transform and use the term "bilateral" only where it is needed to avoid ambiguity. 
For convenience, the z-transform of x[n] will sometimes be denoted as Z{x[n]} and the 
relationship between x[«] and its z-transform indicated as 

x[n\ X{z) (10.4) 

In Chapter 9 we considered for continuous-time signals a number of important 
relationships between the Laplace transform and the Fourier transform. In a similar 
but not identical way, there are a number of important relationships between the 
z-transform and the Fourier transform. To explore these relationships, let us express 
the complex variable z in polar form as 

z = re‘ a (10.5) 

with r as the magnitude of z and fl as the angle of z. In terms of r and Cl, eq. (10.3) 
becomes 

X{re‘°) = f x[#0” 

or, equivalently, 

X(re‘ n ) = £ [xln]r-}e- ltu (10.6) 

From eq. (10.6) we see that X(re jn ) is the Fourier transform of the sequence x[n] 
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multiplied by a real exponential r\ that is, 

X{re‘ a ) = ffW'iK"} ( ' ’ 

. , • . he decavine or growing with increasing n, depend- 

The exponential weighting r y .. ^ note j n particular that for 

— 

The relationship between the r-transfornt and Fo.^ = to, dise,e.e ; 

time signals parallels closely the correspon 't' t' continuous-time case, 

ous-time signals, but with some tnt^runtdtff.™^. ^ ^ ^ p> „ rf , hc 

the Laplace transform reduces 5 -plane, this means that the 

transform variable it zero. 1 (ntenueted in imlgttw, axis (i.e., to, 

Laplace transform reduces t0 th Fourier transform when the 

JjcS). By contrast, the z-transform red ” c t0 * e z Thus, the z-transform 

magnitude of the transform vanaWe z is un/ y (i.e. for )■ c onding 

reduces to the Fourier transform on the conto r m th comp P ^ lane 

to a circle with a radius of un.ty as ind.cated in Figure 10.1. 



Figure 10.1 Complex z-plane. The z- 
transform reduces to the Fourier trans¬ 
form for values of z on the unit circle. 

• • ; will nlav a role in the discussion of the z-transform 

is referred to as the unit circle, and w p y Laplace transform, 

similar to the role of the imag, nary ax, m‘ F ourii transform it is 
Because of this relationship etween change of notation in representing the 

convenient at this point to ma c P m now denot e the independent 

discrete-time Fourier transform. Specifically. ™ as ^ rather than simply 

variable associated with the discrete-ti transform for z = e Ja . With this change 

n to emphasize the fact that .t is equal to the z-translorm 
in notation, we can also express eq. (10.8) as 

X(z)|,.,m = SF{x[n)) = X{e ,n ) 

„ no 7 X we see that for convergence of the z-transform we require 

From eq. (10.7), we see For any specific sequence x[n] we 

that the Fourier transform of x[n] & and not for others. In general 

would expect this convergence -osome va & fange of values of z for which 
there is associated with the z-trans^ ^ range of va , ues is referred to as 
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[, ■ ; t i- ; :'; £ t, 

I- i ! L.■ 

transiorm also converges. To illustrate the 2 -transform and the associated region of 
convergence, let us consider several examples. 

Example 10.1 

Consider the signal x[n] — a n u[n\. Then from eq. (10.3), 

X(z) = 2 a"u[n]z~" = ^ (az~'Y 

For convergence of X(z), we require that 2 “_ 0 |az -1 |" < oo. Thus, the region of 
convergence is the range of values of z for which |az -1 1 < 1 or equivalently |z| > |a|. 
Then, 

X{Z) = .ft (a2 ~‘ ) ’ = 1 -az -1 ° T^~a’ l 2 l>M (10-10) 

Consequently the z-transform converges for any finite value of a. The Fourier transform 
of *[#i], on the other hand, only converges if \a\ < 1. For a = 1, x[n] is the unit step 
sequence with z-transform 

i*i >i 


We see that the z-transform in Example 10.1 is a rational function. Consequently, 
just as with rational Laplace transforms it can be characterized by its zeros (the roots 
of the numerator polynomial) and its poles (the roots of the denominator polynomial).- 
For this example, there is one zero, at z = 0, and one pole, at z = a. The pole-zero 
plot and the region of convergence for Example 10.1 are shown in Figure 10.2. For 
M > 1, the ROC does not include the unit circle, consistent with the fact that for 
these values of a, the Fourier transform of a n u[n] does not converge. 

6m 



Figure 10.2 Pole-zero plot and region 
of convergence for Example 10.1. 


Example 10.2 

Now let x[n] = —a"u[—n — 1], Then 

2f(z) = — 2 a'u[—n — l)z _ " = — 2 a ” z ~" 
“ - S a ~" z " ” 1 — E (a-'z)’ 

»-l n-0 


( 10 . 11 ) 


If |a~ l z| < 1 or equivalently |z| < |a|, the sum in eq. (10.11) converges and 


1 = 1 
1 — a~'z 1 — az~ 


The pole-zero plot and region of convergence for this example are shown in Figure 10.3. 
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Comparing eqs 10.10 and 10.12, and Figures 10.2 and 10.3, we see that the 
aleebraic expression for X(z) and the corresponding pole-zero plot are identical 
Entries 101 aid 10 . 2 , and the z-transforms differ only in the region of conver¬ 
gence. Thus, as with the Laplace transform, specification of f [Ju^amples 

both the algebraic expression and the region of convergence. Also, in both exampl , 
die sequences were exponentials and the resulting z-transforms were rational In 
fact as further suggested by the next example, *(z) will be rational whenever » 
a linear combination of real or complex exponentials. 

Example 10.3 

Let us consider a signal that is the sum of two real exponentials: 

x[n\ = (iy«M + (*)■*[«] (,0 - 13) 

The z-transform is then 

X(z) = Jj(j)"4«] + (})”«["]} *" 

= 2 (iNW*" + (10 ' 14) 


= £ (K 1 )" + E(K‘>” 

1 1 _ 2 ~ _ 

= r^jF 7 + t ^ jp ^ d -iz->)d 

z(2z — i) (10.15) 

"(z-ix*-5 

„„ r y , 7 1 hoth sums in eq. (10.14) must converge, which requires that 

w > t - w > t 

SSX«»«»«“" °>»«-—r' ”■ sss s ^ 

c • r tc that if rf/tl is the sum of two terms, then X{z) will oe me sum 

.«»» ,nd will o™ »b=n bo,h »»n,. 

forms converge. From Example 10.1 we see that 
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and consequently, 


M>i (10.18) 




In each of the three exarr.oles above, we expressed the z-transform both as a 
ratio of polynomials in z and as a ratio of polynomials in z~‘. From the form of the 
definition of the z-transform as given in eq. (10.3), we see that for sequences that 
are zero for n < 0, X(z) involves only negative powers of z. Thus for this class of 
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signals it is particularly convenient for X(z) to be expressed m terms of polynomials in 
z'> rather than z, and when appropriate we will use that form in our d “'°" , h 
the z-transform is expressed in terms of factors of the form (1 - az )I. it should b 
remembered that such a factor introduces both a pole and a zero, as evidenced in 
algebraic expressions for the foregoing examples. 


10.2 THE REGION OF CONVERGENCE 
FOR THE z-TRANSFORM 

In Chapter 9 we saw that there were specific constraints on and properties of the 
region of convergence of the Laplace transform for different classes of s.gnals an 
that understanding these led to further insights about the Laplace transform. In a 
similar manner, we explore a number of properties of the region of convergence fo 
the z-transform. Each property discussed below and its justification closely para e s 
the corresponding property in Section 9.2. 


Property 1: The ROC of X{z) consists of a ring in the z-plane centered about 
the origin. __ 


This properly is nirr.tr.lerJ in Figure 10.5 and follows from the fuel ihot the 
ROC consists of titose v.hte, of r - re- for which rr W r" lt»s . F«ner »nsfcrm 
that converges Thus, convergence is dependent only on r - |z | and not . 

seauently if a specific value of z is in the ROC, then all values of z on the same circle 
he. with the same magnitude) will be in the ROC. This by itself guaranty that: the 
ROC Will consist of concentric rings. As we will see m Property 6 - 
fact consist of only a single ring. In some cases, the inner boundary of the ROC m y 
SSU u> the origin, thus reducing to . disk nnd/or the outer bound.,, nr.y 

extend outward to infinity. 


d m 



Figure 10.5 ROC as a ring in the z- 
plane. For specific cases the inner 
boundary can extend inward to the 
origin in which case the ROC becomes 
a disc. For specific cases the outer 
boundary can extend outward to infinity. 


Property 2: The ROC does not contain any poles. 
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As with the Laplace transform, this property is simply a consequence of the 
fact that at a pole, X(z) is infinite and therefore by definition does not converge. 

Property 3: If x[/i] is of finite duration, then the ROC is the entire z-plane, 
except possibly z = 0 and/or z = oo. 

A finite-duration sequence has only a finite number of nonzero values, extending, 
say, from n = A/, to n = N 2 , where and N 2 are finite. Thus, the z-transform X(z) 
is the sum of a finite number of terms, specifically 

X(z) = £ x[n)z- (10.19) 

n-/V, 

For z not equal to zero or infinity, each term in the sum will be finite and consequently 
X(z) will converge. If Af, is negative and N 2 positive so that x[n] has nonzero values 
both for n < 0 and n > 0, then the summation in eq. (10.19) includes terms with both 
positive powers of z and negative powers of z. As |z| —> 0, terms involving negative 
powers of z become unbounded, and as |z| —♦ oo, those involving positive powers of 
z become unbounded. Consequently, for N , negative and N 2 positive, the ROC does 
not include z = 0 or z = oo. If A/, is zero or positive, there are only negative powers 
of z in eq. (10.19), and consequently the ROC includes z = oo. If N 2 is zero or 
negative, there will be only positive powers of z in eq. (10.19) and consequently 
the ROC includes z — 0. 

Property 4: If x[n] is a right-sided sequence and if the circle |z| = r„ is in the 
ROC, then all finite values of z for which |z| > r„ will also be in 
the ROC. 

The justification of this property follows in a manner identical to that of Prop¬ 
erty 4 in Section 9.2. A right-sided sequence is zero prior to some value of n, say Af 0 . 
If the circle |z| = r 0 is in the ROC, then x[n]rj" is absolutely summable or equiva¬ 
lently the Fourier transform of x[n]r," converges. Since x[zr] is right-sided, the term 
x[n\ multiplied by any real exponential sequence which, with increasing n, decays 
faster than r„" will also be absolutely summable. Specifically, as illustrated in Figure 
10 . 6 , this more rapid exponential decay will further attenuate sequence values for 
positive values of n and cannot cause sequence values for negative values of n to 
become unbounded since x[n]z~" = 0 for n < A/,. A more formal argument parallels 
very closely that used for the corresponding Property 4 for Laplace transforms in 
Section 9.2, and is left as an exercise (Problem 10.3). 

For right-sided sequences in general, eq. (10.3) takes the form 

X(z) = £ x[n)z- (10.20) 

where Af, is finite and may be positive or negative. If N , is negative, then the summa¬ 
tion in eq. ( 10 . 20 ) includes terms with positive powers of z which become unbounded 
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n 


Figure 10.6 With r, > r 0 , xMrJ' decays faster with increasing n than x(nK". 

Since x[n\ = 0, n < Nu this implies that if x[n]r 0 * is absolutely summable, then 
x[n]r\ n will be also. 

as |z| —i oo. Consequently, Tor right-sided sequences in general, the ROC will not 
include infinity. For the particular class of causal sequences,t however, A, will be 
nonnegative, and consequently the ROC will extend to infinity. 

Property 5: If x[n] is a left-sided sequence and if the circle |z| = r„ is in the 
ROC, then all values of z for which 0 < | z | < r 0 will also be in the 

ROC._ 

Again, this property closely parallels the corresponding property for Laplace 
transforms and the argument and intuition are similar to those for Pr °P<= rt y 4 , e 
formal justification is considered in Problem 10.3. In general for left-suhrf se¬ 
quences, from eq. (10.3) the summation for the z-transform will be of the form 

X{z)= £ x[n)z-' (10.21) 

tA signal is often referred to as causal if .1 can correspond to the impulse response of a causal 
system, i.e., is zero for t < 0 (continuous time) or n < 0 (discrete time). 
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, ... ^ W&h * 

where may be positive or negative. If AT, is positive, then eq. (10.21) includes 
negative powers of z, which become unbounded as |z| — 0. Consequently, for left¬ 
sided sequences, in general the ROC will not include z = 0. For the particular class 
of left-sided sequences which are anticausal [i.e., x[n] = 0 n ;> 0 so that N 2 in eq. 
(10.21) is less than or equal to zero], the ROC will include z = 0. 

Property 6: If x[n] is two-sided and if the circle |z| = r 0 is in the ROC, then 
the ROC will consist of a ring in the z-plane which includes the 
circle | z| = r 0 . 

As with Property 6 in Section 9.2, the ROC for a two-sided signal can be exam¬ 
ined by expressing x[n) as the sum of a right-sided and left-sided signal. The ROC 
for the right-sided component is a region bounded on the inside by a circle and 
extending outward to (and possibly including) infinity. The ROC for the left-sided 
component is a region bounded on the outside by a circle and extending inward to, 
and possibly including, the origin. The ROC for the composite signal includes the 
intersection of these two. As illustrated in Figure 10.7, the overlap (assuming there 
is one) is a ring in the z-plane. 




(a) lb) 


(cl 

Figure 10.7 (a) ROC for a right-sided sequence; (b) ROC for a left-sided 
sequence; (c) intersection of the ROCs in (a) and (b) representing the ROC for 
a two-sided sequence that is the sum of a right-sided and left-sided sequence. 
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„ pS 

Wmst s & ksk < ***• , ’???'■, 

Let us illustrate the foregoing properties with several examples which closely 
parallel Examples 9.5 and 9.6. 

Example 10.4 

Consider the signal 

la", 0 <, n <, N — 1, < 2>0 

•x[rr] = ( , 

[0, otherwise 

Then 

n- t 

X(Z) = £ a"z-’ 

n-Q 


= sV’>- (10 - 22) 

H-0 

1 - (nr' 1 )* _ 1 z N -a N 

~ 1 — az" 1 P 7 " -1 z - a 

Since x[n] is finite length, from Property 3 the ROC includes the entire z-plane except 
possibly the origin and/or infinity. In fact, from our discussion of Property 3 we know 
that, since .r[/t] is zero for n < 0, the ROC will extend to infinity. However, since 
is nonzero from some positive values of n, the ROC will not include the origin. This 
is evident from eq. (10.22) where we see that there is a pole of order N - 1 at z - 0. 
The N roots of the numerator polynomial are at 

z* = k = 0,1. N - 1 (10.23) 

The root at* = 0 cancels the pole at z = a. Consequently there are no poles other 
than at the origin. The remaining zeros are at 

z* = ae^ 1 " k,y >, k = 1. N — 1 ( 10 - 24 ) 

The pole-zero pattern is shown in Figure 10.8. 



Figure 10.8 Pole-zero pattern for Ex¬ 
ample 10.4 with At = 16. The region of 
convergence for this example consists of 
all values of z except z = 0. 


Example 10.5 
Let 


x[n ] = 6 i “ l , b > 0 


(10.25) 


This sequence is illustrated in Figure 10.9 both for b < 1 and b > 1. The z-transform 
for this two-sided sequence can be obtained by expressing it as the sum o. a right¬ 
sided and left-sided sequence, specifically, 
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(bl 


Figure 10.9 Sequence jr[n] — 4I"I for | b | < 1 and for |A| > 1: (a) b = 0.95; 
(b) b = 1.05. 


x[n] = 6"«[n] + b~"u[—n — 1] 

(10.26) 

From Example 10.1, 


>• 1*1 >* 

(10.27) 

and, from Example 10.2, 


b-' U [ n 1*1 < b 

(10.28) 


In Figure 10.10(a)-(d) we show the pole-zero pattern and ROC for eqs. (10.27) and 
(10.28), both for b > 1 and b < 1. For b > 1 there is no common ROC and thus 
the sequence in eq. (10.25) will not have a z-transform, even though the right-sided and 
left-sided components do individually. For 6 < 1 the ROCs in eqs. (10.27) and (10.28) 
overlap, and thus the z-transform for the composite sequence is 

*<M<i (10.29) 

or, equivalently, 
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Figure 10.10 Pole-zero plots and ROCs for Example 10.5; (a) eq. (10.27) for 
m < i• (b) eq. (10.27) for |*| > 1; (c) eq. (10.28) for 1*| < 1; (d)eq. (10.28) 
for |6|> 1; (e) pole-zero plot and ROC for eq. (10.30) with |M < 1. For 
|6| > 1, the z-transform does not converge for any value of z. 








(10.30) 


Xto- b \ 6 <l r| <T 

The corresponding pole-zero pattern and ROC are shown in Figure 10.10(e). 

In discussing the Laplace transform in Chapter 9 we remarked that for a rational 
Laplace transform, the ROC is always bounded by poles or infinity. We observe 
that in the foregoing examples a similar statement applies to the z-transform. In 
fact, as with the Laplace transform, it is always true that for any rational z-transform, 
the ROC will be bounded by poles or will extend to infinity. For a given pole-zero 
pattern, or equivalently a given rational algebraic expression A'(z), there are only 
a limited number of different ROCs that are consistent with the properties considered 
above. To illustrate how different ROCs can be associated with the same pole-zero 
pattern, we consider the following example, which closely parallels Example 9.7. 


Example 10.6 

Let us consider all of the possible ROCs that can be associated with the function 


*W- (1 -fr-. X l — 2z ~T) 

The associated pole-zero pattern is shown in Figure 10.11(a). Based on our discussion 




(cl 


(d) 


Figure 10.11 The three possible ROCs that can be associated with the z-trans¬ 
form expression in Example 10.6: (a) pole-zero pattern for X(z); (b) pole-zero 
pattern and ROC if x[n] is right-sided; (c) pole-zero pattern and ROC if is 
left-sided; (d) pole-zero pattern and ROC if xfn] is two-sided. In each case, 
the zero at the origin is a second-order zero. 
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in this section there are three possible ROCs that can be associated with this algebraic 
z-tlansfS, expression. These are indicated in Rgure 10 1 KbHd). E£of he hre 
corresponds to distinctly different sequences. Figure 10.11(b) ts associated w th a 
right-sided sequence, Figure 10.11(c) with a left-sided sequence, and F^rc -M 
wfth a two-sided sequence. Since Figure 10.11(d) is the only one for which the ROC 
includes the unit circle, the associated sequence is the only one of the three for whtch 
the Fourier transform converges. 


THE INVERSE z-TRANSFORM 


In this section we consider several procedures for obtaining a sequence wher' ^ * 
transform is known. To begin, let us consider the formal relation expressing a^uence 
in terms of its z-transform. This expression can be obtained based on the inte pre 
tion, developed in Section 10.1, of the z-transform as the Fourier transform 
exponentially weighted sequence. Specifically, as expressed m eq. (10.8), 

X(re*) = SF{x[n]r-) (10 ' 32) 

where | z| = r is in die ROC. Applying the inverse Fourier transform to both sides of 
eq. (10.32), 

x[n]r- = 3-'{T(rO} 

° r x[n] = r^'[X{re*)\ (1033) 

Using the inverse Fourier transform expression (5.43), we have 

*["] =r "S i £ x ( re,C "> ein " dQ 

or, moving the exponential factor r" inside the integral and combining it with the 
term e*" y we have 


xM = ^Lj X{re*)(re*yd Q 


(10.34) 


Let us now change the variable of integration from O to z. With z = re* and r fixed 
^ndz~jre*dn^jzdn or dfi = (l//>- dz. The integration m eq. ( 0.34) is 
then az J J terms of correS p 0n ds to one traversal around 

the chclT | zj = r. Consequently, in terms of an integration in the z-plane, eq. (10.34) 
can be rewritten as 


(10.35) 

U 1,^1 « denotes a counterclockwise closed circular contour centered 
where the sym f Thg yalue of r can be cho sen as any value for which 

at the ° r >g |n F aua tioif (10.35) is the formal expression for the inverse z-transform 
X(z) conve g . q . of ea (9 37) for the inverse Laplace transform. 
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requires the use of contour integration in the complex plane. There are, however, 
a number of alternative procedures for obtaining a sequence from its z-transform. 
As with Laplace transforms, one particularly useful procedure for rational z-trans- 
forms consists of expanding the algebraic expression into a partial fraction expansion 
and recognizing the sequence associated with the individual terms. Let us illustrate 
the procedure with a specific example. 

Example 10.7 

Consider the z-transform 


' ' (i -K')(i -$*-») 117 v ' ' 

There are two poles, one at z = ^ and one at z = ^. Because the ROC lies outside the 
outermost pole, the inverse transform is a right-sided sequence. As described in the 
Appendix, X(z) can be expanded in a partial fraction expansion. For this example, 
the partial fraction expansion, expressed in polynomials in z" 1 , is 

^) = r ^F I + r=iF T (10 ' 37) 

Thus, x[n] is the sum of two terms, one with z-transform 1/(1 — ^z" 1 ) and the other 
with z-transform 2/(1 — ^z" 1 ). In order to determine the inverse z-transform of each 
of these individual terms, we must specify the ROC associated with each. Since the ROC 
for X(z) is outside the outermost pole, the ROC for the individual terms in eq. (10.37) 
must be outside the pole associated with each term. Thus, 

x[n] = x,[n] + x 2 [n] (10.38) 

where 


X|["1*-* 1 _^-i* 

lzl>i 

Z 9 . . 


l^l>i 


From Example 10.1 we can identify by inspection that 

x,[«] = (iYu [n] 

and 

*zM = 2ty)"«[«] 

and thus 

x[n] = (#■«[/!] + 2QY4n) 


Example 10.8 

Let us consider the same algebraic expression for X(z) as in Example 10.7 but now 
suppose that (he ROC for X{z) is i < | z| < J. Equation (10.37) is still a valid algebraic 
expansion for the algebraic expression for X(z), but the ROC associated with the indi¬ 
vidual terms will now change. In particular, since the ROC for X(z) is now outside the 
pole at z = ^ and inside the pole at z = j, the z-transform for the individual com¬ 
ponents in eq. (10.38) becomes 



w>* 

M<i 


(10.41a) 

(10.41b) 
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, .. .. 

Thus, Xi[n) remains as before and from Example 10.2 we can identify x 2 [n] as 

x 2 [n] = -2 qyu[-n - 1] (10-42) 

so that /ia 

x[n] = (i)”p[/!] - 2(4M-/r - 1] ( 10 43) 

The foregoing examples illustrate the basic procedure in utilizing the partial 
fraction expansion to determine the inverse z-transform. As with the corresponding 
method for the Laplace transform, the procedure relies on expressing the z-transform 
as a linear combination of simpler terms. The inverse transform of each term is 
obtained by inspection. In general, the partial fraction expansion may include terms 
in addition to the first-order terms considered above. In Section 10.6 we develop a 
number of other z-transform pairs that can be used in conjunction with the z-transform 
properties to be developed in Section 10.5 to extend the inverse transform method 

outlined above. .. 

Another very useful procedure for determining the inverse z-transform relies on 
a power-series expansion of X{z). This procedure is motivated by the observation 
that the z-transform definition given in equation (10.3) can be interpreted as a power 
series involving both positive and negative powers of z. The coefficients in this power 
series are, in fact, the sequence values *[«]• To illustrate how a power-series expansion 
can be used to obtain the inverse z-transform, let us consider a simple example. 

Example 10.9 
Consider 

X(z )--- , _qz- T ■ M>M 

This expression can be expanded in a power series by long division. Specifically, 

1 + oz -1 + a J z" J + . . • 
i - oz* 1 [i ; 

1 — oz" 1 

oz" 1 

oz" 1 — a 1 z~ i 
o J z -1 
or 

-!-- = 1 + oz" 1 + o , z" 1 + ... (10.44) 

1 — oz" 1 

Comparing eq. (10.44) with the z-transform definition equation (10.3), we see by match- 
ingTerms in powers of z that - 0, o < 0; x[0] = 1; x[l] = *[2] ~ *"d 111 

general, x[n] = o”«M. which is consistent with Example 10.1 . 

The power-series expansion of 1/(1 - oz" 1 ) in eq. (10.44) .s correct for |oz >| <1 

or, equivalently, |z | > |o|. If, instead, the ROC was specified as |z 1<M or. eqmva- 
lently, loz"*| > 1, then the power-series expansion for 1/(1 - oz ) is obtained by 
carrying out the long division as 



o"*z 
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In this case, then, x[n] = 0, n ;> 0, and x[— 1] = — a~‘, x[—2] = —a -1 .. . ; that is, 
x[n] = —a n u[ — n — I]. This, of course, is consistent with Example 10.2. 


The power-series expansion method for obtaining the inverse z-transform is 
particularly useful for nonrational z-transforms, which we illustrate with one addi¬ 
tional example. 

Example 10.10 

Consider the z-transform 

X(z) = log (1 + uz" 1 ), (z | > | a | (10.46) 

With | az~' | < 1, eq. (10.46) can be expanded in a power series using the Taylor’s series 
expansion for log (1 + w) for | w| < 1 given by 

log (1 + tv) = ± M<1 (10.47) 

M— 1 n 

Applying this to X(z) in eq. (10.46), we have 

X(z) = S (10.48) 

«-i n 

from which we can identify x[n] as 


or, equivalently, 



(10.49) 


In Problem 10.10 we consider a related example with the region of convergence 

M<M. 


! GEOMETRIC EVALUATION OF THE FOURIER 
TRANSFORM FROM THE POLE-ZERO PLOT 

In Section 10.1 wc discussed the relationship between the z-transform and Fourier 
transform. We noted that the z-transform reduces to the Fourier transform for 
| z| = 1 (i.e., for the contour in the z-plane corresponding to the unit circle), provided 
that the ROC of the z-transform includes the unit circle so that the Fourier transform 
in fact converges. In a similar manner we saw in Chapter 9 that for continuous-time 
signals the Laplace transform reduces to the Fourier transform on the ju >-axis in the 
s-plane. We also discussed in Section 9.4 the geometric evaluation of the Fourier 
transform from the pole-zero plot. In the discrete-time case the Fourier transform can 
again be evaluated geometrically by considering the pole and zero vectors in the z- 


646 


The z-Transform Chap. 10 


plane. However, since in this case the rational function is to be evaluated on the 
contour |z| = 1, we consider the vectors from the poles and zeros to the unit circle 
rather than to the imaginary axis. To illustrate the procedure, let us consider first- 
and second-order systems, as discussed in Section 5.12. 

10.4.1 First-Order Systems 

The impulse response of a first-order causal discrete-time system is of the general 
form 

h[n] = a"u[ri\ (10.50) 

and from Example 10.1 its z-transform is 

H(z) = t -— zr> |*|>M (10.51) 

1 — QZ 

For |a| < 1, the ROC includes the unit circle and consequently its Fourier transform 
converges and is equal to H(z) for z = e> a . Thus the frequency response for the first- 
order system is given by 

<10 - 52 > 

The pole-zero plot, including the vectors from the pole and zero to the unit 
circle, is shown in Fig. 10.12. The magnitude of the frequency response at frequency 


6m 


Figure 10.12 Pole and zero vectors 
for the geometric determination of the 
frequency response for a first-order 
system. 

n is the ratio of the length of the vector v, and the vector v,. The phase of the fre¬ 
quency response is the angle of v, with respect to the real axis minus the angle of v,. 
First, we note that the vector v, from the zero at the origin to the unit circle has a 
constant length of unity and thus has no effect on the magnitude of H{e‘ n ). The phase 
contributed to H(e' a ) by the zero is the angle of the zero vector with respect to the 
rca' axis, which we see is equal to ft. For 0 < a < I, the pole vector has minimum 
length at ft = 0 and monotonically increases in length as ft incr;ases from zero to n. 
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Thus, the magnitude of the frequency response will be maximum at Q = 0 and will 
decrease monotonically as O increases from 0 to n. The angle of the pole vector begins 
at zero and increases monotonically but not linearly as fl increases from zero to n. 
The resulting log magnitude and phase of H(e ,n ) were shown in Figure 5.31. 

The magnitude of the parameter a in the discrete-time first-order system plays 
a role similar to that of the time constant x for a continuous-time first-order system. 
As was discussed in Section 5.12 and illustrated in Figures 5.29 and 5.30, as jn| 
decreases, the impulse response decays more sharply and the step response settles 
more quickly. With multiple poles, the speed of response associated with each pole is 
related to its distance from the origin, with those closest to the origin contributing the 
most rapidly decaying terms in the impulse response. This is further illustrated in the 
case of second-order systems, which we consider next. 


10.4.2 Second-Order Systems 

Next, let us consider the class of second-order systems as discussed in Section 5.12, 
with impulse response and frequency response given in eqs. (5.166) and (5.162): 

[eq. (5.166)] 

[eq. (5.162)] H{e‘ a ) = , _ lr cos Q e -io + r i e - t ™ 

where 0 < r < 1 and 0 < 0 <. n. Since H(e‘ a ) = H(z) we can infer from eq. 
(5.162) that the system function, corresponding to the z-transform of the system 
impulse response, is 



(10.53) 

(10.54) 


and there is a double zero at z = 0. The pole-zero plot and the pole and zero vectors 
with 0 < 9 < n/2 are illustrated in Figure 10.13(a). In Figure 10.13(b) we show the 
magnitude of the frequency response. We note in particular that, as we move along the 
unit circle, from 0 = 0 toward O = n, the length of the vector v 2 first decreases and 
then increases, with a minimum length in the vicinity of the pole location. This is 
consistent with the fact that the magnitude of the frequency response peaks for O 
near 9 when the length of the vector v 2 is small. Based on the behavior of the pole 
vectors, it is also evident that as r increases toward unity, the minimum length of the 
pole vectors will decrease, causing the frequency response to peak more sharply with 
increasing r. From the form of the impulse response [eq. (5.166) and Figure 5.32] or 
the step response [eq. (5.171) and Figure 5.33], we see, as we did with the first-order 
system, that as the poles move farther from the unit circle, corresponding to r decreas¬ 
ing, the impulse response decays more rapidly and the step response settles more 
quickly. 
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Figure 10.13 (a) Pole vectors r, and ii 
used in the geometric calculation of the 
frequency response for a second-order 
system; (b) magnitude of the frequency 
response corresponding to the reciprocal 
of the product of the lengths of the pole 
vectors. 


10.5 PROPERTIES OF THE z-TRANSFORM 

As with the other transforms we have developed, the z-transform possesses a number 
of properties that make it an extremely valuable tool in the study of*.£e-hm 
s j E nals and systems. In this section we summarize many of these properties. Ih 
derivation of these results is analogous to the derivations of properties for the other 
transforms, and thus many of the derivations are left as exercises at the end 
chapter (see Problems 10.14-10.18). 

10.5.1 Linearity 

If 

*,(z)> Roc = R, 

and 

xM XJA, ROC = R 1 
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tijfeifj CiiatJ 

then 


(10.55) 

As indicated, the ROC of the linear combination is at least the intersection of R t 
and R 2 . For sequences with rational z-transforms, if the poles of aX t (z) + bX 2 (z) 
consist of all the poles of X,(z) and of X 2 (z) (i.e., there is no pole-zero cancellation), 
then the region of convergence will be exactly equal to the overlap of the individual 
regions of convergence. If the linear combination is such that some zeros are introduced 
which cancel poles, then the region of convergence may be larger. A simple example 
of this occurs when x,[n] and x 2 [n ] are both of infinite duration but the linear com¬ 
bination is of finite duration. In this case the region of convergence of the linear 
combination is the entire z-plane with the possible exception of zero and/or infinity. 
For example, the sequences (fu[n] and a”u[n — 1] both have a region of con¬ 
vergence defined by |z | > | a |, but the sequence corresponding to the difference 
(a n u[n] — a"u[n — 1]) = <5[n] has a region of convergence which is the entire z-plane. 

10.5.2 Time Shifting 





Because of the multiplication by z for n„ > 0 poles will be introduced at z — 0 
and will be deleted at infinity. Thus, whereas R„ may include the origin, the ROC of 
x[n — n 0 ] may not. Similarly, if < 0, zeros will be introduced at z = 0 and poles 
at infinity. Consequently, although R x may not include z = 0 because X{z) contains 
poles at the origin, the ROC of x[« - n 0 ] may include the origin. This is consistent 
with our discussion in Section 10.2 relating to the ROC for finite-duration sequences. 
In summary, then, the ROC of x[n — n„] is the same as the ROC of x[n] except for 
the possible addition or deletion of the origin (z = 0) or infinity. 


10.5.3 Frequency Shifting 
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We recognize the left-hand side as corresponding to modulation by a complex expo¬ 
nential sequence. The right-hand side can be interpreted as a rotation in the z-plane; 
that is, all pole-zero locations rotate in the z-plane by an angle of O 0 , as illustrated 
in Figure 10.14. This can be seen by noting that if X(z) has a factor of the form 



Figure 10.14 Effect on the pole-zero plot of time-domain modulation with a 
complex exponential sequence 


n _ „z-') then Xie'^z) will have a factor (1 - ae^z’'), and thus a pole or zero 
at z = a in X(z) will become a pole or zero at z = ae> n ' in A'(e'^z). The behavior 
of the z-transform on the unit circle will then also shift by an angle of fi 0 . This is 
consistent with Property 5.5.4, where modulation with a complex exponential in 
the time domain was shown to correspond to a shfft in frequency of the Fourier 

If xlnl is real, then e ,a, "x[n] will not be real unless O 0 is an integer multiple of it. 
Correspondingly, if the poles and zeros of X (z) are in complex conjugate pairs for 
x\n\ real), they may no longer have this symmetry after a frequency shift. This s 
evident in Figure 10.14. More generally, the discrete-time counterpart to Property 

9.5.3 is 


(10.57b) 

with |z 0 1 = 1 so that z 0 = e> n -\ This reduces to eq. (10.57a). With z 0 the 

pole and zero locations are rotated in the z-plane by an angle ot O 0 and scaled ,n posi¬ 
tion radially by a factor of r. The corresponding ROC is also scaled, so that if a poin 
z x is in the ROC for x{n), then z 0 z x will be in the ROC for zj x[«]. 



10.5.4 Time Reversal 
If 

x[n] 4* X(z), ROC = R, 
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R0C= i 


The region of convergence for x[-n] is an inversion of R„; that is, if z 0 is in the ROC 
for x[n], then l/z 0 is in the ROC for x[-n]. 

10.5.5 Convolution Property 


x,[»] Af,(z), ROC = R, 
x 2 [n] ^ X 2 (z), ROC = R 1 


x,[n] * x 2 [n] ■£» A r ,(z)A r 2 (z), ROC contains R, n R 2 (10 ‘ 59) 

Just as with the convolution property for the Laplace transform, the ROC of 
X t (z)X 2 (z) includes the intersection of R , and R 2 and may be larger if pole-zero 
cancellation occurs in the product. 

The convolution property can be derived in a variety of different ways. A formal 
derivation is developed in Problem 10.21. A development can also be carried out 
analogous to that used for the convolution property for the continuous-time Fourier 
transform in Section 4.7, which relied on the interpretation of the Fourier transform 
as the change in amplitude of a complex exponential through an LTI system. For the 
z-transform there is another often useful interpretation of the convolution property. 
Specifically, from the definition in equation (10.3) we recognize the z-transform as a 
polynomial in z' 1 where the coefficient of z"" is the sequence value x[n]. In essence, 
the convolution property equation (10.59) states that when two polynomials or power 
series X,(z) and X 2 (z) are multiplied, the coefficients in the polynomial representing 
the product are the convolution of the coefficients in the polynomials A'.(z) and X 2 (z). 

10.5.6 Differentiation in the z-Domain 


xM X(z), ROC = R x 



This property follows in a straightforward manner by differentiating both sides of the 
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z-transform expression given in eq. (10.3). As an example of the use of this property, 
let us apply it to determining the inverse z-transform considered in Example 10.10. 


Example 10.11 
If 


X(z) — log (1 -f- U1>M 

* _ ‘UT z > = -‘!£i- r , |z| > 1 a 1 


. * , Izl > |a| (10.62) 

«x[n] i + az-‘ 11 11 

Rv differentiating we have converted the z-transform to a rational expression. The 

fnver ! -.r o m o f the ri ght-hand side of eq. (10.62) can be obtained by using 

Example 10.1 together with Property 10.5.2, eq. (10.56). Specifically, from Example 10.1 
and the linearity property 

«(-W»I^ T+Vt' |zl>|fll (10 ' 63) 

and combining this with Property 10.5.2 yields 

a(-aY-'u[n - 1] > j ^Vz~’ 

Consequently, 


^) = (rS^' M>H 


(10.65) 

a-u[n)<—> J _ flZ -i • M>M 


(10.66) 

d( 1 \ nz ~' , 

~ z Jz{\ - az-'I (1 -az-'V 

iz|> M 

(10.67) 


Example 10.12 ^ ^ ^ ^ ^ ^ difrercntiatio n property, consider determining the 

inverse z-transform for X(z) given by 


From Example 10.1, 

and hence 


10.5.7 The Initial Value Theorem 

If x[n] = 0, n < 0, then x[0] = ^X(z) (>°- 68 ) 

This property follows by considering the limit of each term individually in the expres- 
2 ZX LntZ with *[”) »o to » < 0- Spicily. to 

X{z) = £ x[n]z“" 

As z _ oo, z- - o for n > 0, whereas for « = 0, z- = 1. Thus, cq. (10.68) 
f0 ' l0W As one consequence of the initial value theorem, we observe that for a causal 
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•• i,^= t ^ ’• - 1 U ^-' i 

expressed as a ratio of polynomials in z, the order of the numerator polynomial 
cannot be greater than the order of the denominator polynomial; or, equivalently, 
the number of zeros of X(z) cannot be greater than the number of poles. 

10.5.8 Summary of Properties 

In Table 10.1 we summarize these properties of the z-transform and list some 
additional properties. 

ABLE 10.1 PROPERTIES OF THE z-TRANSFORM_ 


Property Sequence Transform _ R0C 



x[n] 
x l [n] 
xi[n] 

X(z) 

X, (z) 

X 2 (z) 

Rx 

R i 

Ri 

10.5.1 

ax An] + bxi[n] 

aXi(z) + bXz(z) 

At least the intersection 
of R i and Ri 

10.5.2 

*[n - no] 

z--X(z) 

R x except for the 
possible addition or 
deletion of the origin 

10.5.3 

e /n,. x [n] 

X(e-m.z) 

R, 


zix[n] 


ZqRx 


a’xln] 

X(a-'z) 

Scaled version of R x 
(i.e., | a | ■ — the 

set of points (|c| z) for 
z in Rx) 

10.5.4 

xl-n] 

, , U[r], n = rk 

“4"! “ [0, n 5* rk for some r 

X(z->) 

X(z“) 

Inverted R * (i.e., R~' 

= the set of points 
z"> where z is in ft,,) 
Rf k (i.e., the set of 
points z'/* where z 
is in R x ) 

10.5.5 

Jti[n] • zzM 

X,(z)X 2 (z) 

At least the intersection 
of .Ri and Ri 

10.5.6 

nx[rt] 

dX(z) 

dz 

R x except for the 
possible addition or 
deletion of the origin 


t 

1 -z- 

At least the intersection 
of Rx and |z| > 1 


0.6 SOME COMMON z-TRANSFORM PAIRS 

As with the inverse Laplace transform, the inverse z-transform can often be easily 
evaluated by expressing X(z) as a linear combination of simpler terms, the inverse 
transforms of which are recognizable. In Table 10.2 we have listed a number ot 
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useful z-transform pairs. Each of these can be developed from previous examples in 
combination with the properties of the z-transform listed in Table 10.1. For example, 
transform pairs 2 and 5 follow directly from Example 10.1, and 7 follows from Example 
10 12 These, together with Properties 10.5.4 and 10.5.2, then lead to transform pairs 
3, 6, and 8. Transform pairs 9 and 10 can be developed using 2 together with Prop¬ 
erties 10.5.1 and 10.5.3. 


TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS 


Transform pair Signal 

Transform 

ROC 

1. i[n] 

1 

All z 

2. u[n] 

1 

1 - z-* 

1*1 >1 

i. ut-B-1] 

1 

1 - z-* 

1*1 <1 

4. S[n — m] 

z~ m 

All z except 

0 (ifm > 0) or 

OO (if m < 0) 

5. a*u[ri\ 

1 

1 — «z _1 

l*l>l“l 

6. —a "u[—n — 1] 

1 

1 — £tZ-> 

|z| <l«l 

7. na”u[n] 

ttz~ l 

(1 - HZ-') 1 

1*1 >l“l 

8. —na"u[-n ~ >1 

az" 1 

(1 - iz'-T) 1 

1*1 <1*1 

9. [COS nonlulrt] 

1 — [cos Oolz-t 

1 — [2 cos Uolz-> + z~'l- 

|z| > 1 

10. [sin n 0 n]u[n] 

[sin Oolz* 1 

1 — [2 cos fiolz" 1 + z-' 1 

,z|> 1 


1 — |r cos r2„]z -1 


11. [r" cos non]i/[n] 

1 — [2 r cos fiolz" 1 +r l z 1 



[r sin fiolz -1 


12. [r” sin f2on]«[n] 

1 - [2rcosn 0 ]z _1 + r l z^ 



7 ANALYSIS AND CHARACTERIZATION OF LTI SYSTEMS 
USING z-TRANSFORMS 

The z-transform plays a particularly important role in the analysis and representa¬ 
tion of discrete-;ime LTI systems. From the convolution property 10.5.5, 

y(z) = H(z)X(z) (10.69) 

where X(z) Y(z), and H(z) are the z-transforms of the system input, output, and 
, impulse response, respect,vely. H(z) is referred to as the system function or transfer 
function of the system. For z evaluated on the unit circle (i.e., for z - e ), 
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reduces to the frequency response of the system provided that the unit circle is in the 
ROC for H(z). 

Characteristics of the system such as stability and causality can be associated 
with constraints on the pole-zero pattern and the ROC of the system function. For 
example, if the system is causal, then from Properties 2 and 4 in Section 10.2 the ROC 
for H(z) will be outside the outermost pole. If the system is stable, then the impulse 
response is absolutely summable, in which case the Fourier transform of h[n ] will 
converge and consequently the ROC of H(z ) must include the unit circle. For a system 
that is both stable and causal, the ROC must include the unit circle and be outside the 
outermost pole, from which it follows that for a causal, stable system, all the poles 
must be inside the unit circle. As an example, let us return to the class of second-order 
systems that we considered in Section 10.4.2. 

Example 10.13 

The system function for a second-order system with complex poles was given in eq. 
(10.53), specifically, 

[eq. (10.53)] H(z) = ---- * (10.70) 

1 H v ’ 1 — (2r cos 0) z 1 + r 2 z 1 

with poles located at z, = re* and z 2 = re-*. Assuming causality, the ROC is outside 
the outermost pole (i.e., |z| > | r (). The pole-zero plot and ROC are shown in Figure 
10.15 for r < 1 and for r > 1. For |r| < 1, the poles are inside the unit circle, the ROC 
includes the unit circle, and therefore the system is stable. For |r| > 1, the poles are 
outside the unit circle, the ROC does not include the unit circle, and the system is 
unstable. 



Figure 10.15 Pole-zero plot for second-order system with complex poles: 

(a) r < 1; (b) r > I. 

10.7.1 Systems Characterized by Linear 

Constant-Coefficient Difference Equations 

For systems characterized by linear constant-coefficient difference equations the 
properties of the z-transform provide a particularly convenient procedure for obtain¬ 
ing the system function, frequency response, or time-domain response of the system. 
Let us first illustrate this with an example. 
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Example 10.14 

Consider an LT1 system for which the input x[n] and output y[n] satisfy the linear con¬ 
stant-coefficient difference equation 

y[n] — \y[n — 1] = x[/t] + ^x[/t — 1] (10.71) 

Applying the z-transform to both sides of eq. (10.71) and using the linearity property 
10.5.1 and the time-shifting property 10.5.2, we obtain 

F(z) - |z-> F(z) = 2f(z) + ^z-‘2f(z) 
or 

F(z) = A'(z)[i±l^] (10.72) 

From eq. (10.69), then, 


tf(z) = 


y(z)_ l +\z-' 
X(z) 1 -|z-‘ 


(10.73) 


This provides the algebraic expression for H(z) but not the region of convergence. In 
fact, there are two distinct impulse responses that are consistent with the difference 
equation (10.71), one right-sided and the other left-sided. Correspondingly, there are 
two different choices for the ROC associated with the algebraic expression (10.73). One, 
|z|>^, is associated with the assumption that h[n] is right-sided and the other, 
| z | < is associated with the assumption that h[n] is left-sided. 


For the more general case of an Mh-order difference equation, we proceed 
in a manner similar to Example 10.14, applying the z-transform to both sides of the 
equation and using the linearity and time-shifting properties. Thus, consider an 
LTI system for which the input and output satisfy a linear constant-coefficient dif¬ 
ference equation of the form 

£ Win ~k}=± b k x[n - k) (10.74) 

A-0 

Then 


£ a*z-*y(z) = £ V*J(z) 

tTo *-o 


or 

T(z) £ a*z-‘ = X(z) £ b k z -* 

*-o 

so that 

<l075) 

X{) S 

A-0 

We note in particular that the system function for a system satisfying a linear 
constant-coefficient difference equation is always rational. Consistent with our 
previous example and with the related discussion for the Laplace transform, the 
difference equation by itself does not provide information about the ROC to associate 
with the algebraic expression H{z). An additional constraint such as causality or 
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stability of the system, however, serves to specify the region of convergence. For exam¬ 
ple, if we know in addition that the system is causal, the ROC will be outside the 
outermost pole. If it is stable, the ROC must include the unit circle. 

10.7.2 System Function for Interconnection 
of LTI Systems 

Just as with the Laplace transform for continuous time, the z-transform for discrete 
time allows us to replace time-domain operations such as convolution and time shifting 
with algebraic operations. This was exploited in the previous subsection, where we 
were able to replace the difference-equation description of an LTI system with an 
algebraic description. The use of the z-transform to convert system descriptions to 
algebraic equations is also useful in analyzing interconnections of LTI systems, such 
as series, parallel, and feedback interconnections. For example, consider the feedback 
interconnection of two systems as shown in Figure 10.16. It is relatively difficult to 



Figure 10.16 Feedback interconnection of two systems. 


determine in the time domain the difference equation or impulse response for the 
overall system. However, with the systems and sequences expressed in terms of their 
z-transforms, the analysis involves only algebraic equations. The specific equations 
for the interconnection of Figure 10.16 exactly parallel eqs. (9.101)—(9.104), with the 
final result that the overall system function for the feedback system of Figure 10.16 is 


m = m = 


1 -f- //i(z)// 2 (z) 


8 TRANSFORMATIONS BETWEEN CONTINUOUS-TIME 
AND DISCRETE-TIME SYSTEMS 

In a variety of situations, it is of interest to transform a continuous-time system to 
a discrete-time system. For example, in Chapter 8 we considered the use of discrete¬ 
time systems for the processing of continuous-time signals. In such cases, the contin¬ 
uous-time signal is represented through periodic sampling by a discrete-time signal. 
After processing with an appropriate discrete-time system, the resulting sequence 
is converted back to a continuous-time signal. Thus, there is the issue of converting 
the desired continuous-time system to an appropriate discrete-time system. Another 
motivation for considering transformations from continuous-time to discrete-time 
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systems is the fact that before the advent of high-density, high-speed dig.tal technology 
essentially all filtering and signal processing systems were continuous-time systems. 
Consequently, there is a long history associated with the development of techniques 
for designing continuous-time systems to meet a given set of specifications in the 
time domain or frequency domain. Through the use of transformations such as those 
to be discussed in this section, system designs available for continuous-time systems 
can be transformed to designs for discrete-time systems with related specifications. 

In this section we consider three transformations for mapping continue js-time 
systems with rational system functions to discrete-time systems with rational system 
functions. The first is a technique referred to as impulse invariance. In this technique 
a continuous-time system is transformed to a discrete-time sys em such.that the 
impulse response of the discrete-time system corresponds to equally spaced samp es 
of the impulse response of the continuous-time system. This is precisely the procedure 

that we considered in Chapter 8 when discussing discrete-time processing of contin¬ 
uous-time signals. In particular, since the discrete-time impulse response is obtained 
by sampling the continuous-time impulse response, it is a transformation whose 
utility is limited to continuous-time systems with a frequency response that is exactly 

for the discrete-time system by replacing derivatives in the differential equation repre¬ 
senting the continuous-time system by backward differences. It is a procedure ha 
is of somewhat limited utility, but its shortcomings help to illuminate the important 
considerations in transformations from continuous-time to discrete-time systems. 
The third technique we discuss is the use of the bilinear transformation in mapping 
from the Laplace transform to the z-transform. As with impulse invariance, we will 
see that this is an extremely useful transformation for certain classes of systems. 

10.8.1 Impulse Invariance 

If we are given a continuous-time impulse response h c (t), we can consider designing 
a discrete-time system with impulse response h t [n) consisting of equally spaced samp.es 
of hit) so that 

hi [n]-KinT) 0 °- 77 > 

where T is a (positive) number to be chosen as part of the design procedure. The 
transformation for A c (f) to /.„[*) can be viewed as shown in Figure 10.17. From 



p(tl- £ 5(t-nT) 


Figure 10.17 Transformation of a continuous-time impulse response to a 
discrete-time impulse response using impulse Invariance. 
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discussion in Section 8.1.1 and specifically eq. (8.5), it follows thatt 
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(10.78) 

Also, from eq. (8.20), 
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Thus, for a discrete-time system obtained from a continuous-time system through 
impulse invariance, the discrete-time frequency response, H d (e‘ a ), is related to H c (ico) 
through a periodic replication of the continuous-time frequency response and linear 
scaling of the frequency axis. If H c (ja>) is bandlimited and T is chosen so that aliasing 
is avoided, the discrete-time frequency response is then identical to that of the contin¬ 
uous-time frequency response except for a linear scaling in amplitude and frequency. 

Let us explore further the properties of impulse invariance. From Figure 10.17, 
the sampled time signal h„(t) can be expressed as 


hJLtj = h c (t) S(t - nT) 

= 2 h c (nT)S(l - nT) 


(10.80) 


Applying the Laplace transform to eq. (10.80), 

#,(■*) = £{ 2 h c {nT) S(t - nT)[ 


= ^K(nT)m> -nT)} 

or since 

£(S(l - nT)} = e-‘" T , 

H„{s)= £_K{nT)e-‘" T 

On the other hand, H d (z), the z-transform of h d [n), is, by definition, 
H d (z) = 2 *aM z '" 

or, using eq. (10.77), 


(10.81) 


H d (z) = 2 h c (nT)z 


(10.82) 


Comparing eqs. (10.82) and (10.81), it follows that 

H d {z)l..-r = H„(s) (10.83a) 

Furthermore, with jco in eq. (10.78) replaced by the more general Laplace transform 
variable s, we have 

= (10 ' 83b) 

or, equivalently, 

H d (z)l^r "H'(s-j^) (10.83c) 


fin keeping wilh our change of notation introduced at the beginning of Chapter 9, the 
Fourier transform is now expressed as a function ](o rather than co, as was the case in Chapter 8. 
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From eq (10.83a) we note that impulse invariance corresponds to a transformation 
between H ( 5 ) and H d (z) represented by the mapping z = e‘ T between the r-plane 
and z-plane. This mapping is illustrated in Figure 10.18. Inpartial ar th,e shaded 
strip in Figure 10.18(a) maps into the entire z-plane. From eqs. (10.83), C ? 
viewed as being found by first superimposing or aliasing into the shaded stnp the 
behavior of H c (s) in parallel strips of width 2%IT (eq. 10.83b) and * ™ P g P “ E 
the shaded strip to the entire z-plane according to the mapping z = e 
For this mapping, if <R*M < 0, then |z| < 1, so that points in the left ^al_o he 
,-plane map to the interior of the unit circle. Likewise, points in the right half of the 
,-plane map to the exterior of the unit circle and points on the ym-axis map onto 

thC “whenthe Laplace transform of h c (t) is rational, the relationship between Hjz) 
and H (,) can be expressed in a more convenient form than eq. (10.83). Let us consider 
the transfer function of a continuous-time system expressed in terms of a partia 




Figure 10.18 Mapping induced by the transformation z ■= e‘ T . 
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fraction expansion. For convenience we will assume only first-order poles, although as 
illustrated in Problem 10.35, the argument is easily extended to multiple-order poles. 
With H ( s) expressed in the form 

HJLs)=-£-\ (10.84) 

the corresponding impulse response is 

hXO = t A k e“'u(t) 0 0 - 85 ) 

k - 1 

and the unit sample response of the corresponding discrete-time system is 


h d [n] = h£nT) = E Ae ,k " T u[n] 

k- 1 

= E A k (e“ r yu[n] 

k- 1 

The transfer function of the discrete-time filter is then given by 




( 10 . 86 ) 


(10.87) 


Thus, H d (z) is rational, and in particular the residues A k are preserved in the partial 
fraction expansion and a pole in H c (s) at s = s k is mapped to a pole in H d (z) at 
z = e“ T . One consequence of this mapping of the poles is that a stable continuous¬ 
time filter will always result in a stable discrete-time filter since, if (Re {i*} < 0, 
then |e , * T | < 1. However, the zeros of H d (z) are a function of the poles and residues 
in eq. (10.87), and their locations do not in general correspond to a direct mapping 
of the zeros of H c (s) through the transformation z = e ,T . 

In summary, the use of impulse invariance corresponds to converting the 
continuous-time impulse response to a discrete-time impulse response, through 
sampling. To avoid aliasing, the procedure is restricted to transforming bandlimited 
frequency responses. Except for aliasing, the discrete-time frequency response is 
a replication of the continuous-time frequency response linearly scaled in frequency. 
For rational transfer functions, the impulse invariance procedure can also be inter¬ 
preted through eq. (10.87) as a relationship between the partial fraction expansion 
of H c (s ) and H d (z), whereby the residues are retained and the poles of H,(s) are 
mapped to poles of H d (z) through the transformation z = e . 


10.8.2 Backward-Difference Approximation 
to Differential Equations 


A second approach to transforming a continuous-time filter into a discrete-time one is 
to approximate derivatives in a differential equation representation of the continuous¬ 
time filter by finite differences. This is a common procedure in digital simulations of 
analog systems and can be motivated by the intuitive notion that the derivative of a 
continuous-time function can be approximated by the difference between consecutive 
samples of the signal to be differentiated. To illustrate the procedure, consider the 
first-order differential equation 

M0 + ay(i) = x(t) (10.88) 

at 
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The backward-difference method consists of replacing x(t) by *[*]> y(t) by y[n], and 
the first derivative dy{t)jdt by the first backward difference 

A„, y [n \= yW~f^ 0°- 89 ) 

This yields the difference equation 

vW - y[n - 1] + ay { n } _ x [„] (10.90) 

If T is sufficiently small, we would expect the solution y[n] to yield a good approxima¬ 
tion to the samples of y(t). . . r 

To interpret the procedure in terms of a mapping of the continuous-time transfer 
function H c (s) to a discrete-time transfer function H d (z), we apply the Laplace trans- 
form to eq. (10.88) to obtain 

sY(s) + aY(s) = X(s) (10-90 


Alternatively, with the z-transform applied to eq. (10.90), 

(L =fLy(z)+aY(z) = X(z) 




Comparing H c (s) and H d (z), we see that 

ff/r)-Wi)U-ew (10-95) 

Higher derivatives are approximated similarly. For example, 

fiFy(0 = rfTrfKO] (10-96) 

dt dt\_ dt J 

and we approximate this second derivative as a backward difference of our approxima¬ 
tion to the first derivative of yit). That is, we replace d'y{t)!dt with 

A (2, yW = A 11, (A'»>'W) 

vfnl — y[n — 1] yin - - yjn - 2] 

T _I_ (10.97) 

-- j— 

> M -- 2y[n — 11 -F y[n — 2] 

- T 1 

We see, then, that 


£ “ s2y(s) 
7.[A <2> y[n]} = (^^)V(z) 
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Thus, the relationship (10.95), or equivalently the transformation 


also holds for higher-order differential equations. 

Let us now examine the transformation (10.100). We note first that if Hfs) 
is a rational function of 5 , then H d (z) will be a rational function of z. This is not 
surprising since by the very nature of the transformation, a linear constant-coefficient 
differential equation, which corresponds to a rational continuous-time system func¬ 
tion, is transformed to a linear constant-coefficient difference equation, which we 
have shown will always correspond to a rational discrete-time system function. Next, 
let us invert the relationship in eq. (10.100) to express z in terms of s as 


|Z| ~ V(1 - a) 1 ~ 

and we see that if a < 0, then |z| < 1, so that the left-half 5-plane is mapped inside 
the unit circle. Thus, as with impulse invariance, poles in the left half of the 5-plane 
will map to poles inside the unit circle so that a stable continuous-time system will 
always transform to a stable discrete-time filter. 

The frequency response of the discrete-time system is examined by considering 
H d (z) on the unit circle, while for the continuous-time system it is examined by 
considering Hfs) on the /co-axis. Thus, to preserve the characteristics of the fre¬ 
quency response in mapping from H c (s ) to H d (z), we would like theyo>-axis in 
the 5 -plane to map to the unit circle in the z-plane, as was the case with impulse 

invariance. , . . , 

For the transformation of eq. (10.101), let us consider how theyw-axis in the 

i-plane is mapped to the z-plane. For s =jco, from eq. (10.101) 




z 1 -jcoT 2\_ + \-j(oTJ 
The complex number 1 + jcoT can be expressed in polar form as 
1 + jcoT=[\ +(®W 2 e 1 u ““" r 

and similarly, the complex number 1 -jcoT cm be expressed in polar form as 
1 - jcoT = [1 + (©r) 2 ] ,/l e' y u ”'‘ “ r 

Thus, the ratio (1 +jcoT)l(\ -jcoT) has unity magnitude and angle equal to 
2 tan" 1 coT, that is, 

1 + jcoT _ ,2 »r (10.104) 

1 - jcoT 

SOthat z = i[1+e rz...-» n (10.105) 

From eq. (10.105), as co varies from co = — °o to co = + °°, the locus in the z-plane 
is a circle with center at z = i and radius 1/2, as illustrated in Figure 10.19. It is 
only for very small coT { i.e., only when the frequency, co, of interest is much smaller 
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, ■ i in _ sT) associated with the substitution 

Figure 10.19 Transformation z = 1/U > 

of backward differences for derivatives. 

is essentially bandlimited, we can ch ° OS J^. SU ®^;, y st 5 Said ano ther way, if we 
approximate H e (Jo>) over the frequen a differential equation by using the backward- 
wish to simulate a system spe » b chosen so that 1 IT is 

s——- - 

constderable ove y , ^ backward-difference^ansfo^ problems 

*i?_r approximate lr map t0 the unit 

circle except in a very small region arounl | z {he transfor mation of a 

In the preceding discussion, we P . der ivatives by backward 

differential equation to a difference equa hJ bd ; tivescanbe approximated 

differences. There are a variety of other ways n.which ' . mations bctvveen 

K.2 «» ex p |ored - ,0 - 38 - 

10.8.3 The Bilinear Transformation 


Ibis section we consider another mapping between the .opian. and the s-piane, 
called the bilinear transformation and specified / 

1 1 rv l 


5 - ri + r' 1 

This transfotmation is invet.ible with the in.etse mapping gi»=» by 


In this case, then 


1 + (7’/2)5 

z - r^VT2)s 

Hfz) = Hfs) |,.(2/r)i(i-«- | i/(i+*' , )i 


M shown in Problem 10.40, this transformation also arise. Irons a particular app.oai- 


s ,, ,„,s Transformations --- and W— 
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riate method, the trapezoidal rule, for numerically integrating differential equations, 
■rom eq. (10.107), with s = <7 + jco, 

_ [1 + (T/2)(a) ] + jcdT/2 /]q jgm 

Z “(l -(TI2)(a)}-jcoT/2 ( ; 

Vith o < 0, |z| is less than unity, so that the left half of the s-plane maps to the 
aside of the unit circle. Also, with a > 0, |z| is greater than unity, so that the right 
ialf of the 5-plane maps to the outside of the unit circle. For z = e jn , from eq. (10.106), 

Thus, the unit circle maps onto they'co-axis with the relationship between the contin- 
lous-time and discrete-time frequency variables given by 

® = 4tan-£ (10.111a) 


n = 2tan-‘ ^ 


(10.111b) 


Tie mapping characteristics of the bilinear transformation are shown in Figure 10.20. 
ince the entirey'ai-axis ( u> from — oo to +°o) maps into one circumference of the unit 
ircle (Cl from — n through 0 to + n) the use of the bilinear transformation also avoids 
liasing. 


dm dm 



(a) 



{b> 

Figure 10,20 Mapping associated with the bilinear transformation: (a) the left 
half of the j-plane maps to the inside of the unit circle in the z-plane and the 
right half of the j-plane maps to the outside of the unit circle; (b) nonlinear 
mapping between the continuous-time frequency variable fl and the discrete- 
time frequency variable co. 
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With the use of the bilinear transformation, stable continuous-time systems will 
always map to stable discrete-time systems and the frequency response of the contin¬ 
uous-time system will be exactly replicated in the frequency response of the discrete¬ 
time system but with a nonlinear warping of the frequency axis as specified by eq. 
(10.111). For example, if the bilinear transformation were applied to a contin¬ 
uous-time equiripple filter with the frequency characteristic of Figure 6.33(c), the result¬ 
ing discrete-time filter would also have an equiripple characteristic in both the passband 
and the stopband. This is a consequence of the fact that it is only the independent 
variable, i.e. the frequency axis, that is modified by the bilinear transformation. How¬ 
ever, the frequency locations of the ripples and the passband and stopband edges are, 
of course affected. If we are interested in using an analog design method and the bilin¬ 
ear transformation to design a digital filter with given specifications, we must pre¬ 
warp” these discrete-time specifications into specifications on H c (jco) so that the 
frequency warping caused by the bilinear transformation is taken into account. For 
example, as illustrated in Problem 10.41, in order to design a bandpass digital filter 
with given bandwidth and center frequency in the passband, we can design a contin¬ 
uous-time bandpass filter and use the bilinear transformation. However, because of 
the nonlinear frequency warping of eq. (10.111) the bandwidth needed in the con¬ 
tinuous-time filter specification depends on both the bandwidth and the center fre¬ 
quency of the desired discrete-time system. 


10.9 THE UNILATERAL z-TRANSFORM 

The z-transform as it has been considered thus far in this chapter is in a form oiten 
referred to as the bilateral z-transform. As was the case with the Laplace transform, 
there is an alternative form, referred to as the unilateral z- transform The unilateral 
z-transform is particularly useful in analyzing causal systems specified by linear con¬ 
stant-coefficient difference equations with initial conditions (i.e., which are not initia y 
at rest). Our discussion of the unilateral z-transform closely parallels the discussion 
of the unilateral Laplace transform in Section 9.8. 

The unilateral z-transform 9C(z) of a sequence ,x[n] is defined as 

3C(z)=S#“ (!0 - 112) 

si-0 

and differs from the bilateral transform in that the summation is carried out only 
over nonnegative values of „ whether or not x(n] is zero for » < 0. Lhus .n effect 
the unilateral z-transform of x[n] can be thought of as the bilateral transform of 
*[,,]„[„] (i.e., *[«] multiplied by a unit step). In particular, then, for any sequ e n ce 
that is zero for n < 0, the unilateral and bilateral z-transforms wi 1 be identical. 
It should also be noted that since x[n]u[n] is always a right-sided sequence, t. e region 
of convergence of SC(z) is always the exterior of a circle. 

Example 10.15 

Consider the signal 

x[n\ = «*«[«] (10.113) 

Since x[n) = 0, n < 0, the unilateral and bilateral transforms are equal for this example 
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aim ihus, in particular, 


Example 10.16 
Let 

44 = a"*'u[n + 1] (10.115) 

In this case the unilateral and bilateral transforms are not equal. In particular, the 
bilateral transform is obtained from Example 10.1 and the time-shifting property 
10.5.2. Specifically, 


In contrast, the unilateral transform is 


9C(z) = 2 x[ri\z 


= 2 


As indicated previously, the importance of the unilateral z-transform lies in 
its application to analyzing systems characterized by linear constant-coefficient 
difference equations. In the case of the bilateral z-transform, we utilized the properties 
developed in Section 10.5. in applying the z-transform to the solution of difference 
equations. Most of the properties of the unilateral transform are the same as those for 
the bilateral transform, but there are several exceptions. The most important of these 
is the shifting property, which is of particular importance in solving difference equa¬ 
tions. This property was developed in Section 10.5.2 for the bilateral transform. To 
develop the corresponding property for the unilateral transform, consider the signal 
tfn] = x[n - 1] (10.118) 

Then, 

D(z) = ± x[n - l]z— 

ji-0 

= 4— i] + 2 4 n — i] z "" 

n- 1 

= 4-1] + t, (10.119) 

<i-0 

= 1] + z "‘ S x[n]z~" 


Similarly, the signal 


has unilateral transform 


■y(z) = 4-i]-fz-‘9C(z) 


w[n] = x[n — 2] 


■w(z) = 4-2] -f 4— l]z~ 1 + z~ 2 9C(z) 
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and we can find corresponding expressions for the unilateral transform of x[n m\. 
This property can be used in solving difference equations with initial conditions. To 
illustrate this, consider the following example. 

Example 10.17 

Consider the equation 

44 + 3y[/i - l] = 44 (10.122) 

with 44 = u[4 and the initial condition 

4—1] = 1 (10.123) 

Applying the unilateral transform to both sides of (10.122), we obtain 

'ij(z) + 3 + Sz-'^Kz) = ) J - - -T (10.124) 

Solving for OJfz) we obtain 

_ 3 I_>_- (10.125) 

_ 1 + 3z"> + (1 + 3z-‘)(l - z' 1 ) 


- l + 3z-> _r (1 + 3z"-‘)(l - z -1 ) 
Performing a partial fraction expansion, we find that 


t 9 / 4 4- ^ 

= - i +3PT + 1 - z- 

and application of Example 10.16 to each term yields 

44 = ti - f(-3)"M4 


10.10 SUMMARY 

In this chapter we have developed the z-transform for discrete-time signals. The 
discussion and development closely paralleled the corresponding treatment of the 
Laplace transform for continuous-time signals but with some important differences. 
For example, in the complex s-plane the Laplace transform reduces to the Fourier 
transform on the imaginary axis, whereas the z-transform reduces to the Fourier 
transform on the unit circle in the complex z-plane. For the Laplace transform the 
ROC consisted of a strip or half-plane (i.e., a strip extending to infinity m one direc¬ 
tion), whereas for the z-transform the ROC is a ring, perhaps extending outward to 
infinity and/or inward to include the origin. As with the Laplace transform, time- 
domain characteristics such as the right-sided, left-sided, or two-sided nature of a 
sequence, and the causality or stability of an LTI system, can be associated with prop¬ 
erties of the region of convergence. In particular for rational z-transforms, these time- 
domain characteristics can be associated with the pole locations in relation to the 
region of convergence. 

In this chapter we also discussed a number of mappings from continuous-time 
to discrete-time systems. The use of such mappings is motivated by several considera¬ 
tions, including the fact that there is a rich history of design procedures for continu¬ 
ous-time systems, which, through the transformations discussed, can be exploited 
in designing discrete-time systems. An additional motivation lies in the fact that it 
is often useful to implement a continuous-time system by means of a discrete-time 
system. In such situations the desired continuous-time system must be transfor med to 
an appropriate discrete-time system. 
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The chapter concluded with a brief discussion of the unilateral Z -transform_ 
This form of the z-transform is particularly useful for obta.mng the response of 
systems characterized by linear constant-coefficient difference equations wit non 
zero initial conditions. 


problems 


in i Determine the z-transform for each of the following sequences. Sketch the pole-zero 
ih, region of eon,.,gen..- Mice or no, ,he Fonner 

transform of the sequence exists. 

,, c M (b) o[n — 1] 

st +u «sr, 

(g) ((1)” + (i»M (h) ~ 

10 2 Determine the z-transform for the following sequences. Express all sums m closed 
form. Sketch the pole-zero plot and indicate the region of convergence. Indicate 
whether the Fourier transform of the sequence exists. 

(a) (i)"t«[n] ~ "l" ~ 

(b) (*)'“' 

(c) 7(^1" cos 


,0 3 in Section 102 Properly 4. it was stated that if x[n] is a right-sided sequence and if 
1 ’ ' the circle I z I = r a is in the ROC, then all finite values of z for which | z | < r 0 will also 
be in the ROC In the discussion an intuitive explanation was given. A more formal 
M Prop,™ 4 Sec,ion 9.2, ,,,ng .. 

Laplace transform. Specifically, consider a right-sided sequence x[n] so that 
x[n] = 0, n < N\ 

and for which 


Then if r o < r i, 


£ = 2 I4»1W" < 00 


£ 14'01'T" ^ -4 £ 


wln'rc is a positive constant. , *■ . 

(-a) Show that eq. (P10.3) is true and determine the constant A m terms o, •. 

(b) From^your result in part (a), show that Property 4, Section 10.2, follows^ 

(c) Develop an argument similar to that above to demonstrate the validity Prop 

5, Section 10.2. _ , 

,0.4. 1 Ising the method indicated, determine the sequence associated with each of 

transforms below. 

(a) Partial fractions: 

Y ( \ - 1 ~~ 2z ~ ‘ - and x[n] is absolutely summable 

A KZ) ~ 1 - £z -1 + z" 2 
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(b) Long division: 


(c) Partial fractions: 


and 4rt] is right-sided 


and x[n] is absolutely summable 


10.5. Listed here are several z-transforms. For each one, determine the ‘^ tVv'.oFs seri^ 
using both the method based on the partial fraction expansion and the Taylor senes 

method based on the use of long division. 


AW = r+l^+TF- 2 ’ '' 

iZ 

|z 

10.6. Consider a right-sided sequence x[/i] with z-transform 

■*■(*) = - z' r 


(a) Carry out a partial fraction expansion ofeq. (P10.6) expressed as a ratio of poly¬ 
nomials in z' 1 and from this expansion determine z[ti]. 
fbl Rewrite eq (P10.6) as a ratio or polynomials in z and carry out a partial fraction 
expansion o! x ( z) expressed in terms of polynomials in z. From this expansion 
determine x[n] and demonstrate that the sequence obtained is identical to tha 
obtained in part (a). 

10.7. Consider a left-sided sequence x[n] with z-transform 


~ (1 - iz-'Xl - z^) 

fa) Write T(z) ar a ratio of polynomials in z instead of z '. 

(b) Using the partial fraction expansion, express X(z) as a sum of terms, where each 
term represents a pole from your answer in part (a). 

(c) Determine *[«]. 

10.8. A right-sided sequence x[n] has z-transform X(z) given by 


3 z -io -f z- 7 — 5z~ 2 + 4 z~' + 1 
-5z -7 + z" 3 


Determine x[n] for n < 0. 


10.9. (a) is a left-sided sequence with z-transform X,(z) ~ e*. By expanding T,(z) 

in a Taylor’s series about z = 0, determine . r ■» 

(b) .t 3 [n] is a right-sided sequence with z-transform X 1 (z) = c . determine x*[ ]• 
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determine the inverse of each of the following two z-transforms: 

(a) X(z) = log (1 — 2z), |*| <1 

(b) X(z) — log(1 — jz" 1 ), M>i 

10.11. (a) Determine the z-transform of the sequence 


x[n] = S[n] - 0.95 6[n - 6] 



(b) Sketch the pole-zero pattern for the sequence in part (a). 

(c) By considering the behavior of the pole and zero vectors as the unit circle is tra¬ 
versed, develop an approximate sketch of the magnitude of the Fourier transform 
of x[rt], 

10.12. By considering the geometric determination of the frequency response as discussed 
in Section 10.4, sketch, for each of the pole-zero plots in Figure P10.12, the magnitude 
of the associated Fourier transform. 
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10.13. A discrete-time system with the pole-zero pattern shown in Figure P10.13-1 is referred 
to as a first-order all-pass system since the magnitude of the frequency response is 
constant independent of frequency. 

(a) Demonstrate algebraically that |7/(e-'°)| is constant, 
dm 



To demonstrate the same property geometrically, consider the vector diagram 
in Figure P10.13-2. We wish to show that the length of v 2 is proportional to the 
length of V) independent of fi. 


dm 



1 


ism onn 

MB’S 

(Re 

■HH 

9 




Figure P10.13-2 


(b) Express the length of v, using the law of cosines and the fact that it is one leg of 
a triangle for which the other two legs are the unit vector and a vector of length a. 

(c) In a manner similar to that in part (b), determine the length of v 2 and show that 
it is proportional in length to v, independent of Cl. 

10.14. Consider a real-valued sequence x[n) with rational z-transform X(z) 

(a) From the definition of the z-transform, show that 

X(z) = A'-C**) 

(b) From your result in part (a), show that if a pole (zero) of X(z) occurs at z = z„, 
then a pole (zero) must also occur at z = z*. 

(c) Verify the result in part (b) for each of the following sequences: 

1. x[n) = (.\Yu[n] 

2. x[n\ = 5[n) — ^t5[;i - I] 4- i<5[n — 2) 

10.15. Consider a sequence jc 2 f/»] with z-tiansform Xi(z) and a sequence x [<■?] with z-trans- 
form X 2 (z), where x,[«] and x 2 [n) are related by 

x 2 [n] = Xil—n] 

Show that X 2 [z) = X 2 (\/z) and, from this, show that, if A",(z) has a pole (or zero) 
at z = z„ then X 2 {z) has a pole (or zero) at z = l/z 0 . 
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10.16. Consider an even sequence x[n\ (i.e., x [n] = ,x[ —/i]) with rational z-transform X{z)- 

(a) From the definition of the z-transform show that 

*« = *(!) 

(b) From your result in part (a), show that if a pole (zero) of X(z) occurs at z = z 0 , 
then a pole (zero) must also occur at z = l/z 0 . 

(c) Verify the result in part (b) for each of the following sequences: 

1. S[n + 1] + 5[n — 1) 

2. 5[n + 1] - \5[n\ + <5[n — 1] 

(d) By combining your result in part (b) with the result of Problem 10.14(b), show 
that for a real, even sequence, if there is a pole (zero) of H(z) at z = pe J> , then 
there is also a pole (zero) of H(z) at z = (1 lp)e J> and at z = (1 lp)e~ ,t . 

10.17. (a) Carry out the proof for each of the following properties in Table 10.1: 

1. Property 10.5.2 

2. Property 10.5.3 

3. Property 10.5.4 

(b) With X(z) denoting the z-transform of a[n] and R, its ROC, determine in terms 
of X(z) and R , the z-transform and associated ROC for each of the following 
sequences'. 

1. x*[n] 

2. zjjr[n], where z 0 is a complex number 

10.18. In Section 10.5.7 we stated and proved the initial value theorem for causal sequences. 

(a) State and prove the corresponding theorem if *[//] is anticausal (i.e., if x [n] = 0, 
n > 0). 

(b) Show that if x[n] => 0, n < 0, then 

jr[l] = lim z(Af(z) — jr[OJ) 

10.19. By first differentiating X(z) and using the appropriate properties of the z-transform, 
determine the sequence for which the z-transform is each of the following: 

(a) X(z) = log (1 — 2z), |z|<i 

(b) Jf(z) = log (1 Ul>i 

Compare your results for (a) and (b) with the results obtained in Problem 10.10, in 
which the power-series expansion was used. 

10.20. Let x[n] denote a causal sequence (i.e., x[n] = 0, n < 0) for which x[0] is nonzero and 
finite. 

(a) Using the initial value theorem, show that there are no poles or zeros of X(z) 
at z = oo. 

(b) Show that as a consequence of your result in part (a), the number of poles of X(z) 
in the finite z-plane equals the number of zeros in the finite z-plane. (The finite 
z-plane excludes z — oo.) 

10.21. In Section 10.5.5 we stated the convolution property for the z-transform. To prove 
this property, we begin with the convolution sum expressed as 

xM = *,[/<] • - k) (PI0.2I) 

(a) By taking the z-transform of eq. (P10.21) using eq. (10.3), show that 
X,(z) = E x l [k]X 1 (z) 
where X 2 (z) = Z(x 2 [n — A]]. 
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(b) Using the result in part (a) and property 10.5.2, show that 

A'j(z) = X 2 (z) E a,[A]z-* 

(c) From part (b), show that 

X 3 (z) = X,(z)X 2 (z) 

as stated in eq. (10.59). 

10.22. The autocorrelation sequence of a sequence x[n] is defined as 

= E x[k]x[n + k] 

Determine the z-transform of $„[n] in terms of the z-transform of Jt[n]. 

10.23. Let x[n] be a discrete-time signal with z-transform X(z). For each of the following 
signals, determine the z-transform in terms of X(z). 

(a) Ax[n], where A is the first backward difference operator defined by 

Ax[n) = x[n] — x[n — 1] 


= Ht]. 


(c) *,[«] = x[2rt] 

10.24. (a) Determine the system function for the causal LTI system with difference equation 

y[n] — jy[n — 1] + \y[n — 2] =» x[n] 

(b) Using z-transforms, determine y[n] if 

Xin] - (\Yu[n] 

10.25. A sequence x[n] is the output of an LTI system whose input is s[n]. This system is 
described by the difference equation 

jr[n) = s[n] - e~ l ‘s[n — 8] 

where 0 < a < 1. 

(a) Find the system function 

H (z) - 

HM ~ W) 

and plot its poles and zeros in the z-plane. Indicate the. region cf convergence. 

(b) We wish to recover z[n] from x[n] with an LTI system. Find the system function 

,,,, YU) 

HiU) - x(z) 

such that y[n] = s[n]. Find all possible regions of convergence for 7/ 2 (z) and, for 
each, tell whether or not the system is causal and stable. 

(c) Find all possible choices for the unit sample response h 2 [n] such that 

y[ri\ = h 2 [n] * .v[«] = j[n] 

10.26. A causal LTI system is described by the difference equation 

yM = y[n — 1] + yin — 2) + x[n — 1] 

(a) Find the system function HU) = Y(z)IXU) for this system. Plot the poles and 
zeros of HU) and indicate the region of convergence. 

(b) Find the unit sample response of this system. > 

(c) You should have found this to be an unstable system. Find a stat le (noncausa.) 
unit sample response that satisfies the difference equation. 
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10.27. Consider an LTI system with input x [n] and output y[n] for which 

y[n — l] — $y[n] + y[n + 1] = *[n] 

The system may or may not be stable and/or causal. 

By considering the pole-zero pattern associated with this difference equation, 
determine three possible choices for the unit sample response of the system. Show that 
each choice satisfies the difference equation. 

10.28. Consider a linear discrete-time shift-invariant system with input x [n] and output 
y[n] for which 

y[n — 1] — y[n ] + y[n + 1] = x[n] 

The system is stable. Determine the unit sample response. 

10.29. Given here are four z-transforms. Determine which ones could be the transfer function 
of a discrete-time linear system that is not necessarily stable but for which the unit 
sample response is zero for n < 0. Clearly state your reasons. 

< a) ( i -\z-' (b) ( -7^T 

10.30. Consider an LTI system with impulse response h[n] and input x[n] given by 


11, 0£n<.N~\ 

lO, otherwise 

(a) Determine the output y[n] by explicitly evaluating the discrete convolution of 
x[n] and h[n]. 

(b) Determine the output y[n] by computing the inverse z-transform of the product 
of the z-transforms of the input and the unit sample response. 

10.31. In Problem 9.18 we considered minimum-phase continuous-time systems. Minimum- 
phase discrete-time systems are defined similarly. Specifically, a minimum-phase system 
is one that is causal and stable and for which the inverse system is also causal and 
stable. 

Determine the necessary constraints on the location in the z-plane of the poles 
and zeros of the system function of a minimum-phase system. 

10.32. Consider the digital filter structure shown in Figure P10.32. 

(a) Find H(z) for this causal filter. Plot the pole-zero pattern and indicate the region 
of convergence. 
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(b) For what values of k is the system stable? 

(c) Determine y[n] if k = 1 and x[ii] — (j)" for all n. 

10.33. We would like to design a system for which, at each n, the output y[n] is the average 
of the inputs at n, n — 1. n — M + 1. 

(a) Specify a difference equation relating y[n] and x[n] for this system. 

(b) Determine H{z) for this system. 

(c) Draw a pole-zero plot for the case M — 3. 

(d) For M = 3, sketch a realization of the system, using adders, coefficient multi¬ 
pliers, and unit delays. Use as few unit delay elements as possible. 

(e) The system described in parts (a}-(d) often has excessive storage demands. As an 
alternative one often uses a recursive system of the form 

y[n] = (Zy[n — 1 ] + flx[n] 

Find a relation between a and fi so that this system has the same response to a 
constant input as the system described in parts (a)—(d). 

(0 Suppose that the input x[n] consists of two components, that is, 
jc[n] = c + w[n] 

where c is a constant and w[n] is contaminating noise at a frequency of approxi¬ 
mately ft = 7t. We would like to design a system to estimate the value of c. To 
perform this task we must choose between the system described in parts (aHd) 
with M = 3 and a system of the form described in part (e) with a =■ 0.7. Which 
system would you prefer to use? Justify your answer. 

10.34. The following is known about a discrete-time LTI system with input x[n] and output 

An]: 

1. If xfn] = (-2 y for all n, then y[n] = 0 for all n. 

2. If Jtf/i] = for all n, then y[n] for all n is of the form 

An] = S[n] + a(\Yu[n] 

where a is a constant. 

(a) Determine the value of the constant a. 

(b) Determine the response y[n] if the input x[n] is 

x[n] — 1 for all n 

10.35. In discussing impulse invariance in Section 10.8.1 we considered H c (s) to be of the 
form of eq. (10.84) with only first-order poles. In this problem we consider how the 
presence of a second-order pole in eq. (10.84) would be reflected in eq. (10.87). Toward 
this end, consider H,(A to be 

>/c 

(a) By referring to Table 9.2, determine h,(t). (Assume causality ) 

(b) Determine k d [n] defined as h d [n] = h c (nT). 

(c) By referring to Table 10.2, determine H d {z), the z-transform of h d [n\. 

(<1) Determine the system function and pole-zero pattern for the discrete-time system 
obtained by applying impulse invariance to the continuous-time system 

H ‘ {s) = (7TW+2T 3 

10.36. Let J,(/), and H,(s) denote the impulse response, step response, and system 
function of a continuous-time linear time-invariant filter. Let h[n], 4«], and 7/(z) denote 
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, . Iv'-'-'i- Li-'A L <-• • '• tiia&j 

ilie unit sample response, step response, and system function of a discrete-time linear 
shift-invariant digital filter. 

(a) If /i[/i] = h c (nT), does s[/i] = HI--- bAkT)7 

(b) If /[«] = s c (nT), does h[n\ = h c (nT)l 

1.37. Consider a continuous-time system with system function 

_ s + a 
H ‘ (s > ~ (s + aY + b 1 

and impulse response h c (t). Determine the system function H d (z) of the discrete-time 
system designed from this system on the basis of: 

(a) Impulse invariance, that is, 

hM = K[nT] 

(b) Step invariance, that is, 


s c (t) = J'_ h e (x) dx 


) 38 Consider a continuous-time system with impulse response h c (t) and frequency response 
H c (jco) as depicted in Figure P10.38. Assume that this system may be represented by 


rut) 

^ H«.s) -^ ¥ ‘ ( " 

Figure PI0.38 

a linear constant-coefficient differential equation of the form 


£ d k y<0) _ y /, dk *M 
- A ” d ‘ k 


We wish to approximate this system through the use of a discrete-time system. The 
operation of differentiation will be approximated by forward differencing, that is, 
by making the approximation 

I ~ xAnT +T)~ x,(nT) = x\n + '1 ~ 


Thus, we define the first forward difference of *[rt] as 

v <|> [x['»i)= ~ y[ " + y.— - 

and the kih forward difference of x[n] as 

V<*'Wn)} --= V'*- |, lV ,l, W«]]) 

where V <0, (x[n]} = x[/i]. The difference equation for the discrete-time system will 
then be specified as M 

S = S 

»-0 k -0 

(a) If // c (s), the Laplace transform of h c (t), is given by 

£±! 

~(s + l)(r -I- 3) 

determine H d (z ), the system function of the discrete-time system. 
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(b) In general, what is the relationship between H c {s) and H d (z )? 

(c) We know that sampling can be thought of as a mapping of the /co-axis in the 
/-plane to the unit circle in the /-plane. To what contour in the /-plane does the 
approximation by differences map they co-axis of the /-plane? 

(d) If the continuous-time filter H c (s) is stable, is the discrete-time filter HJ^z) guaran¬ 
teed to be stable? (Assume causality of both systems.) 

10.39. Consider a continuous-time filter with input x c (t) and output y c ( t) which is described 
by a linear constant-coefficient differential equation of the form 


" d k y c (t) v x d k x c (t) 
S a *-77Tr- = A bk ~dP^ 


The filter is to be mapped to a discrete-time filter with input x[n] and output y[n] by 
replacing derivatives with central differences. Specifically, let V<*’{x[n]} denote the 
Ath central difference of x[n], defined as follows: 

V <0) Mn]} = x[n] 


- [■ 


— f x[n + 1] — x[n — 1] ~| 


V<*»Wn]) = 

The difference equation for the digital filter obtained from the differential equation 
(P10.39) is then m 

S o*V“>(y[n]) = S 6*V <*’{*[«]} 

k -0 *“0 

(a) If the transfer function of the continuous-time filter is H c {s) and if l ^e transfer 
function of the corresponding discrete-time filter is H d (z), determine how Hjfj) 
is related to H c (s). 

(b) For the continuous-time frequency response as indicated in Figure P10.39, 



sketch the discrete-time frequency response H£e ia ) that would result from the 
mapping determined in pari (a). 

(c) Assume that H c (s) corresponds to a causal stable filter, li the reg on of convergence 
of H d (z) is specified to include the unit circle, will H d (z) necessarily correspond to 
a causal filter? 

10.40. As mentioned in Section 10.8.3, the bilinear transformation to map from the /-plane 
to the /-plane can be interpreted as arising from the use of the trapezoidal rule in 
numerically integrating differential equations. 

(n) Let us consider a continuous-time system for which the differentia! equation is 
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or equivalently, 


>•(,)= r_.v(T)* (PI 0.40-2) 

Determine the system function H(s) for this continuous-time system. 

In numerical analysis the procedure known as the trapezoidal rule for inte¬ 
gration proceeds by approximating the continuous-time f u " ctlon ^ a set of con¬ 
tiguous trapezoids, as illustrated in Figure P10.40(a), and then adding their areas 


xlt) 



(b) 


Figure P10.40 

to compute the total integral. The area A of an individual trapezoid, with dimen¬ 
sions shown in Figure P10.40(b), is 



(b) What is the area A„ in the trapezoidal approximation, between x«n - l)T) and 

(c) From eq. (P10.40-2), y(nT) denotes the area under *(/) up to time / = nT Let 
y [n] denote the approximation to y(nT) obtained using the trapezotdal rule 
integration, that is, 

M 

Show that 

y[n] = 9ln — 1] + A. 

(d) With defined as Jc[n] = x(nT), show that the trapezoidal rule approximation 
to eq. (PI0.40-2) becomes 

y[„] = y[„ - 1] + y(S[« - 1] + (P10.40-3) 
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(e) Determine the system function corresponding to the difference equation in part (d). 
Demonstrate, in particular, that it is the same as would be obtained by applying 
the bilinear transformation to the continuous-time system function corresponding 
to eq. (P10.40-1). 

10.41. The system function for a second-order continuous-time bandpass filter is of the form 


H(s) = 


S 1 + 2 ZCQ„S + CO 1 . 


(P10.41) 


The center frequency co c of such a filter is the frequency at which \H(jco) | 2 is maximum 
and the half-power frequencies are defined as the frequencies at which is 

one-half of its value at co = co e . The bandwidth is defined as the width of frequency 
band between the half-power frequencies on either side of co c . 

(a) For o < C 1 and ft), >0, draw the pole-zero plot of ff(s) and sketch \H(jco)\ 
by considering the vectors from the poles and zeros to the/co-axis. Show thata> c 
is approximately co, and that the bandwidth is approximately 2Cft).. 

(b) We would now like to design a second-order discrete-time bandpass filter by 
applying the bilinear transformation to the system of eq. (P10.41). The discrete¬ 
time bandpass filter is to have a center frequency of Cl c = »/4 and a bandwidth 
of 0.017i. Making reasonable approximations, determine the center frequency 
and bandwidth of the corresponding continuous-time filter. 

(c) For the center frequency and bandwidth in part (a), and with T — 2 in eq. (10.106), 
determine ( and co. in eq. (P10.41) so that when the bilinear transformation is 
applied to H(s), the desired discrete-time filter will result. 


10.42. A continuous-time highpass filter can be obtained from a con muous-time lowpass 
filter by replacing s by l/s in the transfer function; that is, if (?.(j) is the transfer .unc¬ 
tion for a lowpass filter, then //,(*) is the transfer function for a highpass filter if 


im = G.( I) 


Assume that a discrete-time lowpass filter G^z) and a discrete-time highpass filter 
HJz) are obtained from G c (j) and H c (s), respectively, using the bilinear transforma¬ 
tion Show that Ji/z) can be obtained from G d (z) by replacint z by some function 
of z, denoted by m(z). Determine m(z). This represents a discrete -time transformation 
to convert a lowpass filter to a highpass filter. 

10.43. A discrete-time lowpass filter with frequency response H(eJ n ) is to be designed to 
meet the following specifications: 


0.8 < \H(e' a )\ < 1-2 for 0 |fi| 0.2;t 


\H{e ,a )\ < 0.2 for 0.87t ^ |£2| <i t 


The design procedure consists of applying the bilinear transformation to an appro¬ 
priate continuous-time Butterworth lowpass filter. 

(a) With T = 2 in eq. (10.106) and eq. (10.111), determine the necessary specifications 
on the continuous-time Butterworth filter which, when mapped through the bilin¬ 
ear transformation, will result in the desired discrete-time filter. 

(b) Determine the Iowest-order continuous-time Butterworth filter that meets the 

specifications in part (a). ,, 

(c) By applying the bilinear transformation to the filter in part (b), determine the 
transfer function of the discrete-time filter. 

(d) Repeat parts (aHc; with T= 1. . . 

(e) By first comparing the resulting discrete-time filter obtained in parts (c) and (d). 
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discuss in general the effect of the parameter Tin eqs. (10.106) and (10.111) on the 
discrete-lime filter obtained by the procedure in parts (a)-(c). 

10.4-1. A system frequently encountered in communications systems is the 90° phase splitter 
as depicted in its continuous-time form in Figure P10.44-I. The systems and 



Figure P10.44-1 


Hi(jOJ) have the property that 


//,(; tu) = 

Hi (jeo) = 


9 i(co) - Oid a) = | 2 

71 

— y. CO < 0 

A digital 90° phase splitter is depicted in Figure P10.44-2, where 
G,(e ln ) = f/woi 
C 2 (e7°) = 

where 

fyi 0 <n <7t 

(6,(n) - <t>i(Q) = 



*--' Figure 1*10.44-2 

If H t (jco) and f/iUco) in the continuous-time 90° phase splitter are mapped to 
the digital filters G,(e'°) and G 2 (e' n ), respectively, using the bilinear transformation 
determine whether the result will be a digital 90° phase splitter. 

10.45. Consider designing a digital filter with system function H/z) from a continuous-time 
hlter with rational system function H c (s) by the following transformation: 

HAz) = HXs) I,- /— - * 

l + 

where a is a nonzero integer and is real. 
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<fl. J ‘ M'- 5 : :;T>1 ftk^t 

(a) If a > 0, determine the range of values of fi for which a stable, causal continuous- 
t‘me fil ‘er with rational M c (s) will always lead to a stable, causal digital filter with 
rational H d {z). 

(b) If a <0, determine the range of values of for which a stable, causal continuous¬ 
time filter with rational H c {s) will always lead to a stable, causal digital filter with 
rational HJfz). 

(c) For a = -1, determine to what contour in the z-plane they co-axis in the j-plane 
maps. 

(d) Given H c (jco), as shown in Figure P10.45, sketch H d (.e ,a ) for /? = ], a = — ]. 

H c (jcj) 


Figure PI0.45 

10.46. Determine the unilateral z-transform for each of the sequences in Problem 10.1. 

10.47. If DC(z) denotes the unilateral z-transform of aM determine, in terms of EC(z) the 

unilateral z-transform of: K " 

(a) x[n + 11 0>) 4" ~ 3] (c)^ 2 x[A] 

10.48. For each of the following difference equations and associated input and initial condi¬ 
tions, determine the response y[ri] by using the unilateral z-transform 

(a) y[n ] + 3y[n - 1] = *[„] 

“ (IPuW 

y[-l] = 1 

(b) y[n] - \y{n - 1] = x[nj - jx(ri - 1] 

x[n] = u[n] 

yl-U = 0 

(c) y[n] - jy[n - 1] = *[/,] - {x[n - 1] 

x[n] = u[n] 

A- 1] = 1 
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Figure 11.1 Use of feedback to control the angular position of a telescope: (a) dc motor- 
driven telescope platform; (b) block diagram of the system in (a); (c) feedback system 
for the pointing of the telescope; (d) block diagram of the system in (c) (here K = * 1 * 2 ). 



assembly were known exactly, we could specify the precise time history of the input 
voltage v(t) that would first accelerate and then decelerate the shaft, bringing the 
platform to a stop at the desired position without the use of feedback, as in Figure 
11.1(a) and (b). A system operating as in Figure 11.1(a) and (b) is typically referred 
to as an open-loop system, in contrast to the closed-loop system of Figure 11.1(c) 
and (d). In a practical environment there are clear advantages to controlling the 
motor-shaft angle with the closed-loop system rather than with the open-loop system. 
For example, in the closed-loop system, when the shaft has been rotated to the correct 
position, any disturbance from this' position will be sensed and the resulting error 
will be used to provide a correction. In the open-loop system there is no mechanism 
for providing a correction. As another advantage of the closed-loop system, consider 
the effect of errors in modeling the characteristics of the motor-shaft assembly. In the 
open-loop system a precise characterization of the system is required to design the 
correct input. In the closed-loop system the input is simply the desired :-r.aft angle 
and does not require knowledge of the system. This insensitivity of the closed-loop 
system to disturbances and to imprecise knowledge of the system are two important 
advantages of feedback. 

The control of an electric motor is just one of a great many examples in which 
feedback plays an important role. Similar uses of feedback can be found in a wide 
variety of applications, such as chemical process control, automotive fuel systems, 
household heating systems, and aerospace systems, to name just a few. In addition, 
feedback is also present in many biological processes and in the control of human 
motion. For example, when reaching for an object it is usual dunng the reaching 
process to monitor visually the distance between the hand and the object so that 
the velocity of the hand can be smoothly decreased as the distance (i.e., the error) 
between the hand and the object decreases. The effectiveness of vsing the system 
output (hand position) to control the input is clearly demonstrated by alternately 
reaching with and without the use of visual feedback. 

In addition to its use in providing an error-correcting mechanism that can 
reduce sensitivity to disturbances and to errors in the modeling of the system that 
is to be controlled, another important characteristic of feedback is its potential for 
stabilizing a system that is inherently unstable. Consider the prob'em of trying to 
balance a broomstick in the palm of the hand [Figure 11.2(a)]. If 'he hand is held 
stationary, small disturbances (such as a slight breeze or inadvertent motion of the 
hand) will cause the broom to fall over. Of course, if one knows exactly what dis¬ 
turbances will occur and can control the motion of one s hand perfectly, it is possible 
to determine in advance how to move the hand to balance the broom. This is clearly 
unrealistic. However, by always moving the hand in the direction in which the broom 
is falling, it can be balanced. This of course requires feedback in order to sense the 
direction in which the broom is falling. A second example that is closely related to the 
balancing of a broom is the problem of controlling a so-called inverted pendulum, 
which is illustrated in Figure 11.2(b). As sliown, an inverted pendulum consists of a 
thin rod with a heavier weight at the top. The bottom of the rod is mounted on a cart 
that can move in either direction along a track. Again, if the cart is kept stationary, 
the inverted pendulum will topple over. The problem of stabilizing the inverted pen¬ 
dulum is one of designing a feedback system that will move the cart to keep the pendu- 
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Figure 11.2 Three examples in which feedback is used to stabilize unstable 
systems: (a) the balancing of a broom; (b) an inverted pendulum; (c) control 
of the trajectory of a rocket. 

lum vertical. This example is examined in Problem 11.6. In Figure 11.2(c) we have 
illustrated a third example, which again bears some similarity to the balancing of a 
broom. This is the problem of controlling the trajectory of a rocket. In this case, 
much as the movement of the hand is used to compensate for disturbances in the posi¬ 
tion of the broom, the direction of the thrust of the rocket is used to correct for changes 
in aerodynamic forces and wind disturbances that would otherwise cause the rocket 
to deviate from its course. Again feedback is important, because these forces and 
disturbances are never precisely known in advance. 

The preceding examples provide some indication of why feedback may be 
useful. In the next two sections we introduce the basic block diagrams and equations 
for linear feedback systems and discuss in more detail a number of applications of 
feedback, both in continuous time and in discrete time. We also point out how 
feedback can have harmful as well as useful effects. These examples of the uses 
and effects of feedback will give us some insight into how changes in the parameters 
in a feedback system lead to changes in the behavior of the system. Understanding 
this relationship is essential in designing feedback systems that have certain desirable 
characteristics. With this as background, we will then develop in the remaining 
sections of the chapter several specific techniques that are of significant value in 
the analysis and design of continuous- and discrete-time feedback systems. 
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LINEAR FEEDBACK SYSTEMS 

The general configuration of a continuous-time linear feedback system is shown in 
Figure 11.3(a) and that of a discrete-time linear feedback system in Figure 11.3(b). 
Because of the applications in which feedback is most typically applied, it is natural 
to restrict the systems in Figure 11.3(a) and (b) to be causal systems. This will be 




Figure 11.3 Basic feedback system configurations in (a) continuous time and 
(b) discrete time. 


our assumption throughout the chapter. It should also be noted that the convention 
used in Figure 11.3(a) is that r(t), the signal fed back, is subtracted from the input x(r) 
to form e(l). The identical convention is adopted in discrete time. Historically, this 
convention arose in tracking system applications, where x(t) represented a desired 
command and e(t) represented the error between the command x(t ) and the actual 
response r(t). This was the case, for example, in our earlier discussion of the pointing 
of a telescope. In more general feedback systems, e(t) and e[n] may not correspond to 
or be directly interpretable as error signals. 

The system function H(s) in Figure 11.3(a) or H(z) in Figure 11.3(b) is referred 
to as the system function of the forward path and G(s) or G(z) as the system function 
of the feedback path. The system function of the overall system of Figure 11.3(a) 
or (b) is referred to as the closed-loop system function and will be denoted by £>(*) 
or Q(z). In Sections 9.7.2 and 10.7.2 we derived expressions for the system functions 
of feedback interconnections of LTI systems. Applying these results lo the feedback 


systems of Figure 11.3 we obtain 


r(j) Mf) 

X(s) I + G(s)lfs) 


(in) 


See. 11.1 Linear Feedback Systems 


689 









( 11 . 2 ) 


QU) = 


Y(z) H(z) 

X(z) 1 + G(z)H(z) 


Equations (11.1) and (11.2) represent the fundamental equations for the study of 
linear feedback systems. In the following sections we use these equations as a basis 
for gaining insight into the properties of feedback systems and for developing several 
tools for their analysis. 


2 SOME APPLICATIONS 
AND CONSEQUENCES OF FEEDBACK 

In the introduction we provided a brief, intuitive look at some of the properties and 
uses of feedback systems. In this section we examine a number of the characteristics 
and applications of feedback in somewhat more quantitative terms using the basic 
feedback equations (11.1) and (11.2) as a starting point. Our purpose in this section 
is to provide an introduction to and an appreciation for the applications of feedback, 
rather than to develop any of these applications in detail. In the sections that follow 
we focus in more depth on several specific techniques for analyzing feedback systems 
that are useful in a wide range of problems, including many of the applications 
that we are about to describe. 


11.2.1 Inverse System Design 


In some applications one would like to synthesize the inverse of a given continuous¬ 
time system. Suppose that this system has system function P(s), and consider the feed¬ 
back system shown in Figure 11.4. Applying equation (11.1) with H(s) = K and 
G(s) = P(s ) we find that the closed-loop system function is 

sm-t+W) <"- 3) 

If the gain K is sufficiently large so that KP(s) i§> 1, then 


<2M- 


1 

P(s) 


(11.4) 


so that the feedback system of Figure 11.4 approximates the inverse of the system 
with system function P(s). 

It is important to note that the result in eq. (11.4) requires that the gain K 
be sufficiently high, but is otherwise not dependent on the precise value of the gain. 



Figure 11.4 Formofa feedback system 
used in implementing the inverse of the 
system with system function P(s). 
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A class of devices that provide this kind of gain are referred to as operational ampli¬ 
fiers and are widely used in feedback systems.t One common application of this 
general principle is in the implementation of integrators. A capacitor has the 
property that its current is proportional to the derivative of the voltage. By inserting 
a capacitor in the feedback path around an operational amplifier, this is inverted 
to provide integration. This specific application is explored in more detail in 
Problem 11.3. 

Although our discussion is for the most part restricted to linear systems, it 
is worth pointing out that this same basic approach is commonly used in inverting 
a nonlinearity. For example, systems for which the output is the logarithm of the 
input are commonly implemented by utilizing the exponential current-voltage char¬ 
acteristics of a diode as feedback around an operational amplifier. This is explored 
in more detail in Problem 11.3. 


11.2.2 Compensation for Nonideal Elements 


Another common use of feedback is to correct for some of the nonideal properties 
of the open-loop system. For example, feedback is often used in the design of ampli¬ 
fiers to provide constant-gain amplification in a given frequency band. Specifically, 
consider an open-loop frequency response H(jcd) that provides amplification 
over the specified frequency band but is not constant over that range. If 0(s) in 
Figure 11.3(a) is chosen to be constant, G(s) = K, then the closed-loop frequency 
response Q(jcd) is 


0( led) = J 0> ) — 

1 + KH(jco) 

If over the specified frequency range 

| KH(jcd) | » 1 


01.5) 

( 11 . 6 ) 


then 


Q(Jo>)~± (117) 

That is, the closed-loop frequency response is constant, as desired. This of course 
assumes that the system in the feedback path can be designed so that its frequency 
response G(jco) has a constant gain X over the desired frequency band, which is 
precisely what we assumed we could not ensure for H(jcd). The d fference between 
the requirements on H(jcd) and those on G(/ct>), however, is that H(jcd) must provide 
amplification, whereas from eq. (11.7) we see that for the overall closed-loop system 
to provide a gain greater than unity, K must be less than 1. That i;, G(/c<>) must be 
an attenuator over the specified range of frequencies. In general, ar attenuator with 
approximately flat frequency characteristics is considerably easier to realize than an 
amplifier with approximately fiat frequency response (as an attenuator can be con¬ 
structed from passive elements). 

The use of feedback to flatten the frequency response incurs some cost, however. 


tSee 1. K. Roberge, Operational Amplifiers: Theory and Practice (New York: John Wiley and 
Sons, Inc., 1975). 
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From cqs. (11.6) and (11.7) we see that 

so that the closed-loop gain will be substantially less than the open-loop gain. The 
specific application of this result to extending the bandwidth of an amplifier is explored 
in Problem 11.1. 

11.2.3 Stabilization of Unstable Systems 


As we mentioned in the introduction, another extremely important application of 
feedback systems is in the stabilization of systems which without feedback are un¬ 
stable. Examples of systems in which feedback stabilization is used include the control 
of the trajectory of a rocket, the regulation of nuclear reactions in a nuclear power 
plant, the stabilization of an aircraft, and the natural and regulatory control of 
animal populations. 

To illustrate how feedback can be used to stabilize an unstable system, let us 
consider a simple first-order continuous-time system with 

H(s) = —-— (11.8) 

s — a 


With a > 0, the system is unstable. Choosing the system function G(s ) to be a con¬ 
stant gain K, the closed-loop system function Q(s) in eq. (11.1) becomes 



The closed-loop system will be stable if the pole is moved into the left half of the 
j-plane. This will be the case if 


K 


(11-10) 


Thus, we can stabilize this system with a constant gain in the feedback loop if 
that gain is chosen to satisfy eq. (11.10). This type of feedback system is referred 
to as a proportional feedback system, since the signal that is fed back is proportional 
to the output of the system. 

As another example, consider the second-order system 

If a > 0, the system is an oscillator [i.e., H{s) has its poles on the /co-axis] and the 
impulse response of the system is sinusoidal. If a < 0, H(s) has one pole in the right- 
half plane. Thus, in either case the system is unstable. In fact, as considered in Prob¬ 
lem 11.6, the system function given in eq. (11.11) with a < 0 can be used to model 
the dynamics of the inverted pendulum which was described in the introduction. 

Let us first consider the use of proportional feedback for this example; 
that is, we take 

G(s) = K (11.12) 
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In this case, substituting into eq. (11.1), we obtain 


Q{s) = 


b 

s* + (a + Kb) 


(11.13) 


In our discussion of second-order systems in Chapters 4 and 9, we considered a 
transfer function of the form 


For such a system to be stable, co„ must be real and positive (i.e., col > 0) and £ must 
be positive (corresponding to positive damping). Comparing eqs. (11.13) and (11.14), 
we see that with proportional feedback we can only influence the value of col, and 
consequently we cannot stabilize the system because we cannot introduce any dam- 


ping. 

To suggest a type of feedback that can be used to stabilize this system, recall 
the mass-spring-dashpot mechanical system described in our examination of second- 
order systems in Section 4.12. For this system we saw that the damping in the system 
was the result of the inclusion of a dashpot, which provided a restoring force pro¬ 
portional to the velocity of the mass. This suggests, then, that we consider proportional- 
plus-derivative feedback, that is, G(s) of the form 


which yields 


G(s) = K, + K 2 s 



(11.15) 

(11.16) 


The closed-loop poles will be in the left-half plane and hence the closed-loop system 
will be stable as long as we choose and K 2 to guarantee that 

bK 2 > 0, a + K,b> 0 ( 11 - 17 ) 

The preceding discussion illustrates how feedback can Lc used to stabilize 
continuous-time systems. The stabilization of unstable systems is an important appli¬ 
cation of feedback for discrete-time systems as well. A common example of discrete¬ 
time systems that are unstable in the absence of feedback are models ot population 
growth. To illustrate how feedback can prevent the unimpeded growth of populations, 
let us consider a simple model for the evolution of the population of a single species 
of animal. Let y[n] denote the number of animals in the nth gemmation, and assume 
that without the presence of any impeding influences, the birth rate is such that the 
population would double each generation. In this case the basic equation for the 
population dynamics of the species is 

; [n] = 2 y[n — 1] -f c[n] (11-18) 

where e\n\ represents any additions to or deletions from, the population caused by- 
external influences. 

This population model is obviously unstable, with an impulse response that 
grows exponentially. However, in any ecological system there are a number of 
factors that will inhibit the growth of a population. For example, limits on the food 
supply for this species will manifest itself through a reduction in population growth 
when the number of animals becomes large. Similarly, if the species has natural 


Sec. 11.2 Some Applications and Consequences of Feedback 


693 





enemies, it is often reasonable to assume that the population of the predators will 
grow when the population of the prey increases and consequently that the presence 
of natural enemies will retard population growth. In addition to natural influences 
such as these, there may also be effects introduced by man that are aimed at population 
control. For example, the regulation of the food supply or of the predator population 
will affect these natural influences. In addition, the stocking of lakes with fish or 
the importing of animals from other areas can be used to promote growth, and the 
control of hunting or fishing can also provide a regulating effect. As all of the regulat¬ 
ing influences described in this paragraph depend on the size of the population (either 
naturally or by design), they represent feedback effects. 

Based on the preceding discussion, we can separate e[n] into two parts, 

e[n\ = x[n) — r[n] (11.19) 

where r[n) represents the effect of the regulating influences described above and 
jc[n] incorporates any other external effects, such as the migration of animals, 
or the effect of singular events, such as a natural disaster or disease. Note that we 
have included a minus sign in eq. (11.19). This is consistent with our convention 
of using negative feedback, and here it also has the physical interpretation that, 
since the uninhibited growth of the population is unstable, the feedback term plays 
the role of a retarding influence. To see how the population can be controlled by the 
presence of this feedback term, suppose that the regulating influences account for 
the depletion of a fixed proportion p of the population in each generation. Since, 
according to our model, the surviving fraction of each generation will double in 
size, we find that 

y[n\ = 2(1 - p)y[n - 1] + x[n] (11.20) 

Comparing eq. (11.20) with eqs. (11.18) and (11.19), we see that this implies 

that 

r[n] = 2py[n-\] (11.21) 

The factor of 2 here represents the fact that the depletion of the present population 
decreases the number of births in the next generation. 

This example of the use of feedback is illustrated in Figure 11.5. Here the 
system function of the forward path is obtained from eq. (11.18) as 

‘"' 22 > 



Figure 11.5 Block diagram of a simple feedback model of populalion dynamics. 


694 


Linear Feedback Systems Chap. 11 


(11.23) 


while from eq. (11.21) the system function of the feedback path is 
G(z)= 2/?z~‘ 

Consequently, the closed-loop-system function is 

Q( z ) — H( z ) _ 1 _ 

U(z} ~ 1 + G(z)H(z) 1 - 2(1 - P)z-' 


If p < £ the closed-loop system is still unstable, whereas it is stable if £ < p < 1. 

Clearly, this example of population growth and control is extremely simplified. 
For example, the feedback model of eq. (11.21) does not account for the fact that 
the part of r[n] that is due to the presence of natural enemies depends upon the 
population of the predators, which in turn has its own growth dynamics. Such effects 
can be incorporated by making the feedback model more complex to reflect the 
presence of other dynamics in an ecological system, and the resulting models for the 
evolution of interacting species are extremely important in ecological studies. How¬ 
ever, even without the incorporation of these effects, the simple model that we have 
described here does illustrate the basic ideas of how feedback can prevent the unlimited 
proliferation of a species or its extinction. In particular, we can see at an elementary 
level how human-induced factors can be used. For example, if a natural disaster 
or an increase in the population of natural enemies causes a drastic decrease in 
population of a species, a tightening of limits on hunting or fishing and accelerated 
efforts to increase the population can be used to decrease P in order to destabilize 
the system to allow for rapid growth until a normal-size population is again attained. 

Note also that for this type of problem it is not usually the case that one wants 
strict stability. Specifically, if the regulating influences are such that p — and 
if all other external influences are zero (i.e., if x[n) — 0), then y[n] — y[n — 1], 
Therefore, as long as x[n\ is small and averages to zero over several generations, a 
value of P = ^ will result in an essentially constant population. However, for this 
value of p the system is unstable, since in this case eq. (11.20) reduces to 
y[n) - y[n - 1] + x[n] 


That is, the system is equivalent to an accumulator. Thus, if x[/i] is ? unit step, the 
output grows without bound. Consequently, if a steady trend is expected in x[n], 
caused, for example, by a migration of animals into a region, a value of p > would 
need to be used to stabilize the system and thus to keep the population within bounds 
and maintain an ecological balance. 

In addition to problems such as the one just described, dircrete-time feedback 
techniques are of great importance in a wide variety of applications involving contin¬ 
uous-time systems. Specifically, the extraordinary flexibility of digital systems has made 
the implementation of sampled data feedback systems an extremely attractive option. 
In such a system the output of a continuous-time system is sampled, some processing 
is done on the resulting sequence of samples, and a discrete sequence of feedback 
commands is generated. This sequence is then converted to a continuous-time signal 
which is fed back and subtracted from the external input to produce the actual input 
to the continuous-time system. Problem 11.14 investigates an example of the use of a 
sampled data feedback system to stabilize an unstable continuous-time system. 
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11.2.4 Tracking Systems 


As mentioned in Section 11.1, one of the important applications of feedback is in the 
design of systems in which the objective is to have the output track or follow the 
input. There is a broad range of problems in which tracking is an important compo¬ 
nent. For example, the telescope pointing problem discussed in Section 11.0 is a track¬ 
ing problem. Specifically, the feedback system of Figure 11.1(c) and (d) has as its input 
the desired pointing angle, and the purpose of the feedback loop is to provide a mecha¬ 
nism for driving the telescope to follow the commanded input. In airplane autopilots 
the input is the desired flight path of the vehicle, and the autopilot feedback system 
uses the aircraft control surfaces (rudder, ailerons, and elevator) in order to keep the 
aircraft on the prescribed course. 

To illustrate some of the issues that arise in the design of tracking systems, 
consider the discrete-time feedback system depicted in Figure 11.6(a). The examination 
of discrete-time tracking systems of this form often arises in analyzing the characteris¬ 
tics of sampled data tracking systems for continuous-time applications (one example 
of such a system is a digital autopilot). In Figure 11.6(a) H p (z) denotes the system 



(a) 



Figure 11.6 (a) Discrete-time tracking system; (b) tracking system of (a) with 
a disturbance d[n\ in the feedback path accounting for the presence of mea- 
surement errors. 


function of the system whose output is to be controlled. This system is often referred 
to as the plant , terminology that can be traced to applications such as the control of 
power plants, heating systems, and chemical processing plants. The system function 
H c {z) represents a compensator which is the element to be designed. Here the input 
to the r ompensator is the tracking error, that is, the difference e[n) between the input 
jc[n] and the output y{n). The output of the compensator is the commanded input to 
the plant [for example, the actual voltage applied to the motor in the feedback system 
of Figure 11.1(c) and (d) or the actual physical input to the drive system of the rudder 
on an aircraft]. 
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To simplify notation, let H(z) = H c (z)H p (z). In this case the application of 
eq. (11.2) yields the relationship 




we see that 


II 

+ 

(11.25) 


(11.26) 


or, specializing to z = e ja . 


Eq. (11.26) provides us with some insight into the design of tracking systems. Speci¬ 
fically, for good tracking performance we would like e[n] or, equivalently, E(e jn ) to 
be small. That is, 

, ■ - 0 


Consequently, for that range of frequencies for which X(e jn ) is nonzero we would like 
| H(e in ) | to be large. Thus we have one of the fundamental principles of feedback 
system design: Good tracking performance requires a large gain. This desire for a 
large gain, however, must typically be tempered for several reasons. One reason is 
that if the gain is tso large, the closed-loop system may have undesirable characteristics 
(such as too little damping) or might in fact become unstable. This possibility is dis¬ 
cussed in the next subsection and is also addressed by the methods developed in the 
remaining sections of this chapter. 

In addition to the issue of stability, there are other reason; for wanting to limit 
the gain in a tracking system. For example, in implementing a tracking system we must 
measure the output y[n] in order to compare it to the command input x[n], and any 
measuring device used will have inaccuracies and error sources (such as thermal noise 
in the electronics of the measuring device). In Figure 11.6(b) we have included such 
error sources in the form of a disturbance input d[n ] in the feedback loop. Some simple 
system function algebra yields the following relationship between T(z) and the t>ans- 
forms X{z) and D(z) of x[n] and d[n ]: 

lw -[rr^H-[rT$3 J>w ] ( "- 27) 


From this expression we see that in order to minimize the influence of d[n\ on y[n] 
we would like H{z) to be small so that the second term on the right-hand side of eq. 
(11.27) is small. 

From the preceding development we see that the goals of tracking and of mini: 
mizing the effect of measurement errors are conflicting, and one must take this into 
account in coming up with an acceptable system design. In genetal the design depends 
on more detailed information concerning the characteristics of the input x[n] and the 
disturbance d[n\. For example, in many applications x[n\ has a significant amount of 
its energy concentrated at low frequencies, while measurement error sources such as 
thermal noise have a great deal of energy at high frequencies. Consequently one 



Sec. 11.2 Some Applicotions and Consequences of Feedback 


697 









i* ,;;,5 iSii.il’ I ...-I- 5b. i-'„ .' St t.i.jS i ..' i?'' F : .‘:n> 

usually designs the compensator H c (z) so that | H(e jn ) | is large at low frequencies and 
is small for Q near ±7t. 

There are a variety of other issues that one must consider in designing tracking 
systems, such as the presence of disturbances at other points in the feedback loop 
(for example, the effect of wind on aircraft motion must be taken into account in 
designing an autopilot). The methods of feedback system analysis introduced in this 
chapter provide the necessary tools for examining each of these issues. In Problem 11.9 
we use some of these tools to investigate several other aspects of the problem of design¬ 
ing tracking systems. 

11.2.5 Destabilization Caused by Feedback 

As we mentioned in the introduction and again in the preceding subsection, as well as 
having many applications, feedback can also have undesirable effects and can in fact 
cause instability. For example, consider the telescope pointing system illustrated in 
Figure 11.1. From the discussion in the preceding section we know that it would be 
desirable to have a large amplifier gain in order to achieve good performance in 
tracking the desired pointing angle. On the other hand, as we increase the gain we are 
likely to obtain faster tracking response at the expense of a reduction in system 
damping, resulting in significant overshoot and ringing in response to changes in the 
desired angle. Furthermore, it is possible that instability would result if the gain is 
increased too much. 

Another common example of the possible destabilizing effect of feedback is 
that of feedback in audio systems. Consider the situation depicted in Figure 11.7(a). 
Here a loudspeaker produces an audio signal that is an amplified version of the 
sounds picked up by a microphone. Note that in addition to other audio inputs, 
the sound coming from the speaker itself may be sensed by the microphone. How 
strong this particular signal is depends upon the distance between the speaker and 
the microphone. Specifically, because of the attenuating properties of air, the larger 
this distance is, the weaker the signal is that reaches the microphone. In addition, 
due to the finite propagation speed of sound waves, there is time delay between the 
signal produced by the speaker and that sensed by the microphone. 

This audio feedback system is represented in block-diagram form in Figure 
11.7(b). Here the constant K x in the feedback path represents the attenuation and 
T is the propagation delay. The constant K t is the amplifier gain. Also, in this example 
note that the output from the feedback path is added to the externa! input. This is 
an example of positive feedback. As discussed at the beginning of this section, the 
use of a negative sign in the definition of our basic feedback system of Figure 11.3 
is purely convention, and positive and negative feedback systems can be analyzed 
using the same tools. For example, as illustrated in Figure 11.7(c), the feedback 
system of Figure 11.7(b) can be written as a negative feedback system by adding a 
minus sign to the feedback-path system function. From this figure and from eq. (11.1) 
we can determine the closed-loop system function as 

Q(s) = (11.28) 

In Example 11.7 we will return to this example, and, using a technique that we will 
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Figure 11.7 (a) Pictorial representation of the phenomenon of aidio feedback; 
(b) block-diagram representation of (a); (c) block diagram (b) redrawn as a 
negative feedback system. Note: e~‘ T is the system function of a F-second 
time delay. 


develop in Section 11.4, we will show that the system of Figure 11.7 is unstable if 
K t K x >\ (11.29) 

Since the attenuation due to the propagation of sound through the air decreases 
(i.e., K 2 increases ) as the distance between the speaker and mxrophone decreases, 
we see that if the microphone is placed too close to the speaker so that eq. (11.29) 
is satisfied, the system will be unstable. The result of this instability is an excessive 
amplification and distortion of audio signals. 

In ‘his section we have described a number of the appli cations of feedback. 
These and others, such as the use of feedback in the implementation of recursive 


1 



Sec. 11.2 Some Applications and Consequences of Feedback 


699 








discrete-time filters (Problem 11.5), are considered in more detail in the problems. 
From our examination of the uses of feedback and the possible destabilizing effects 
that it car have, it is clear that some care must be taken in designing and analyzing 
feedback systems to ensure that the closed-loop system behaves in a desirable fashion. 
Specifically, in Sections 11.2.3 and 11.2.5, we have seen several examples of feedback 
systems in which the characteristics of the closed-loop system can be significantly 
altered by changing the values of one or two parameters in the feedback system. 
In the remaining sections of this chapter we develop several techniques for analyzing 
the effect of changes in such parameters on the closed-loop system. 


ROOT-LOCUS ANALYSIS 
OF LINEAR FEEDBACK SYSTEMS 

As we have seen in a number of the examples and applications that we have discussed, 
a useful and often encountered type of feedback system is that in which the system 
has an adjustable gain K associated with it. As this gain is varied, it is of interest 
to examine how the poles of the closed-loop system change, since the locations of 
these poles tell us a great deal about the behavior of the closed-loop system. For 
example, in stabilizing an unstable system, the adjustable gain is used to move the 
poles into the left-half plane for a continuous-time system or inside the unit circle 
for a discrete-time system. In addition, in Problem 11.1 we show that feedback can 
be used to broaden the bandwidth of a first-order system by moving the pole so 
as to decrease the time constant of the system. Furthermore, just as feedback can 
be used to relocate the poles to improve system performance, as we saw in Section 
11.2.5, there is the potential danger that with an improper choice of feedback a stable 
system can be destabilized, which is generally undesirable. 

In this section we discuss a particular method for examining the locus (i.e., the 
path) in the complex plane of the poles of the closed-loop system as an adjustable gain 
is varied. The procedure, referred to as the root-locus method, is a graphical tech¬ 
nique for plotting the closed-loop poles of a rational system function Q(s) or Q(z) 
as a function of the value of the gain. The technique works in an identical manner for 
both continuous-time and discrete-time systems. 

11.3.1 An Introductory Example 

To illustrate the basic nature of the root-locus method for a feedback system, let us 
reexamine the discrete-time example considered in the preceding section, and specified 
by the system functions 

[eq. (11.22)] H(z) = y - J - 2 — , = ^ (11.30) 

[eq. (11.23)] G( z ) = 2)3z-‘= ^ (11.31) 

where fi now is viewed as an adjustable gain. Then, as we noted earlier, the closed- 
loop system function is 
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1 - 2(1 - 0)z-' z - 2(1 - fi) 


In this example it is straightforward to identify the closed-loop pole as being located 
at z = 2(1 — fi). In Figure 11.8(a) we have plotted the locus of the pole for this system 
as fi varies from 0 to + °o. In part (b) of this figure we have plotted the locus as fi 
varies from 0 to — oo. In each plot we have indicated the point z = 2 which is the 
open-loop pole [i.e., it is the pole of Q(z) for fi — 0]. As fi increases from 0 the pole 
moves to the left of the point z = 2 along the real axis, and we have indicated this by 
including an arrow on the thick line to show how the pole changes as fi is increased. 
Similarly, for fi < 0, the pole of Q(z) moves to the right of z = 2, and the direction of 
the arrow in Figure 11.8(b) indicates how the pole changes as the magnitude of fi 
increases. For ^ < fi < ^ the pole lies inside the unit circle and thus the system is 
stable. 




Figure 11.8 Root locus for the closed- 
loop system of eq. (11.32) as the value 
of fi is varied: (a) ft > 0; (b) fi < 0. 
Note that we have marked the point 
z = 2 that corresponds to the pole 
location when fi = V. 


As a second example, consider a continuous-time feedback system with 

m = y~2 ( n - 33 ) 

G{s) = ^ (11.34) 

where fi again represents the adjustable gain. Since H(s) and G(s) in this example 
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are algebraically identical to the preceding example, with the exception that z is 
replaced by s, the same will be true for the closed-loop system function 


000 = 


* - 2(1 - P) 


(11.35) 


and the locus of the pole as a function of p will be identical to the preceding example. 

The relationship of these two examples stresses the fact that the locus of 
the poles is determined by the algebraic expressions for the system functions of the 
forward and feedback paths and is not inherently associated with whether the system 
is a continuous-time or discrete-time system. However, the interpretation of the 
result is intimately connected with its continuous-time or discrete-time context. In 
the discrete-time case, it is the location of the poles in relation to the unit circle that is 
important, whereas in the continuous-time case it is their location in relation to the 
imaginary axis. Thus, as we have seen for the discrete-time example in eq. (11.32), 
the system is stable for ^ < p < j, while the continuous-time system of eq. (11.35) 
is stable for p > 1. 


11.3.2 Equation for the Closed-Loop Poles 


In the simple example considered in the previous section the root locus was easy 
to plot, since we could first explicitly determine the closed-loop pole as a function 
of the gain parameter and then could plot the location of the pole as we changed 
the gain. For more complex systems, one cannot expect to find such simple closed- 
form expressions for the closed-loop poles. However, it is still possible to sketch 
accurately the locus of the poles as the value of the gain parameter is varied from 
— oo to -foo, without actually solving for the location of the poles for any specific 
value of the gain. This technique for determining the root locus is extremely useful 
in gaining insight into the characteristics of a feedback system. Also, as we develop 
the method we will see that once we have determined the root locus, there is a rela¬ 
tively straightforward procedure for determining the value of the gain parameter 
that produces a closed-loop pole at any specified location along the root locus. We 
will phrase our discussion in terms of the Laplace transform variable s, with the 
understanding that it applies equally well to the discrete-time case. 

Consider a modification of the basic feedback system of Figure 11.3(a), where 
either G(s) or H(s) is cascaded with an adjustable gain K. This is illustrated in Figure 
11.9. In either of these cases the denominator of the closed-loop system function 
is 1 + KG(s)H{s ).t Therefore, the equation for the poles of the closed-loop system 
are the solutions of the equation 

I -(- KG(s)H(s) — 0 (11.36) 

Rewriting eq. (11.36), we obtain the basic equation determining the closed-loop 
poles as 

tin the following discussion we assume for simplicity that there is no pole-zero cancel ation 
in the product G(s)H(s). The presence of such pole-zero cancellations does not cause any real diffi- 
cu'ties, and the procedure that we will outline in this section is easily extended to this case (Problem 
11.16). tn fact, the simple example at the start of this section [eqs. (11.33) and (11.34)] does involve 
a pole-zero cancellation, at s = 0. 
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ib) 

Figure 11.9 Feedback systems containing an adjustable gain: (a) system in 
which the gain is located in the forward path; (b) system with the gain in the 
feedback path. 

G(s)H(s) = --L (J i .37) 

The technique for plotting the root locus is based on the properties of this equation 
and its solutions. In the remainder of this section we will discuss some of these 
properties and will indicate how they can be exploited in determining the root locus. 

11.3.3 The End Points of the Root Locus: 

The Closed-Loop Poles for K = 0 and\K\ = + oo 


Perhaps the most immediate observation that one can make about the root locus 
is that obtained by examining eq. (11.37) for K = 0 and for |A| = «. In particular, 
note that for K — 0 the solution of eq. (11.37) must yield the poles of G(s)H(s), 
since l/K = oo. To illustrate this property, recall the example given by eqs. (11.33) 
and (11.34). If we let p play the role of K, we see that eq. (11.37) becomes 


2 _ __ 1 _ 
j - 2 p 


(11.38) 


Therefore from the preceding observation, we conclude that for p = 0, the pole of 
the system will be located at the pole of 2/(s — 2) (i.e., at s — 2), which agrees with 
what we depicted in Figure 11.8. 

Suppose now that | AT| = oo. In this case ]/K — 0, so that the solutions of eq. 



si 
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(11.37) must approach the zeros of G(s)H(s). If the order of the numerator of 
G(s)H(s) is smaller than the denominator, then some of these zeros, equal in 
number to the difference in order between the denominator and numerator, will be 
at infinity (see Chapter 9). 

Referring again to the example given in eq. (11.38), since the order of the 
denominator of 2/(s — 2) is 1, while the order of the numerator is zero, we conclude 
that in this example there is one zero at infinity and no zeros in the finite s-plane. 
Thus as I/?| —► co, the closed-loop pole approaches infinity. Again this agrees with 
Figure 11.8, where we see that the magnitude of the pole increases without bound 
as | p | — oo for either p > 0 or p < 0. 

While the observations we have just made provide us with basic information 
as to the closed-loop pole locations for extreme values of K, it is the observation 
made in the following subsection that is the key to our being qble to plot the root 
locus without actually solving for the closed-loop poles as explicit functions of 
the gain. 

11.3.4 The Angle Criterion 

Consider again eq. (11.37). Since the right-hand side of this equation is real, a point 
s 0 can be a closed-loop pole only if the left-hand side of eq. (11.37), G(s Q ')H(s Q ), is 
also real. Writing 

G(r 0 )//(r 0 ) = !G(r 0 )//(r 0 )|e« o «'*>'' w 01.39) 

we see that for G(s 0 )H(s 0 ) to be real, it must be true that 
e l<ou.)HU.) _ _)_] 

That is, for s 0 to be a closed-loop pole, we must have 

<£G(s„)f/(s 0 ) = integer multiple of it (11.40) 

Returning to the example of eq. (11.38), we see immediately that in order for 
2/(j 0 - 2) to be real, it is necessary that r 0 be real. For more complex system func¬ 
tions, it is not this easy to determine the values of r„ for which G(r 0 )//(r 0 ) is real. 
However, as we will see, the use of the angle criterion given by eq. (11.40), together 
with the geometric method described in Chapter 9 for evaluating <^G{s a )H(_s 0 ), 
greatly facilitates the determination of the root locus. 

The angle criterion given by eq. (11.40) provides us with a direct method for 
determining if a point r 0 could possibly be a closed-loop pole for some value of 
the gain K. A further examination of eq. (11.37) provides us with a way in which 
to calculate the value of the gain corresponding to any point on the root locus. 
Specifically suppose that s 0 satisfies 

<£G(s a )H(s 0 ) = odd multiple of n (11.41) 

Then e ‘ <ou ' un “ ) = — 1, and from eq. (11.39) we see that 

G(s 0 )H(s 0 ) = -\G(s 0 )H(s 0 )\ (11.42) 

Substituting eq. (11.42) into eq. (11.37), we find that if 
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(11.43) 


\G(s b )H(s 0 )\ 

then s D is a solution of the equation and hence a closed-loop pole. 

Similarly, if j 0 satisfies the condition 

<£G(s 0 )H(s 0 ) = even multiple of n (11.44) 

then 

G(s 0 )H(s 0 ) = | G(s 0 )H(s 0 ) | (11.45) 

Thus if 

* =_ |G(J„)W.)I (11 - 46) 

then is a solution of eq. (11.37) and hence a closed-loop pole. 

For the example given in eq. (11.38), if j 0 is on the real line and < 2, then 

and from eq. (11.43) the value of p for which j 0 is the closed-loop pole is given by 

P — ' _ ^ -To 

p 2 I ~ 2 

Uo — 21 

That is, 

Jo = 2(1 - P) 

which agrees with eq. (11.35). 

Summarizing the last two observations that we have made, we see that the 
root locus for the closed-loop system, that is, the set of points in the complex .r-p!ane 
that are closed-loop poles for some value of K as K varies from - oo to 4- oo, are 
precisely those points that satisfy the angle condition of eq. (11.40). Furthermore, 


1. A point j 0 for which 

<£G(s 0 )H(s 0 ) = odd multiple of n (11.47) 

is on the root locus and is a closed-loop pole for some value of K > 0. The 
value of the gain that makes s 0 a closed-loop pole is given by eq. (11.43). 

2. A point j 0 for which 

<£G(s 0 )H(s B ) = even multiple of n (11.48) 

is on the root locus and is a closed-loop pole for some value of K < 0. The 
value of the gain that makes s 0 a closed-loop pole is given bv eq. (11.46). 


Therefore, we have now reduced the problem of determining the root locus 
to that of searching for points that satisfy the angle requirements eqs. (11.47) and 
(11.48). These equations can be refined further into a set of properties that aid in 
sketching the root locus. Before discussing these, however, let us consider a simple 
example. 
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Example 11.1 

Consider 

™ = rh> <*>-rh (1L49) 

Recall that in Section 9.4 we discussed the geometric evaluation of Laplace trans¬ 
forms. Specifically, we saw that the angle of the rational Laplace transform 

ft U 

k- 1 _ 

n ( s — 

k -1 

evaluated at some point in the complex plane equals the sum of the angles of the 
r rvf the zeros to in minus the sum of the angles from each of the poles 

rrss .«°ix* am.). »— «.>««»«• y 

eq. (ll.m therefore can sketch the root locus. 

‘TrZ n!S ~i£ p='« •' «■>»<■> *- ■“>' ^ » 9 

im 


Figure 11.10 Geometric procedure for 
angle evaluation for Example 11.1. 

an H <4 the anRles from each of the poles to the point s 0 . Let us first test the angle cn- 
fcriot for pofnts i„ on the real axis. Note firs, that the angle contribution from both 
poles is zero when s is on the real axis to the right of -1. Thus, 

<G(s„)W(io) - 0 - 0•*, io real and greater than -1 
, . „„ mi os these points are on the root locus for K < 0. For points between 

•' -»■ -"" *• - 2 

butes 0. Thus, 

<G(i 0 )«(^o) = s ° real - -2 < *o < -I 

.u • fr,r fc -> 0 Finally each pole contributes an angle of 

irjrsr-s.’ri -i nii — 1 v-- - - -—- 

* < °, „ „ ow cuninc points in the upper half of the .-plans. Since v. know tw 

Iasi'S 

the angle of G(s„)H(s a ) at the point s 0 is 

<G(i 0 )H(io) = -(0 + 0) 
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1 ' >'* p-j^n 


Also, it is clear that as io ranges over the upper half-plane (but not the real axis), we 
have 

0 < d < 71 , 0 <<f> <n 


Thus, 


-In < <G(i)f/(i) < 0 


Therefore, we see immediately that no point in the upper half-plane can be on the 
locus for K < 0 [since <£ G{s)H{s) never equals an even multiple of 7t]. In addition, 
if i 0 is to be on the locus for K > 0, we must have 


<C(i 0 )//(io) = -(9 + <t>) = -n 


or 

9 = 7t — 


Examining the geometry of Figure 11.10, we see that this occurs only for those points 
located on the straight line that is parallel to the imaginary axis and that bisects the 
line joining the poles at —1 and —2. We have now examined the entire i-plane and 
have determined all those points on the root locus. In addition, we know that for 
K = 0, the closed-loop poles equal the poles of G(i)//(i), and as | K | —♦ co, the closed- 
loop poles go to the zeros of G(i)//(i), which in this case are both at infinity. Putting 
this together we can draw the entire root locus, depicted in Figure 11.11, where we have 
indicated the direction of increasing |Jf|, both for K > 0 and for K < 0. 



1*1 

dm 



lb) 


Figure 11.11 Root locus for Example 11.1: (a) .< > 0; (b) K < 0. The poles of 
G(j)W(j), which are located at s = — 1 and s «* —2, have been indicated. 
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Note from the figure that for K > 0 there are two branches of the root locus and 
that the same is true for K < 0. The reason for the existence of two branches is that for 
this example the closed-loop system is second-order and consequently has two poles 
for any specified value of K. Therefore, the root locus has two branches, each of which 
traces the location of one of the closed-loop poles as K is varied, and for any particular 
value of K there is one closed-loop pole on each branch. Again, if we wish to calculate 
the value of K for which a specific point s 0 on the locus is a closed-loop pole, we can 
use eqs. (11.43) and (11.46). 


11.3.5 Properties of the Root Locus 

The procedure outlined in the preceding section and example provides us, in prin¬ 
ciple with a method for determining the root locus for any continuous- or dtscrete- 
time LTI feedback system. That is, we simply determine, graphically or otherwise, 
all those points that satisfy eq. (11.47) or (11.48). Fortunately, there are a number 
of other geometrical properties concerning root loci which make the sketching of 
a locus far less tedious. To begin our discussion of these properties, let us assume 
that we have placed G(s)H(s) in the following standard form: 


G(s)H(s) = 


s m + bp 

5" + + • • • + fl o 


(S - p>) 

n (* - «*> 


(11.50) 


where the **s denote the zeros and the a k 's denote the poles. In general, these may 
be complex We are assuming that the leading coefficient in both the numerator 
and denominator in eq. (11.50) is +1. This can always be achieved by dividing 
the numerator and denominator by the denominator coefficient of 5” and absorbing 
the resulting numerator coefficient of s m into the gam K. For example 


K—±i- i_L— = K- 
*3s 2 + 5s + 2 s 


and the quantity 


is then regarded as the overall gain that is varied in determining the root locus. 
To simplify the discussion somewhat, we also assume that 

m<n (11.5D 


Problem 11.17 considers the case m > n. The following are some properties that 
include earlier observations and that aid in our sketching of the root locus. 


Property 1: For K = 0, the solutions of eq. (11.37) are the poles of G{s)H{s). 
Since we are assuming n poles, the root locus has n branches, each one starting 
(for K = 0) at a pole of G(s)H(s). __ 


Property 1 is the general version of the property we noted in Example 11.1 that 
there is one branch of the root locus for each closed-loop pole. The next property 
is simply a restatement of one of our earlier observations. 
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Property 2: As |/f|—> oo, each branch of the root locus approaches a zero of 
G(s)H(s). Since we are assuming that m <.n, (n — m) of these zeros are at infinity. 


Property 3: Parts of the real 5-axis that lie to the left of an odd number of real 
poles and zeros of G(s)H(s ) are on the root locus for K > 0. Parts of the real 
i-axis that lie to the left of an even number (possibly zero) of poles and zeros 
of G(s)H(s) are on the root locus for K < 0. 


We can see that Property 3 is true as follows. From our discussion in Example 
11.1 and from Figure 11.12(a), we see that if a point on the real 5-axis is to the right 
of a real pole or zero of G(s)H(s), that pole or zero contributes zero to <£G(5 0 )//(5 0 ). 
On the other hand, if 5 0 is to the left of a zero, that zero contributes +», whereas 
if it is to the left of a pole, we get a contribution of —it (since we subtract the pole 
angles). Hence, if 5 0 is to the left of an odd number of real poles and zeros, the total 
contribution of these poles and zeros is an odd multiple of it, whereas if it is to the 
left of an even number of real poles and zeros, the total contribution is an even mul- 




rfm 



Figure 11.12 (a) Angle contribution from real poles and zeros to a point on 

the real axis; (b) total angle contribution from a complex-conjugate pole pair to ’ 

a point on the real axis. T ; 
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echnique, referred to as the Nyquist criterion, differs from the root-locus method 
in two basic ways. Unlike the root-locus method, the Nyquist criterion does not 
provide detailed information concerning the location of the closed-loop poles as a 
function of A but rather simply determines whether or not the system is stable for any 
specified value of K. On the other hand, the Nyquist criterion can be applied to 
nonrational system functions and in situations in which no analytic description of the 
forward and feedback path system functions is available. 

Our objective in this section is to outline the basic ideas behind the Nyquist 
criterion for both continuous-time and discrete-time systems. As we will see, the 
discrete- and continuous-time Nyquist tests are both the result of the same funda¬ 
mental concept, although, as with the root locus method, the actual criteria for 
stability differ because of the differences between continuous and discrete time. More 
detailed developments of the ideas behind the Nyquist criterion and its use in the 
design of feedback systems can be found in texts on the analysis and synthesis of 
feedback systems and automatic control systems.t 

To introduce the method, let us recall that the poles of the closed-loop systems 
of Figure 11.9 and their discrete-time counterparts are the solutions of the equation 

1 + KG(s)H(s) — 0 (continuous time) (11.52) 

and 

1 + KG(z)H(z) = 0 (discrete time) (11.53) 

For discrete-time systems, we want to determine whether any of the solutions of 
eq. (11.53) lie outside the unit circle, and for continuous-time systems whether any 
of the solutions of eq. (11.52) lie in the right half of the s-plane. The Nyquist criterion 
determines this by examination of the values of G(s)H(s ) along the yen-axis and the 
values of G(z)//(z) along the unit circle. The basis for these criteria is the encirclement 
property which we develop in the following subsection. 

11.4.1 The Encirclement Property 

Consider a general rational function W{p\ where p is a complex variable,t and sup¬ 
pose that we plot W(p) for values of p along a closed contour in the p-plane which 
we traverse in a clockwise direction. This is illustrated in Figure 11.16 for a func¬ 
tion 1 V(p) that has two zeros and no poles. In Figure 11.16(a) we have shown a 
closed contour C in the p-plane, and in Figure 11.16(b) we have plotted the closed 
contour of the values of W(p) as p varies around the contour C. In this example 
there is one zero of H'(p) inside the contour and one zero of W(p ) outside the contour. 
At any point p on the contour C, the angle of iV(p) is the sum of the angles of the 
two vectors v, and v 2 to the point p. As we traverse the contour once, the angle 
0, of the vector from the zero inside the contour encounters a net change of —In 

tSee the texts on feedback systems listed in the Bibliography at the end of the book. 

{Because we will use the property we are about to develop for both continuous-time and 
discrete-time feedback systems, we have chosen to phrase the general property in terms of a general 
complex variable p. In the next subsection we use this property to analyze continuous-time feedback 
systems where the complex variable is r. Following this, in Section 11.4.3 we use the encirclement 
property for discrete-time feedback systems in which context the complex variable is z. 
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(a) 



I Figure 11.16 Basic encirclement prop- 

lb) erty. 

radians, whereas the angle 0 2 of the vector from the zero outside the contour encoun¬ 
ters no net change. Thus, on the plot of W(p), there is a net change in angle of —In. 
Said another way, the plot of iV(p) in Figure 11.16(b) encircles the origin once in 
the clockwise direction. More generally, for an arbitrary rational fV(p), as we traverse 
a closed contour in the clockwise direction, any poles and zeros of I V(p) outside 
the contour will contribute no net change to the angle of W(p), whereas each zero 
inside the contour will contribute a net change of —2 n and each pole inside will 
contribute a net change of +2 n. Since each net change of —2 n in I V(p) corresponds 
to one clockwise encirclement of the origin in the W(p) plot, we can state the fol¬ 
lowing basic encirclement property: 

As a closed path C in the p- plane is traversed once in the clockwise direction, 
the plot of W(p) along the contour encircles the origin in the clockwise direction 
a net number of times equal to the number of zeros minus the number of poles 
contained within the contour. 


In applying this statement, a counterclockwise encirclement is interpreted as the 
negative of one clockwise encirclement. For example, if there is one pole and no 
zeros inside the contour there will be one counterclockwise or equivalently minus 
one clockwise encirclement. 

Example 1J.4 

Consider the function 

"'"’'- Ip+l&W/.-M) (1,H) 
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through 5 = 0. Consequently, from eq. (11.43) the corresponding value of K is 

K _ 1 = 2 

K - |G(0)//(0)| 

Thus the system is stable for 0 < K < 2 but is unstable for K ^2. 

For AT < 0, the portions of the real axis lying on the root locus are <SU[s] > 1 
and 2 < < —1. Thus, the root locus again starts at the points s an 

Xlilt L region < <M-1 p»n, 

the complex plane and follows a trajectory such that it returns to the real axis for • 
o» the real »«, one branch nro.e, ,0 ,h. 

and the other to the right toward , - oo, as indicated in Figure 11.13(b), where we 
have displayed an accurate plot of the root locus for AT < 0. 

Rules can be also developed to indicate the location at which the root locus 
,e„e> “d“Lr, .he real ..«• Even wi.hc. rha, preci* , 
can sketch the general shape of the root locus m Hgu« »• Jb and 
deduce that for AT < 0 the system also becomes unstable for |AT| sufficiently larg . 


Example 11.3 

Consider the discrete-time feedback system illustrated in Figure 11.14. In this case 



Figure 11.14 Discrete-time feedback system of Example 11.3. 


As discussed at the beginning of this section, the techniques for sketching the root 
bcus of a discrete-time feedback system are identical to the continuous-time case^ 
Therefore in a manner exactly analogous to that used in the preceding example we 
In deduce the basic form of the root locus for this example which >s llk ' s ' ra(ed ln 
Fiaure 11 15 In this case the portion of the real axis between the two poles of G(z)H(z) 
fa, z = 1/4 and 1= 1/2) is on the root locus for AT > 0, and as AT increases the ecus 
breaks off into the complex plane and returns to the axis 
plane. From there one branch approaches the zero of G(z)H{z) at z - 0 and h 
approaches infinity as K -> oo. The form of the root locus for K<0 consists 
. ra nn t k e rea | axis one approaching 0 and the other infinity. 

a“ we remarked*earlier, while the form of the root locus does no, depend on 
whether the system is a continuous- or discrete-time system, any conclusion regarding 
stability based on examining the locus certainly does. In particular, for t h 's «arnP 
we can conclude that for |AT| sufficiently large, the system is unstable, since one 
two poles has magnitude greater than 1. 
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(b) 


Figure 11.15 Root locus for Example 11.3: (a) K > 0; (b) AT < 0. The poles of 
G(z)H(z) at z = 1/4 and z = 1/2 and the zero of G(z)H (z) at z •■= 0 are indicated 
in the figure. 

11.4 THE NYQUIST STABILITY CRITERION 

As developed in Section 11.3, the root-locus technique provides detailed information 
concerning the location of closed-loop poles as the system gain is varied. From such 
plots, one can determine the damping of the system and its stability characteristics 
as K is varied. Determination of the root locus requires the analytic description of the 
system functions of the forward and feedback paths and is applicable only when 
these transforms are rational. For example, it cannot be directly applied in situations 
in which our knowledge of these system functions is obtained purely from experimen¬ 
tation. 

In this section we introduce another method for the determination of the 
stability of feedback systems as a function of an adjustable gain parameter. This 
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In Figure 11.17 we have depicted several closed contours in the complex p-plane and 
the corresponding plots of W(p) along each of these contours. In Figure 11.17(a), the 
contour C, does not encircle any of the poles or zeros of >V(p), and consequently the 
plot of IV(p) has no net encirclements of zero. In Figure 11.17(b), only the pole at 
p — —1 is contained within the contour C 2 , and the plot of IF(p) encircles the origin 
once in the counterclockwise direction. In Figure 11.17(c), Cj encircles all three poles, 
and the plot of IF(p) encircles the origin three times in a counterclockwise direction. 
In Figure 11.17(d), C, encircles one pole and one zero, and therefore the plot of W(p) 
has no net encirclements of the origin. Finally, in Figure 11.17(e), all of the poles and 
the one zero of 1 V(p) are contained within C,, and thus the plot of 1 V(p) along this 
contour has two net counterclockwise encirclements of the origin. 





Figure 11.17 Basic encirclement prop¬ 
erty for Example 11.4. 
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(d) 




11.4.2 The Nyquist Criterion 

for Continuous-Time LTi Feedback Systems 

In this section we exploit the encirclement property in examining the stability of the 
continuous-time feedback system of Figure 11.9. Stability of this system requires 
that no zeros of 1 + KG(s)H(s) or equivalently of the function 

R(s) = -L + G(s)H(s) (11.55) 

lie in the right half of the y-plane. Thus, in applying the general result developed 
above, we can consider a contour as indicated in Figure 11.18. From the plot of 
R(s) as s traverses the contour C, we can obtain a count of the number of zeros 
minus the number of poles of R(s) contained within the contour by counting the 
number of clockwise encirclements of the origin. As M increases to infinity, this 
then corresponds to the number of zeros minus the number of poles of R(s) in the 
right half of the y-plane. 

Let us examine the evaluation of R(s) along the contour in Figure 11.18 as 
M increases to infinity. Along the semicircular portion of the contour extending into 
the right-half plane, we must ensure that R(s) remains bounded as M increases. 
Specifically, we will assume that R(s) has at least as many poles as zeros. In this case 


j', 
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Figure 11.18 Closed contour contain¬ 
ing a portion of the right-half plane; 
as M —* oo, the contour encloses the 
entire right-half plane. 

= b ' s " ± + • • ~ ± 

' ' a„s" + a„_ x s"~' + -. - + o 0 

and 

lim R(s) = ^ = constant 
i.i— a . 

Therefore, as M increases to infinity, the value of R(s) does not change as we traverse 
the semicircular part of the contour, and consequently the constant value along 
this part is equal to the value of R(s) at the end points, [i.e., R(jco) at co = ±oo]. 

Therefore, the plot of R(s) along the contour of Figure 11.18 can be obtained 
by plotting R(s) along the part of the contour that coincides with the imaginary 
axis, that is, the plot of R(jco) as co varies from -oo to +oo. Since «0'co) equals 
\/K+ G(jcQ)H(jcn), R( s ) alon 8 the contour can be drawn from knowledge of G{j<a) 
and H(jco). If both the forward and feedback path systems are stable, these are simply 
the frequency-response functions of these systems. However, the encirclement prop¬ 
erty for the general function W(p) is simply a property of complex functions. It 
has nothing to do with whether this function arose as the Laplace or z-transform 
of any signal and consequently has nothing to do with regions of convergence. Thus, 
even if the forward and feedback path systems are unstable, if we examine the plot 
of the function R(jco) = I /* + G(jCo)H(jCo) for -oo < co < oo, we can use the en¬ 
circlement property to count the number of zeros minus the number of poles of R(s) 
that lie in the right-half plane. 

Furthermore, from eq. (11.55) we see that the poles of R(s) are simply the 
poles of G(s)H(s), while the zeros of R(s) are the closed-loop poles. In addition, 
since G(jco)H(jco) = R(ja>) - 1/AT, it follows that the plot of G(jco)H(jco) encircles 
the point - I IK exactly as many times as R(jco) encircles the origin. The plot of 
G(ja>)ll(jca) as co varies from -oo to -(-oo is called the Nyquist plot. From the encircle¬ 
ment property we see that the net number of clockwise encirclements of the point 
— 1 /AT by the Nyquist plot equals the number of right-half-plane closed-loop poles 
minus the number of right-half-planc poles of G(s)H(s). For the closed-loop system 
to be stable, we require no right-half-plane closed-loop poles. This yields the Nyquist 
stability criterion: 
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For the closed-loop system to be stable, the net number of clockwise encircle¬ 
ments of the point — I /K by the Nyquist plot of G(jco)H(jco) must equal minus 
the number of right-half-plane poles of G(s)H(s). Equivalently, the net number 
of counterclockwise encirclements must equal the number of right-half-plane poles 
of G(s)H(s). 

For example, if the forward and feedback path systems are stable, then the Nyquist 
plot is simply the plot of the frequency response of the cascade of these two systems. 
In this case, since there are no poles of G(s)H(s) in the right-half plane, the Nyquist 
criterion requires that for stability the net number of encirclements of the point 
— 1 IK must equal zero. 

Example 11.5 


The Bode plot for G(jco)H(j°>) is shown in Figure 11.19. The Nyquist plot depicted in 
Figure 11.20 is constructed directly from these plots of the log-magnitude and phase 
of G(;Ci>)//(/ft>). That is, each point on the Nyquist plot has polar coordinates con- 




Flgure 11.19 Bode plot for G(jo))H(jai) in Example 11.5. 
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■ , r r rrt m cnc fll 471 and (I I 48), we will have the result stated in Property 3 
;ite° an fC Z ihe luon.ribn’icn Iron, .1, poles and z„o, will, nonzero 

maginary parts is an even multiple of a. The key here is that such poles and zeros 
8 • ^-nmnlcx-coniueate pairs and we can consider the contribution from each 
such 'pair as illustrated in Figure 11.12(b). The symmetry in the picture clearly 

■ r ^ that the sum of the angles from this pair to any point i 0 on the real axis 
i^“Se* Summer all conjugate zero pairs and subtracting the sum 
ove P r alUonjugate pole pairs, we get the desired result Thus, any seg-nt^the 

real line between real poles or zeros is on the root locus either for > ’ 

depeX whiter 1. Ite •« .!» I«l> of » »dd o, an ..on nnn.be. of poles and 

As onXseq"'”.' »f Prop.rl.es 1 lo 3. consider a se E n>ent of ' h "“ 1 “ s 
between two poles of C(s)H(s) with no zeros between these poles. From Pr °P"‘y > 
the root locus P begins at the poles and from Property 3 the entire portion of the 
axis between these two poles will lie on the root locus for a positive or ne8 “‘''? 
of values of K. Therefore, as \K\ increases from zero, the two branches of the 
locus that begin at these poles move toward each other along the segment oft 
axis baween the poles. From Property 2, u\K\ increases toward infinity each branch 
of the root locus must approach a zero. Since there are no zeros along thatt port o 

the real axis, the only way that this can happen is if the ran £ es rea 

i v „i,pp for I K 1 sufficiently large. This is illustrated in Figure 11.11, wnere tne 
rXXo haiapoX bLl.en.wo r.,1 poles. As Kir incased, .te root loens 
eventually leaves the real axis, forming two complex-conjugate branches. Summar.z. g 
this discussion, we have the following property of the root locus. 

Property 4: Branches of the root locus between two real poles must break off 
into the complex plane for | AT| large enough. _______ 

Properties 1 to 4 serve to illustrate how characteristics of the root locus can 
be deduced form eqs. (11.37), (11.47), and (11.48). In many case, 
and zeros of C(s)H(s) and then using these four properties suffic P d 
reasonably accurate sketch of the root locus (see Examples 11.2 and 11.3 to tollowj 
In addition to these properties, however, there are numerous other characteristics 
If the rootlocus that allow one to obtain sketches of increasing accuracy. For, exam P*• 
from Property 2 we know that (n - m) branches of the root locus approach mfi y. 
In fact these branches approach infinity at specific angles that can be calculate , 
and therefore these branches are asymptotically parallel to lines at these anges^ 
Moreover it is possible to draw in ,h. asymptotes and p.rt.col.r to de erm.n 
the point at which the asymptotes intersect. These two properties and several others 
are illustrated in Problems 11.21-25. A more detailed development of the root-locus 

method can be found in more advanced texts.) 

In the remainder of this section we present two examples, one in continuous t.m 
and one in discrete time, that illustrate how the four properties that we have descr. 

)Sc«, for example, any of the texts on feedback listed in .he Bibliography a. .he end of .he book. 
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allow us to sketch the root locus and to deduce the stability characteristics of a feed¬ 
back system as the gain K is varied. 

Example 11.2 
Consider 

G(,)M(s) = {s + S ~J + - 2) 

In this example, from Properties 1 and 2, the root locus for both K positive and K 
negative starts at the points s =» —1 and s — -—2. One branch terminates at the 
zero at j = 1 and the other at infinity. 

Let us first consider K > 0. The root locus in this case is illustrated in Figure 
11.13(a). From Property 3 we can identify the regions of the real axis that are on the 
root locus, specifically < -2 and -1 < < 1. Therefore, one branch 

of the root locus for K > 0 originates at s — — 1 and approaches s — 1 as K —* +oo. 
The other branch begins at s = — 2 and extends to the left toward (R ?[j) = —co as 
AT—* Too. 


Figure 11.13 Root locus for Example 11.2: (a) K > 0; (b) K < 0. The poles 
of G(j)//(j) at j = -1 and s — —2 and the zero of G(s)HU) at s = 1 are 
indicaled in the figure. 

Thus, we see that for K > 0, if K is sufficiently large, the system will become 
unstable, as one of the closed-loop poles moves into the right-half plane. The procedure 
that we have used for sketching the root locus does not, of course, indicate the value 
of AT for which this instability develops. However, for this particular example, we see 
that the value of AT for which the instability occurs corresponds to the root locus passing 
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Figure 11.20 Nyquist plot of G(jv)H(jti) for Example 11 . 5 . The arrow on the 
curve indicates the direction of increasing o). 

sistingof the magnitude \G(jCO)HUCO)\ and angle «G(/a>y/Ucu) for some valutt of 
co. The coordinates of G(jCO)HUco) for o)< 0 are obtained 

through the use of the conjugate symmetry property of G(jCO)HUa». This proper y 

ni it indicates the direction in which the Nyquist plot is traversed for the count- 
■ „ nf encirclements in the application of the Nyquist criterion. 

In this example there are-no right-half-plane open-loop poles, and consequently, 
the Nyquist criterion requires that, for stability, there be no net encirclements oft 
poim - I IK. Thus, by inspection of Figure 11.20, the closed-loop system will be stab 
if the point - I IK falls outside the Nyquist contour, that is, if 

-J^O or -* > 1 

which is equivalent to „ , 

K~2l0 or 0 > a > — 1 

Combining these two conditions we obtain the result that the closed-loop system will 
be stable for any choice of K greater than I. 

Example 11.6 

Consider now ^ _j_ j 

G(s)H(s) = ( - _ ,) ( jj qrj) 

The Nyquist plot for this system is indicated in Figu.e 11.21. For this 
G(s)H(s) has one right-half-planc pole. Thus, for stability w y e ^ U ' re h ° ne '° t U _ 1/x - fall 
wise encirclement of the point -I/*, which in turn requires ha. tl« pomt / 
inside the contour. Thus, we will have stability if and only ,f -1 < V* < 
is, if K> 1. 
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Figure 11.21 Nyquist plot for Example 
11.6. The arrow on the curve indicates 
tht direction of increasing (O. 


In the foregoing discussion we have presented a simplified version of the Nyquist 
criterion for determining stability. There are many refinements of the method. For 
example, as we have developed it, the Nyquist plot can be drawn without any dif¬ 
ficulties for stable or unstable G(s)H(s) as long as there are no poles of G(s)H(s ) 
exactly on the /co-axis. When such poles do occur, the value of G(jco)H(jco) is infinite at 
these points. However, as considered in Problem 11.30, the Nyquist criterion can 
be modified to allow for poles of G(s)H(s) on the yea-axis. In addition, ?.r. mentioned 
at the beginning of this section, the Nyquist criterion can also be extended to the 
case in which G(j) and H(s) are not rational. For example, if the forward and feed¬ 
back path systems are both stable, it can be shown that the Nyquist criterion is 
the same when the system functions are nonrational as it is for the rational case. 
That is, the closed-loop system is stable if there are no net encirclements of the point 
— 1 IK. To illustrate the application of the Nyquist criterion for nonrational system 
functions, we present the following example. 

Example 11-7 

Consider the acoustic feedback example discussed in Section 11.2.5. Referring to Figure 
11.7(b), let K = K\Ki and 

G(s)H(s) = -e-‘ T = e-t-r+W 
where we have used the fact that e~ >n = —1. In this case 
G(jco)H(jco) = e-' t " r+ " ) 

and as CO varies from — oo to 4-co, G(jCO)HU<») traces out a circle of radius one in the 
clockwise direction, with one full revolution for every change of 2n\T in cu. This is illus¬ 
trated in Figure 11.22. Since the forward and feedback path systems are stable [the 
cascade G(s)H(s) is simply a time delay), the Nyquist stability cri'erion indicates that 
the closed-loop system will be stable if and only if —1 IK does not fall inside the unit 
circle. Equivalently, we require for stability that 

1*1 < 1 

Since K, and K L represent an acoustic gain and attenuation, respectively, they are both 
positive, which yields the stability condition 

K\Ki < 1 
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114 3 The Nyquist Criterion 

for Discrettt-Time LTI FooMook S,o,e„,o 

As in the continuous-time case, the N„«i» 

is „«ed on ih. f,c, th.t t7b?dl™inTbT e °.»Wn« . pin. of the vine 
contour, for a rational fun i , difference between the continuous- and 

the closed-loop feedback system requires that no zeros o 

R(z) = ^ + G(z)H(z) (1K56) 

lie outside the unit circle. „ r „ nprtv relates to poles and zeros inside any 

^ 

cation. Specifically, let us consider the rational function 

m = R{\) 

obtained by replacing z by its reciprocaL ? >™if *f ‘ ^ 

‘-“KTlrSi. ..-element props sly - ‘ “ %% 

the rmore, on the unit circle, z - e> and l/z 

R{e‘ n ) = R{e-‘ n ) 

, .• fir,'! „« 7 traverses the unit circle in the clockwise 

From this we sec that evaluat,n ®/^ ) ) as travcrscs the unit circle in the counter¬ 
direction is identical to evaluating < ) 1 traversed once in the counter- 

clockwise direction. In summary, as the unit circle 
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clockwise direction (e.g., as increases from 0 to 2 n), the plot of R(e in ) encircles 
the origin in a clockwise direction a net number of times equal to the number of 
zeros minus the number of poles of R(z) outside the unit circle. 

Much as in the continuous-time case, counting the encirclements of the origin 
by R{e ,n ) is equivalent to counting the number of encirclements of the point \jK 
by the plot of G(e in )H(e in ), again referred to as the Nyquist plot, which is plotted 
as a varies from 0 to In. Also, the poles of R(z) are precisely the poles of G(z)H(z) 
and the zeros of R(z) are the closed-loop poles. Therefore, the encirclement property 
stated in the preceding paragraph implies that the net number of clockwise encir¬ 
clements by the Nyquist plot of the point -1 IK equals the number of closed-loop 
poles outside the unit circle minus the number of poles of G(z)H(z) outside the unit 
circle. In order that the closed-loop system be stable, we require no closed-loop 
poles outside the unit circle. This yields the discrete-time Nyquist stability criterion: 

For the closed-loop system to be stable, the net number of clockwise encircle¬ 
ments of the point -1 IK by the Nyquist plot of G{e in )H(e tn ) as fl varies from 
0 to In must equal minus the number of poles of G(z)H(z) that lie outside the 
unit circle. Equivalently, the net number of counterclockwise encirclements must 
equal the number of poles of G(z)H(z) outside the unit circle. 


Example 11.8 
Let 


C(z)H(z) --- 


1 

z(Z + jr) 


The Nyquist' plot for this example is shown in Figure 11.23. Since G(z)H<z) has no 
poles outside the unit circle, for the stability of the closed-loop system there must be 
no encirclements of the (-1/AT) point. From the figure we see that this will be the case 
either if (-1/if) < -I or if (— l/AT) > 2. Thus, the system is stable for -X < K < J. 



Figure 11.23 Nyquist plot for Example 11.8. The arrow on the curve indicates 
ihe direction in which the curve is traversed as ft increases from 0 to 2ir. 
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j„ continuous lime, if .he Ibtwatd and feedback path systems are sjable 
the, the Nyquist plot can be obtained front the 

0(0 of thece systems. If the forwar d ami ''„ c /unction C W H(c) 

r^“e r i;" 0 r™,":t, .fid the N,qui S , stability c,i.«.ion can be 
applied. 

As we have seen in this section ‘he Nyqui- «ah 
method for determimng the range of ™ lu “ 0 * This criterio n and the mot¬ 
or discrete-time feedback system ts stable (or impleme „tation of 

locus method are extremely impor an o . p ore xample, the Nyquist 

feedback systems, and each has its own uses and met hod 

criterion can be applied tcmonrahona sys e^n un^iio^ ^ ^ ^ Qn , y stabilit y 

osci.fa.ion frequency, and so on, whtch a« ^t“ 0 i°T.n addition.. 

——- 

acteristic of closed-loop system behavior. 


5 GAIN AND PHASE MARGINS 

this section .« introduce and esamine the 
, feedback system. Specifically, it is often of on., to J^ ^ 

system is stable but also to tkt.rm.nc how much the fiat , J, „ 

tutbed and how much add,,,ona. phase sM cat, be addcd »_ ^ ^ 

becomes unstable. ,nfo ™ a ‘ 10 ". functions are known only approximately 

££££ “ S^ause of wear, the efiec, of hifih temper,. 

dSred and the '- X 

obtained approximate descriptions ° approximate descriptions are 

amplifier gain so that the system w. bc s ab! ,/W rtionality tha t 

accurate. However, the amplifier g a,n , and f “* C °” m eter are never known 
describes the angle-voltage characteristic P the 

exactly, and therefore the actua, gain in ^J^^^e.Te damping char- 
nominal value assumed in designing the syst Decision and thus the 

ac,eristics of the motor cannot be J “ m.imate speci- 

actual time constant of the motor response m„ dtlTm from * » nomin al 

_ ;r iin.. irtnnl motor time constant is larger man nn- 

fication. For example, if the actual mo or u , • hl than anticipated, 

value used in the design, the motor will respond."^ U “em As we have dis- 
thereby producing an effective time delay in the feedback system. 
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cussed in earlier chapters and as we will again in Example 11.11, time delays have 
the effect of increasing the negative phase in the frequency response of a system, and 
this phase shift can have a destabilizing influence. Because of the possible presence of 
gain and phase errors such as those that we have just described, it is clearly desirable 
to set the amplifier gain so that there is some margin for error, that is, so that the 
actual system will remain stable even if it differs somewhat from the approximate 
model used in the design process. 

In this section we introduce one method for quantifying the margin of stability 
in a feedback system. To do this, we consider a closed-loop system as depicted in 
Figure 11.24, which has been designed to be stable assuming given, nominal values 
for the forward and feedback path system functions. For our discussion here we let 
H(s) and G(s) denote these nominal values. Also, since the basic concepts are identical 
for both continuous- and discrete-time systems, we will again focus our development 
on the continuous-time case, and at the end of the section we illustrate the appli¬ 
cation of these ideas to a discrete-time example. 



Figure 11-24 Typical feedback system designed to be stable assuming nominal 
descriptions for H(s) and G(j). 

To assess the margin of stability in our feedback system, suppose that the 
actual system is as depicted in Figure 11.25, where we have allowed for the possibility 
of a gain K and negative phase shift —<j> in the feedback path. In our nominal system 
K is unity and 0 is zero, but in the actual system these quantities may have different 
values. Therefore, it is of interest to know how much variation can be tolerated in 
these quantities without losing closed-loop system stability. In particular, the gain 
margin of the feedback system is defined as the minimum amount of additional gain 
K with <{> = 0, that is required so that the closed-loop system becomes unstable. 
Similarly, the phase margin is the additional amount of phase shift, with K= 1, 
that is required for the system to be unstable. By convention the pht.se margin is 



Figure 11.25 Feedback system conlaining possible gain and phase deviations 
from the nominal description depicted in Figure 11.24. 
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expressed as a positive quantity. That is, it equals the magnitude of the add.t.onal 
negative phase shift for which the feedback system becomes unstable. 

8 Since the closed-loop system of Figure 11.24 is stable, the system of Figure 
11 25 can only become unstable if, as K and 0 are varied, at least one pole of the 
closed-loop system crosses the Jco- axis. If a pole of the closed-loop is on the ;co-ax,s 
at, say, co = ta 0 , then at this frequency 

1 + A'e"-'*G(;ai 0 )//(;w 0 ) = 0 

Ke-‘*G(j(o a )H(j<»a) = -1 (H-57) 

Note that with K = 1 and 0 = 0, by our assumption of stability for the nominal 
feedback system of Figure 11.24, there is no value of co 0 for which cq. 01.57) -s 
satisfied. The gain margin of this system is the minimum value of K > 1 for which 
eq. (11.57) has a solution for some co 0 with 0 = 0. That is, the gain margin is the 
smallest value of K for which the equation 

ffi(M)W(M) = -1 (11,58) 

has a solution. Similarly, the phase margin is the minimum value of 0 for which eq. 
(11.57) has a solution for some value of co 0 when K = 1. In other words, the phase 
margin is the smallest value of 0 > 0 for which the equation 

e->*G(j<o a )H{jcof) = -1 (11-59) 

HaSa To "illustrate the calculation and graphical interpretation of gain and phase 
margins, we consider the following example. 

Example 11.9 
Let 

4(1 + |r) 

G(s)H(s) = i(1 +2 j)(l + 0.05s + (0.1257)*) 

The Bode plot for this example is shown in Figure 11.26. Note that as discussed in 
Problem 4 47 the factor of 1 ijco in G0«)tf(;W) contributes -90 (-71/2 radians) 
of phase shift’and a 20-dB per decade decrease in To determine t e 

gain margin, we observe that with 0=0, the only frequency at which eq. , 58) ca " 
be satisfied is that for which <C(yco <> )//(ya, 0 ) = -n A. ^uency *he gam 
margin in decibels can be identified by inspection of Figure 11.26 Specifically, we 
first examine Figure 11.26(b) to determine the frequency CO , at which the angle: curv 
crosses the - n radians line. Locating the point at this same frequency in Figure 11.26(a) 
provides us with the value of \G(] 0 ),)H(j 0 ) x )\. For eq. (11.58) -o be sa -sfied or 
L =0), K must equal l/|C(;W,)//(;«,)| .This value is the gam margini. As illustrated 
in Figure 11.26(a) the gain margin expressed in decibels can be identified as the anrou 
the log-magnitude curve would have to be shifted up so that the curve intersects th 

0-dB line at the frequency CO,. . , , . 

In a similar fashion we can determine the phase margin. Note first ,hat ° nl * 
frequency at which eq.(l 1.59)can be satisfied is that for which 201 og 1 „|COm„)//(ymo) 
= 0. To determine the phase margin we first find the frequency co t m F.gu 1 •“« 
a. which the log-magnitude curve crosses theO-dB line Locating he pomtal h. same 
frequency in Figure 11.26(b) provides us with the value of ^ 

(11.59) to be satisfied for w 0 - « 2 it must be true that the angle of the left-hand 
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Figure 11.26 Use of Bode plots to calculate gain and phase margins for the 
system of Example 11.9. 

of this equation is -71. The value of 0 for which this is true is the phase margin. As 
illustrated in Figure 11.26(b), the phase margin can be identified as the amount the 
angle curve would have to be lowered so that the curve intersects the —71 line at the 
frequency o> 2 . 

In determining gain and phase margins, it is not always of interest to identify 
explicity the frequency at which the poles will cross the jco- axis. Thus, it is more 
typical to identify gain and phase margins from a log magnitude-phase diagram. 
For example, the log magnitude-phase diagram for the example of Figure 11.26 
is shown in Figure 11.27. In this figure we plot 20 log, 0 1 G(jco)H(jco)\ versus 
dfG(jco)HUco) as co varies from 0 to +oo. Therefore, because of the conjugate 
symmetry of G(jco)H(jco), this plot contains the same information as the Nyquist 
plot, in which tSie{G(jco)H(jco)} is plotted versus 3m{G(jco)H(jco)} for — oo < co < oo. 
As we have indicated in the figure, the phase margin can be read off by locating the 
intersection of the log magn.tude-phase plot with the 0-dB line. That is, the phase 
margin is the amount of additional negative phase shift required to shift the log 
magnitude-phase curve so that it intersects theO-dB line with exactly 180° (ti radians) 
of phase shift. Similarly, the gain margin is directly obtained from the intersection 


Sec. 11.5 Gain and Phase Margins 


727 











<} G(i<j)H(iu] 


Figure 11.27 Log magnitude-phase plot for the system of Example 11.9. 


of the log magnitude-phase curve with the -* radians phase line, and this represents 
the^amounl of additional g.in needed <l». .he enr.e aos.e, ,he -, l.ae «•!> 

' m ’ m=“ W°owing B e»»plee ° ,h " of '° e 



<5 Gtjiol H(jto) 

Figure 11.28 Log magnitude-phase plot for the first-order system of Example 
11 . 10 . 
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Example 11.10 
Consider 

GW//w= i7TT’ T>0 

In this case, we obtain the log magnitude-phase plot depicted in Figure 11.28. This 
has a phase margin of 7 t and, since the curve does not intersect the — n line, this system 
has infinite gain margin (i.e., we can increase the gain as much as we like and maintain 
stability). This is consistent with the conclusion that we can draw by examining the 
system illustrated in Figure 11.29(a). Specifically, in Figure 11.29(b) we have depicted 
the root locus for this system with $ = 0 and K > 0. From this figure it is evident 
that the system is stable for any positive value of K. In addition, if K — 1 and <fi — n 
so that e J * = — 1, the closed-loop system function for the system of Figure 11.29(a) is 
1/ts so that the system is unstable. 



lb) 


Figure 11.29 (a) First-order feedback system with possible gain and phase 
variations in the feedback path; (b) root locus for this system with <t> - 0, K > 0. 

Example 11.11 

Suppose we now consider the second-order system 

"M-jt+ThTT c W = 1 (1L60) 

The system H(s) has an undamped natural frequency of 1 and a damping ratio of 0.5. 
The log magnitude-phase plot for this system is illustrated in Figure 11.30. Again 
we have infinite gain margin, but a phase margin of only n/2, since it can be shown 
by a straightforward calculation that \H{j(x)) \ = 1 for O) ~ 1, and at this frequency 
<//(./<») = -njl. 

With this example we can illustrate the type of problem that can be solved using 
the concepts of gain and phase margins. Specifically, suppose that the feedback system 
specified by eq. (11.60) cannot be realized. Rather, some unavoidable time delay is 
introduced in the feedback path. That is, 

G{s) = e— 
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Figure 11.30 Log magnitude-phase plot for the second-order system of Ex¬ 
ample 11.11. 

where T is the time delay. What we would like to know is how small this time delay 
must be to ensure the stability of the closed-loop system. 

The first point to note is that 

l«-*"|-l 

so this time delay does not change the magnitude of H(jco)G(jco). On the other hand, 

' = —COT radians 

Thus every point on the curve in Figure 11.30 is shifted to the left. The amount of the 
shift is proportional to the value of cO for each point on the log magnitude-phase curve. 

From this discussion we see that instability will occur once the phase margin is 
reduced to zero, and this will occur when the phase shift introduced by the delay is 
equal to -71/2 at co = 1. That is, the critical value t* of the time delay satisfies 

<«-'*= —* = 

or (assuming that the units of co are radians/second) 

T* ~ 1.57 seconds 

Thus, for any time delay T < T*, the system remains stable. 

Example 11.12 . 

Consider again the acoustic feedback system discussed in Section 11.2.5 and in Exatnple 

117 Here we assume tha, the system of Figure 11.7 has been designed with AiA 2 

so that the closed-loop system is stable. In this case the log magnitude-phase plot Tor 
G(s)H(s) = AT, AT 2 «-‘* rtW is illustrated in Figure 11.31. From this figure we see that the 
system has infinite phase margin and a gain margin in decibels of -20 log,, (X,^) 
(i.e., this is precisely the gain factor that, when multiplied by K,K 2 , equals 1). 
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Figure 11.31 Log magnitude-phase plot for Example 11.12. 

As indicated at the start of the section, the definitions of gain and phase margins 
are the same for discrete-time feedback systems. Specifically, if we have a stable 
discrete-time feedback system, the gain margin is the minimum amount of additional 
gain required in the feedback system so that the closed-loop system becomes un¬ 
stable. Similarly, the phase margin is the minimum amount of additional negative 
phase shift required for the feedback system to be unstable. The following example 
illustrates the graphical calculation of phase and gain margins for a discrete-time 
feedback system. The procedure is essentially the same as for continuous-time systems. 
Example 11.13 

In this example we illustrate the concept of gain and phase margin for the discrete-time 
feedback system depicted in Figure 11.32. Here 

G{z)H(z) = 4 

and by direct calculation we can check that this system is stable for K = 1 and <j> = 0. 
In Figure 11.33 we have displayed the log magnitude-phase diagram for this system; 
that is, we have plotted 20 log,„ | C(e' n )//(e' n )| versus <C(e' n )//(e' n ) as Q varies from 
0 to 2 7 t. The system has a gain margin of 1.68 dB and a phase margin of 0.0685 radians 
(3.93°). 



Figure 11.32 Discrete-time feedback system of Example 11.13. 
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Figure 11.33 Log magnitude-phase diagram for the discrete-time feedback 
system of Example 11.13. 


In concluding this section it should be stressed that the gain margin is the 
minimum value of gain that moves one or more of the closed-loop poles onto the 
/w-axis and consequently causes the system to become unstable. It is important to 
note, however, that this does not imply that the system is unstable for all values of 
gain above the value specified by the gain margin. For example, as illustrated in 
Problem 11.37, as K increases, the root locus may move from the left-half plane 
into the right-half plane and then cross back into the left-half plane. The gain margin 
provides us with the information about how much the gain can be increased unti 
the poles first reach the ycu-axis, but it tells us nothing about the possibility that the 
system may again be stable for even larger values of the gain. To obtain such infor¬ 
mation we must either refer to the root locus or use the Nyquist stability criterion 
(see Problem 11.37).t 


SUMMARY 

In this chapter we have examined a number of the applications and several techniques 
for the analysis of feedback systems. Specifically, we have seen how the use of Laplace 
and z-transforms allows us to analyze these systems algebraically and graphically. 
In Section 11.2 we indicated several of the applications of feedback, including the 
design of inverse systems, the stabilization of unstable systems, and the design o 
tracking systems. We also saw that feedback can destabilize as well as stabilize. 

t For detailed discussions of this point and also of gain and phase margins and log magnitude- 
phase diagrams in general, see the texts on feedback listed in the Bibliography at the end of the 
book. 
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In Section 11.3 we described the root-locus method for plotting the poles of 
the closed-loop system as a function of a gain parameter. Here we found that the 
geometric evaluation of the phase of a rational Laplace or z-transform allowed us to 
gain a significant amount of insight into the properties of the root locus. These 
properties often allow us to obtain a reasonably accurate sketch of the root locus 
without performing complex calculations. 

In contrast to the root-locus method, the Nyquist criterion of Section 11.4 is a 
technique for determining the stability of a feedback system, again as a function of 
a variable gain, without obtaining a detailed description of the location of the closed- 
loop poles. The Nyquist criterion is applicable to nonrational system functions and 
thus can be used when all that is available are experimentally determined frequency 
responses. The same is true of the gain and phase margins described in Section 11.5. 
These quantities provide a measure of the margin of stability in a feedback system 
and therefore are of importance to designers in allowing them to determine how 
robust a system is to discrepancies between estimates of the forward and feedback 
path system functions and their actual values. 


PROBLEMS 

11.1. In this problem we provide an illustration of how feedback can be used to increase the 
bandwidth of an amplifier. Consider an amplifier whose gain falls off at high fre¬ 
quencies. Specifically, suppose that the system function of this amplifier is 


(a) What is the dc gain of the amplifier (i.e., the magnitude of its frequency response 
at 0 frequency)? 

(b) What is the system time constant 7 

(c) Suppose that we define bandwidth as the frequency at which the magnitude of 
the amplifier frequency response is 1 l*/~T times its magnitude at dc. What is the 
bandwidth of this amplifier? 

(d) Suppose that we place this amplifier in a feedback loop as depicted in Figure PI 1.1. 
What is the dc gain of the closed-loop system? What are the time constant and 
bandwidth of the closed-loop system? 

(e) Find the value of K that leads to a closed-loop bandwidth that is exactly double 



Figure Pll.l 
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Figure 11.30 Log magnitude-phase plot for the second-order system of Ex¬ 
ample 11.11. 

where T is the time delay. What we would like to know is how small this time delay 
must be to ensure the stability of the closed-loop system. 

The first point to note is that 

= 1 

SO this time delay does not change the magnitude of mjO»GUo». On the other hand, 
= —cox radians 

Thus every point on the curve in Figure 11.30 is shifted to the left. The amount of the 
shift is proportional to the value of © for each point on the log magnitude-phase curve 
From this discussion we see that instability will occur once the phase margin is 
reduced to zero, and this will occur when the phase shift introduced by the delay is 
equal to -tr/2 at Q) = 1. That is, the critical value T* of the time delay satisfies 



or (assuming that the units of co are radians/second) 
x* ~ 1.57 seconds 

Thus, for any time delay T < T*. the system remains stable. 

Example 11.12 .. _ , 

Consider again the acoustic feedback system discussed in Section 11 .2.5 and 'nExamp 
11 7 Here we assume.ha, the system of Figure 11.7 has been designed with < 1. 

so that the closed-loop system is stable. In this case the log magnitude-phase plo or 
G(s)H(s) = 1 C,^-«' r+w illustrated in Figure 11.31. Fromthis fi 8 ure ^ esee 

system has infinite phase margin and a gain margin in decibels of ? ' 

(i.e., this is precisely the gain factor that, when multiplied by K t K 2 , equals 1). 
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As indicated at the start of the section, the definitions of gain and phase margins 
are the same for discrete-time feedback systems. Specifically, if we have a stable 
discrete-time feedback system, the gain margin is the minimum amount of additional 
gain required in the feedback system so that the closed-loop system becomes un¬ 
stable. Similarly, the phase margin is the minimum amount of additional negative 
phase shift required for the feedback system to be unstable. The following example 
illustrates the graphical calculation of phase and gain margins for a discrete-time 
feedback system. The procedure is essentially the same as for continuous-time systems. 

Example 11.13 

In this example we illustrate the concept of gain and phase margin for the discrete-time 
feedback system depicted in Figure 11.32. Here 

ZeZl z -. 

G(z)H(z) = 

and by direct calculation we can check that this system is stable -'or K = 1 and <j> - 0. 
In Figure 11 33 we have displayed the log magnitude-phase diagram for this system; 
(hat is, we have plotted 20 log,, |C(e' n )//(e' n )I versus <£G(e' n W(e' n ) as ft varies from 
0 to 2 7 t. The system has a gain margin of 1.68 dB and a phase margin of 0.0685 radians 
(3.93°). 



Figure 11.32 Discrete-time feedback system of Example 11.13. 
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Figure 11.33 Log magnitude-phase diagram for the discrete-time feedback 
system of Example 11.13. 

In concluding this section it should be stressed that the gain margin is the 
minimum value of gain that moves one or more of the closed-loop poles onto t 
/co-axis and consequently causes the system to become unstable. It is important to 
note, however, that this does no, imply that the system is unstable for all values of 
gain above the value specified by the gain margin. For example as titrated in 
Problem 11.37, as K increases, the root locus may move from the left-half plane 
into the 1 right-half plane and then cross back into the left-half plane The gam margin 
provides us with the information about how much the gain can be increased unt 
the poles first reach thejoi-axis, but it tells us nothing about the possibility that the 
system may again be stable for even larger values of the gain. To obtain such info ¬ 
rmation we must either refer to the root locus or use the Nyqu.st stability criterion 
(see Problem 11.37).t 

SUMMARY 

In this chapter we have examined a number of the applications and several techniques 
for the analysis of feedback systems. Specifically, we have seen how the use of Laplace 
and z-transforms allows us to analyze these systems algebraically and graphtca 
In Section 11.2 we indicated several of the applications of feedback, including the 
design of inverse systems, the stabilization of unstable systems, and the design 
tracking systems. We also saw that feedback can destabilize as well as stabilize. 

t For detailed discussions of this point and also of gain and phase margins and log rnagnitude- 
phase diagrams in general, see the lexis on feedback listed in the Bibliography at the end of the 
book. 
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In Section 11.3 we described the root-locus method for plotting the poles of 
the closed-loop system as a function of a gain parameter. Here we found that the 
geometric evaluation of the phase of a rational Laplace or z-transform allowed us to 
gain a significant amount of insight into the properties of the root locus. These 
properties often allow us to obtain a reasonably accurate sketch of the root locus 
without performing complex calculations. 

In contrast to the root-locus method, the Nyquist criterion of Section 11.4 is a 
technique for determining the stability of a feedback system, again as a function of 
a variable gain, without obtaining a detailed description of the location of the closed- 
loop poles. The Nyquist criterion is applicable to nonrational system functions and 
thus can be used when all that is available are experimentally deterinined frequency 
responses. The same is true of the gain and phase margins described in Section 11.5. 
These quantities provide a measure of the margin of stability in a feedback system 
and therefore are of importance to designers in allowing them to determine how 
robust a system is to discrepancies between estimates of the forward and feedback 
path system functions and their actual values. 


PROBLEMS 


11.1. In this problem we provide an illustration of how feedback can be used to increase the 
bandwidth of an amplifier. Consider an amplifier whose gain falls off at high fre¬ 
quencies. Specifically, suppose that the system function of this amplifier is 


H(s) 


Go 

! + « 


(a) What is the dc gain of the amplifier (i.e., the magnitude of its frequency response 
at 0 frequency)? 

(b) What is the system time constant ? 

(c) Suppose that we define bandwidth as the frequency at which the magnitude of 
the amplifier frequency response is l/v'T times its magnitude at dc. What is the 
bandwidth of this amplifier? 

(d) Suppose that we place this amplifier in a feedback loop as depicted in Figure Pll.l. 
What is the dc gain of the closed-loop system? What are the time constant and 
bandwidth of the closed-loop system? 

(e) Find the value of K that leads to a closed-loop bandwidth that is exactly double 



Figure Pll.l 
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,he bandwidth of the opcn-loop amplifier. What are the corresponding closed-loop 
wstem time constant snd dc gsin ? 

U 2 Consider the feedback system of Figure PI 1X2. Find the closed-loop poles and zeros 
of this system for the following values of K: 

(i) A - = 0.1 

(ii) X = 1 

(iii) X = 10 

(iv) X = 100 



Figure PI 1.2 


,u. i" «. ■" 

/ lhe allr „„„ be,wren (he two voltage. 

ZSZnM. - the on,pot voltage v.«> K *«*» ““ 

*.(/)- KM) - ®iW] (P1 } 



Figure Pll.3-1 


Consider the operational amplifier connectionLT1 

figure Z,M and Z,(») are impedances (that_ is each J and whose 

system whose input is the current fiowm 'trough■ (hat the inpu , 
output is the voltage across the elemen ). PP impedance is 

impedance of the operational amplifier is infimte and. the Lapla ce 

■zero we obtain the following relationship between K.W. r^h 
transforms of v,(t). v,(t), and v o (0, respect.vely: 
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Figure PI 1.3-2 


Also, from eq. (Pll.3-1) and Figure PI 1.3-2, we see that 

K(s) = -XV,(s) 


(a) Show that the system function 


U(s) = 


V.U) 

~Vt(s) 


(PI 1.3-3) 


for the interconnection of Figure PI 1.3-2 is identical to the overall closed-loop 
system function for the system of Figure PI 1.3-3. 



(b) Show that if X> 1, then 


H(s)~ 


Z t (s) 

Z,(s) 


(c) Suppose that Z,(s) and Z 1 (s) are both pure resistances, R, and Ri, respectively. 
A typical value for 7? 2 /7?, is in the range 1 to 10\ while a typical value for K is 
10 6 . Calculate the actual system function for this value of X and for Ri/R, equal 
to 1 and to 10 3 , and compare each resulting value to -Ri/R,. This should give 
you some idea of how good the approximation of part (b) typically is. 

(d) One of the important uses of feedback is in the reduction of system sensitivity 
to variations in parameters. This is particularly important for circuits in¬ 
volving operational amplifiers, which have high gains that may be known only 
approximately. 
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. , ... n id = io J . What is the 

» "ist.'XXi"ZU>' -' - sWm "* ch ‘“‘“ 

10* t0 5 x 105 ? „ . co , hat a 50“/ reduction in its value results in only a 
(U) r7reducUoTin the closed-loop gain? Again take *,/*. = ^ 

(e) ConsideMhe circuit of Figure P‘1.3-f- In lhls 6356 ^ 

Z,(s) = R , - s 


c 



Figure P11.3-4 

• j • K„„r P Pll 3-5 where the impedance Z ,(s) = R > 

v d Id 



Figure PU.3-5 
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the idealized relationship of eq. (Pll.3-4) assumes that there is no possibility of a 
negative diode current. Usually, there is some small maximum negative value of 
diode current but we will neglect this possibility in our analysis. 

tta. the input intpedenee of the oper.t.on. ,ntp, too 
infinite and that its output impedance is zero, show that the following 
relations hold: 

vM = «/<) + RiJj) + (P11 - 3 ' 5) 

«„(/) = -K[v„(/) - «a(0] (PI 1.3-6) 

(ii) Show that for K large, the relationship between «„(/) and vM is essentially 
’ the same as in the feedback system of Figure PI 1.3-6, where the system in 



Figure PI 13-6 


the feedback path is a nonlinear memoryless system with input vM) and 
output 

*{/) = RMe*' M/kT 

(iii) Show that for K large 

, v _ kT - (__vjU)\ (PI 1.3-7) 

*•(')-7 ln [ rm) 


Note that eq. (PI 1.3-7) only makes sense for a negative v,(t), which is 
consistent with the requirement that the diode current cannot be negative. If a 
positive s,(O is applied, the current W » cannot balance the current through the 
resistor. Thus, a nonnegligible current is fed into the amplifier, causing it to 
saturate. 


11 4 Consider the basic feedback systems of Figure 11.3. Determine the closed-loop system 
‘ ’ impulse response for each of the following specifications of the system functions 
the forward and feedback paths. 


(a) H(s) = 


1 

(j + 1)U + 3)’ 


G(s) - 1 


(b) hu ) = tTi* g{s) ~ rri 

(c) HU) = i< G(s) = e ~‘ n 

(d) //(z) = p ^ r r. CWH-K 1 

(e) HU) = $ - K’> C(z) = r- iz-" 1 

. „ , x nnnrecursive discrete-time LTI filter depicted in Figure Pll.5-1. 

’ °° Through the use of feedback around this nonrecursive system, a recursive filter 
can be implemented. Specifically, consider the configuration shown in Figure 
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Figure Pll.5-1 


PI 1.5-2, where H(z) is the system function of the nonrecursive LTI system of 
Figure PI 1.5-1. Determine the overall system function of this feedback system and 
also find the difference equation relating the input and output of the overall system, 
(b) Now suppose that H(z) in Figure Pll.5-2 is the system function of a recurstve LTI 
system. Specifically, suppose that 

2 c i z ~‘ 

H(z) = # - 

2 d,z-< 

i -1 

Show how one can find values of the coefficients K, c,. c N , and d 0 ,..., d N 

so that the closed-loop system function is given by 


<200 = 


2 b,z-‘ 

i-o _ 

.v 

2 a,z-‘ 
/-0 


where the a* and b( are specified coefficients. 



Figure Pll.5-2 


In this problem we have seen that the use of feedback provides us wdh alterna- 
tive implementations of LTI systems specified by linear constant-coefficten. difference 
equations. The implementation in part (a), consisting < of feedback around a non^ 
recursive system, is particularly interesting, as some technologies are ideally su 
implementing tapped delay line structures (i.e., systems conststmg of chains of delay 
with taps at each delay whose outputs are weighted and then summed). 

11.6. Consider an inverted pendulum mounted on a movable cart as depicted>'®“ r ' 
PI 1.6. Here we have modeled the pendulum as consisting of a massless rod of Icng 
L, with a mass m attached a, the end. The variable 0(0 denotes the pendulums angula 
deflection from vertical, g is gravitational acceleration, 40 is the posrtton of the 
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Figure P11.6 


1 sit) 

with respect to some reference point, a(t ) is the acceleration of the cart, and x (/) 
represents the angular acceleration resulting from any disturbances, such as gusts of 
wind. 

Our goal in this problem is to analyze the dynamics of the inverted pendulum 
and more specifically to investigate the problem of balancing the pendulum by judi¬ 
cious choice of the cart acceleration a(t). The differential equation relating 0(0, o(r), 
and x(l) is 

L d ~^ = g sin [0(/)] - o(l) cos [0(0] + Lx(t) (PI 1.6-1) 

This relation merely equates the actual acceleration of the mass along a direction 
perpendicular to the rod to the applied accelerations [gravity, the disturbance accelera¬ 
tion due to 40, and the cart acceleration] along this direction. 

Note that eq. (PI 1.6-1) is a nonlinear differential equation relating 0(0, 40, 
and x(t). The detailed, exact analysis of the behavior of the pendulum therefore 
requires that we examine this nonlinear equation; however, we can obtain a great 
deal of insight into the dynamics of the inverted pendulum by performing a linearized 
analysis. Specifically, let us examine the dynamics of the pendulum when it is nearly 
vertical [i.e., when 0(0 is small]. In this case we can make the approximations 

sin [0(0] ~ 0(0, cos [0«] - 1 (PI 1.6-2) 

(a) Suppose that the cart is stationary [i.e., a(t) = 0] and consider the causal LTI 
system with input x(t) and output 0(0, described by eq. (PI 1.6-1) together with the 
approximations given in eq. (PI 1.6-2). Find the system function for this system and 
show that it has a pole in the right-half plane, implying that the system is unstable. 

What the result of part (a) indicates is that if the cart is stationary, any minor 
angular disturbance caused by 40 will lead to growing angular deviations from 
vertical. Clearly, at some point these deviations will become sufficiently large so that 
the approximations of eq. (PI 1.6-2) will no longer be valid. At this point the linearized 
analysis is no longer accurate, but the fact that it is accurate for small angular dis¬ 
placements allows us to conclude that the vertical equilibrium position is unstable, 
as small angular displacements will grow rather than diminish. 

(b) We now wish to consider the problem of stabilizing the vertical position of the 
pendulum by moving the cart in an appropriate fashion. Suppose that we try 
proportional feedback, 

a(t) = *0(0 
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Assume that 6(t) is small so that the approximations in eq. (PI 1.6-2) are valid. 
Draw a block diagram of the linearized system with 0(r) as output, x(t) as the 
external input, and a(t) as the signal which is fed back. Show that the resulting 
closed-loop system is unstable. Find a value of K so that if x(t) = 5(t), the pen¬ 
dulum will sway back and forth in an undamped oscillatory fashion. 

(c) Consider using proportional plus derivative (PD) feedback, 

a(l ) = KiQ{t) + Ki 


Show that one can find values of AT, and K, that do stabilize the pendulum. In fact, 
using the following values for g and L 


g = 9.8 m/sec 2 
L — 0.5 m 


(PI 1.6-3) 


choose values of and so that the damping ratio of the closed-loop system is 
1 and the natural frequency is 3 rad/sec. 

11.7. Consider the causal discrete-time system depicted in Figure PI 1.7. 



(a) Show that this is not a stable system. 

(b) Suppose that we allow feedback with one unit delay. That is, suppose that 

jc[n] = x,[n] - A>[« — 1 ] 

where x,[/i] is an externally applied signal now regarded as the input to the overall 
closed-loop system. Is it possible to stabilize the system with feedback of this form 
If so, find the maximum range of values of K for which the system is stable. 

(c) Suppose that instead of using feedback with one unit of delay as in part ( ), we 

allow feedback with two units of delay so that 

x[n] = - Kyi" — 2] 

Specify the full range of values of K (if any such values exist), for which this 

system is stable. 

11.8. As we have seen, the system function algebra of Laplace and z transforms allows us 

to determine with relative ease the system functions of interconnections of LTI systems 

in terms of the system functions of the component systems. To illustrate this consi 

the interconnected feedback systems shown in Figure PI 1.8. Determine the overall 

system function from input to output for each of these. 
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Figure Pll.8 | - 


11.9. In this problem we consider several examples of the design of tracking systems. 
Consider the system depicted in Figure PI 1.9. Here H„{s) is the system whose output 
is to be controlled, and H c (s) is the compensator to be designed. Our objective in 
choosing H c (s) is that we would like the output y{t) to follow the input x(t). Speci¬ 
fically, in addition to stabilizing the system, we would also like to design the system 
so that the error e{t) decays to zero for certain specified inputs. 

(a) Suppose that 

*W-7XV a *° (PH - 9 ’ (a) (b) (c) * * * * * * * * 1) 

j -r x 

Show that if H c (s) = K (which is known as proportional or P control) we can 
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Figure PI 1.9 

^ K ,h t .y* m - » .!». m -OMM-m a»* 

(W “ “TS^'(pT.i'o. - "*• “ “ 

integral (PI) control 

« t (i) = K> + -f 

„ ,h„n !P A", and K-i to stabilize the system, and we can also get 
^ olfTct) = «(/). Thus, this system can track a step. In fact, this dlustrates 
^ ^ ' , r ; n feedback system design: to track a step[^(.y) 1/ J» 

weted a lTnSa‘or d/*) - the feedback system. An extension of this fact is 
considered in the next problem. 

(c) Suppose that ] 

H > = (s - l ) 1 

. ua;„ ,hk svstem with a PI controller, but that we can 
Sbnize h h‘ a7d taw itmc “ step if we use 
ential ( PID ) control. 

H c (s) = K\ + -7 + KlS 

, u nre of an integrator in a feedback system 

11.10. In Problem 11.9 we discussed ow a s(ep input wilh zer0 error in steady 

tan makt li pou.blt (« SptdBcally, con.idtr the feedback synem 

I :sr m e,b,,l.»et.»e te ed., 0 «p tab,. 

Suppose also that H(s) has the form 

K ft (i - / *») 

WW = — 1 -~ 

s' n c* -«*) 

, h a ond B are given, nonzero numbers and / is a positive integer. The 
.yim Of Bl»e Pll-'Oi* 



Figure PI 1.10 


(a) Use the final value theorem (Section 9.5.9) to show that a Type 1 feedback system 
can track a step, that is, that 

e(t) —> 0 if x(t) = u(t) 

(b) Similarly, show that a Type 1 system cannot track a ramp but rather that 

e(t) —»• a finite constant if x(t) = u_ 2 (r) 

(c) Show that for a Type 1 system unbounded errors result if 

x(t) = u. k (t) 

with k > 2. 

(d) More generally, show that for a Type / system 

(i) e(t) —> 0 if x(l) = u_ k (t) with k <, l 

(ii) e(t) —> a finite constant if jc(/) == u-u+nW ,■ 

(iii) e(t) —> co if x(t) — u. k (t) with k > l + 1 

11.11. (a) Consider the discrete : time feedback system of Figure PI 1.11. Suppose that 



Show that this system can track a unit step in the sense that if x[n] = u[n), then 
lime(n]=0 (PI 1.11-1) 

(b) More generally, consider the feedback system of Figure PI 1.11 and assume that 
the closed-loop system is stable. Suppose that H(z) has a pole at z = 1. Show that 
the system can track a unit step. [Hint: Express the transform E(z) of e[n] in terms 
of H(z) and the transform of «(«]; explain why all the poles of £(z)are inside the 
unit circle.] 



Figure Pll.ll 


The results of parts (a) and (b) are discrete-time counterparts of the results for 
continuous-time systems discussed in Problems 11.9 and 11.10. In discrete time, we 
can also consider the design of systems that track specified inputs perfectly after a 
finite number of steps. Such systems are known as deadbeat feedback systems , several 
examples of which are illustrated in the remainder of this problem. 

(c) Consider the discrete-time system of Figure Pll.ll with 


Show that the overall closed-loop system has the property that it tracks a step 
input exactly after one step. That is, if x[n ] = u[n], then e[n] — 0, n ]> 1. 

(d) Show that the feedback system of Figure Pll.ll with 


H(z) _ til ±lilL _ 
H{z) -(1 + K ‘)(1 -***) 
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,M-'S'«*■-*! (p " "- 2) 

' k “0 

wh ere .he „ are specified constants. [Him: Use the relationship between HU) and 
when .he input is a uni. step and e[„] « g.ven by eq. (PH.H-2).] 

(f) Consider the system of Figure PWM with 

z -> + z' 1 - z ~ 3 

HU) = 

Show ,h„ , H , m* * '“■> *1 - <" + l, “ W ““ 

P . : r„r K -r> 0 and K < 0 for each of the following. 

11.12. Sketch the root loci for K > v ana a 

(a) G(s)HU) = 7+1 

1 

(b) C(J)H(J) = (7-ZTi)(f +T) 

(c) GU)HU) = 75cr'| 

2 

/as rtr'iHh) = -v—■r 


z-‘(l + z' 1 ) 

(c) G(z)HU) = — 

(f) C(r)H(r) = JlCpT+l 

(g) G(s)H(s) = —JT - 

(h) GU)HU) — z z r .hp rausal 1T1 system described by the differ- 

(i) G(z)HU) is the system function of the causal L sys 
ence equation 

y[n] - 2y[n - 1] = *l« - H - *l n - 2] 
n\ n( I = - — 


a) G(s)HU) = 
(k) C(s)H(s) = 


s z + 2s_+_2 

(k) G(s)H(s) = -72(7 _ i)“ 

fs + IX* - 1) 
0) C(i)tf(*) = Tjr+ir+T) 
(i - *) 

(m) G(s)H(s) = (7^72)(r + 3) 
11.13. Consider a feedback system with 


G(s)HU) = 


fir — a)(* — 6) 


tA*K'W - + 3)(V + 6) 

s«h ,h, . 00 , .ooo, for / > 0 .»« < 0 for •>» 1 2 

2:zzVr--* SU-ii— 

(j) a = —7, b — —8 
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11.14. In this problem we investigate some of the properties of sampled data feedback sys¬ 
tems and illustrate their use. Recall from Section 11.2.3 that in a sampled data feed¬ 
back system the output of a continuous-time system is sampled. The resulting sequence 
of samples is processed by a discrete-time system the output of which is converted to 
a continuous-time signal which in turn is fed back and subtracted from the external 
input to produce the actual input to the continuous-time system. 

Clearly, the constraint of causality for feedback systems imposes a restriction 
on the process of converting the discrete feedback signal to a continuous-time signal 
(e.g., ideal lowpass filtering or any noncausal approximation of it is not allowable). 
One of the most widely used conversion systems is the zero-order hold (introduced in 
Section 8.1.2). The structure of a sampled-data feedback system involving a zero-order 
hold is depicted in Figure PI 1.14(a). Here we have a continuous-time LTI system with 
system function H(s), which is sampled to produce a discrete-time sequence 

*[n] “ AnT) (PI 1.14-1) 

The sequence #[/t] is then processed by a discrete-time LTI system with system 
function G(z), and the resulting output is put through a zero-order hold to produce 
the continuous-time signal 

z(t) = din] for nT<.t <(n + i)T (PI 1.14-2) 

This signal is subtracted from the external input x(l) to produce e(r). 



Figure PU.14 
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To simplify ,h. “ C00 ''‘" , ° V '' 

i 1 »“'*l S ° f ' t "“ hr ™“ , ,, w for „T£ l < (n + Of ' PIU «» 

This is an approximation that is usually valid 
where rW is a discrete-time sequence^ Th # so ^ x(/) does not change 

in practice as the sampling rate typ y furthermore, in many applications the 
appreciably over time intervals 0 applying a zero-order hold operation to a 

external input is itself actua y gen syste ms (such as advanced aircraft) the 

discrete sequence. For example commands which are themselves first 

external inputs represent human T * (0 continuous-time input signals. Because 
processed digitally and then converted P11 .14(a) when 

« u.p*ri'y of ,l ’'”72 | a “ “JirnXS F W ,. PI... TO. 

x(t) is given by eq. (Pll.14-3) is equiv Fioure PI 1.14(b). This is a discrete- 

la) Consider the system withini thed«i e ' ^ (ha( this is an LTI system. As 

SSSK-i L m «.»«- «■-“ 

« sr- d. t 

continuous-lime system wit sys „ 0 f lht continuous-time system 


(c) Suppose that 
Show that 


q(n\ = j(nT) for all n 

HU)- jh’ 


F(z) = 


( e T - Dz~V 
1 — e T z"‘ 


1*1> « r 


, and that G(z) = Find the range of values of 
(d> * Kl^^-Sop diScLe-time system of Figure PH.14(b) is stable. 

(e) Suppose that K 


U~ what ConOition. on Ten we M - 

- * -—- 

enter or leave the unit circle.) 


,1.15. Consider the feedback system of Figure PU.15 with 



Figure PU.15 
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1 


G(z) = K 


(a) Plot the root locus for K > 0. , . 

(b) Plot the root locus for K < 0. (Note: Be careful with this root locus By applying 

the angle criterion on the real axis you will find that as K is decreased from zero, 
the closed-loop pole approaches z = +c° along the positive real axis and then 
returns along the negative real axis from z = -co. Check that this is in fact the 
case by explicitly solving for the closed-loop pole as a function of K. At what 
value of K is the pole at | z | = co ?) ... 

(c) Find the full range of values of K for which the closed-loop system is stable. 

(d) The phenonenon observed in part (b) is a direct consequence of the fact that in 

this example the numerator and denominator of G(z)H(z) have the same degree. 
When this occurs in a discrete-time feedback system it means that there is a delay- 
free loop. That is, the output at a given point in time is being fed back and in turn 
affects its own value at the same point in time. To see that this is the case in our 
example write the difference equation relating y[n] and e(n]. Then write e[«] in 
terms of the input and output of the feedback system. Contrast this result with 
that for the feedback system with 


The primary consequence of having delay-free loops is that such feedback 
systems cannot be implemented in the feedback form depicted. For example, for 
the system of eq. (PI 1.15-1) we cannot first calculate e[«] and then y[n\, as e[n] 
depends on y[n]. Note that we can perform this type of calculation for the system 
of eq. (PI 1.15-2) since e[n] depends on y(n - 1]. 

(e) Show that the feedback system of eq. (PI 1.15-1) represents a causal system except 
for the value of K for which the closed-loop pole is at |z| = co. 

11.16. (a) Consider the feedback system of Figure 11.9(b) with 


Assume that there is no pole-zero cancellation in the product G(s)tf (s). Show 
that the zeros of the closed-loop system function consist of the zeros o* H(s) and 
the poles of G(s). 

(b) Use the result of part (a) together with the appropriate property of the root locus 
to confirm the fact that with K = 0 the closed-loop system zeros are the zeros of 
HU) and the closed-loop poles are the poles of H(s)- 

(c) While it is usual for HU) and GW in eq. (PI 1.16-1) to be in reduced form [t.e., the 
polynomials NM and D,(s) have no common factors and the same is true of 
N,(s) and D 2 U)l it may happen that N,U) and D 1 (s) have common factors and/or 
that NiU) and D,(s) have common factors. To see what occurs when such common 
factors are present, let p(s) denote the greatest common factor of MW and D 1 U), 
and let g(s) denote the greatest common factor of MW and MW- That is, 


are both polynomials and have no common factors. Similarly, 
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are polynomials and have no common factors. Show that the closed-loop system 
function for the feedback system can be written as 


where 


and 


QU) = 


p(s) [~_ 

4 W |_1 + k6(s)/}(s). 


= 


Ni(s)lp(s) 

D[(s)lq(s) 


(PI 1.16-2) 


G(s) = 


Mi(s)Ms) 

Di(s)lp(s) 


r roi 1 and nart (a) we see that the zeros of Q(s) are the 

the zeros of q(s) and the solutions of 

1 + K 6(s)l)(s) = 0 (PI 1.16-3) 

closed-loop poles whose locations are independent of K, and 
remaining closed-loop poles for K > 0, when 



(i) Sketch the root locus for K > 0 and for K < 0. 

(ii) Find all values of K for which the overall system is stable. ^ 

(iii) Find the impulse response of the closed-loop sys em w 
11.17. Consider the feedback system of Figure 11.9(a) and suppose that 


n c* - /**) 

G(s)H(s) = - 

n (S - «*) 

where m > «.t In this case G(s)H(s) has (m - «) poles at infinity (see Chapter 

«™. d.p. «* jr'?; s 

m branches of the root locus and (2) for K — 0 all brancn 
begin at poles of G(s)H(s), (m - n) of which are at infinity, ^‘hermore, as | I 
these branches converge to the « zeros of G(s)H(s), namely fi u h . P- 


tNote that for a continuous-time system the< >thc j nv ersetransformofG(s)tfM 
system function G(s)H(s) involves differentia ion o ^ (ime ’ if C (z)//(z), written as a ratio of 

includes singularity functions up. to ord J function of , noncausal system fin fact, the 

polynomials in z, has m > «. it necessa i y y < 01 Thus the case considered in 

inverse transform of C(z)H(z) has a nonzero value at ..me a m < 0], 
this problem is actually only of interest for continuous-time systems. 
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these facts to assist you in sketching the root locus (for K > 0 and for K <6) for 
each of the following. 

(a) G(s)H(s) = s — 1 (b) G(s)H(s) = (s + 1 )(s 4- 2) 

(c) G(sMs) = (s + ,'^i + 2) 

11.18. Consider a feedback system with 

lir-pr GW = * 

(a) Sketch the root locus for K > 0. 

(b) Sketch the root locus for K < 0. 

(c) Find the smallest positive value of K for which the closed-loop impulse response 
does not exhibit any oscillatory behavior. 

11.19. Consider the feedback system of Figure 11.3, with 

and 

G(z) = 1 — az _1 

(a) Sketch the root locus of this system for K > 0 and for K < 0 when a = 

(b) Repeat part (a) when a = 

(c) With a = — -J, find a value of K for which the closed-loop impulse response is of 
the form 

(A + Bn) a" 

for some values of the constants A, B, and a, with |tt] < 1. (Hint: What must the 
denominator of the closed-loop system function look like in this case?) 

11.20. Consider the discrete-time feedback system depicted in Figure PI 1.20. The system in 
the forward path is not very well damped and we would like to choose the feedback 
system function to improve overall damping. By using root-locus methods, show that 
this can be done with 

G(z) = 1 -iz-» 

Specifically, sketch the root locus for K > 0 and specify a value of the gain K for 
which a significant improvement in damping is obtained. 



11.21. In Section 11.3 we derived a number of properties that can be of value in determining 
the root locus for a feedback system. In this problem we develop several additional 
properties. We derive these properties in terms of continuous-time systems, but as 
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CWHW = -X (PI 1.21-1) 

where „ 

jC-MJW (Pll.21-2) 

C(i)WW = Sr-- - ^ ; 

n (j - a*) 2 a * s 

k =1 *" 1 

Throughout this problem we ™e that m ^ ^ ^ ^ gQ (Q zerQS 

(a) Fr0 "’ .fml’nlcateTatInfinity. In this first part we demonstrate that it is straight- 
twird to determine the angles at which these branches 

infinity. Specific*of the poles and zeros of 

Swi-Th's is illustrated in 

together with the angle criterion for K > 0 and tor 


For K > 0, the (n - m) branches of the root locus that approach infinity 
do so at the angles 

(2 k + l)7t | £ = o, 1. (n — m — 1) 

n — m 

For K< 0, the („ - *) branches of the root locus that approach infinity 

do so at the angles 

2 kn = 0 , 1 ,..., (« “ m ~ 1 ) 

n — m 


Thu., .he branches of .he roo, locus .h., approach «•!««« 

angles .hat are arranged ° f ^“ 5^3 ' T he result of par. (a) logether 

r 51 - ,hero "°”“ “ nhis prob, “' 

(b) (i) As a first step, consider a general polynomial equation 

s, + /,-,s'"‘ + • • • +/o = ( s - - fi) - ~ ^ ~ 0 

Show that 

* 

(ii) Perform long division on I/G(s)//M to write 

_> - 4 ~ +r .~.'-- , +- (P1121 ' 3) 
G(s)H (,s) 


y.—= *?/*-*?! * k 


[see eq. (PI 1.21-2)]. 
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Figure PI 1.21 


(iii) Argue that the solution of eq. (PI 1.21-1) for large s approximately solves 
the equation 

s ’-m -(- + ■ . . + yo + K — 0 

(iv) Use the results of (i)-(iii) to deduce that the sum of the (n — m) closed-loop 
poles that approach infinity is asymptotically equal to 

bm-\ ~ 

Thus, the center of gravity of these (n — m) poles is 


which does not depend on K. Consequently, we have (n — m) closed-loop 
poles that approach |j| = oo at evenly spaced angles and that have a center 
of gravity that is independent of K. From this we can deduce that: 


The asymptotes of the (n — m) branches of the root locus that approach 
infinity intersect at the point 

. _ t *u-lh 

Om -1 ~ °»-l _ _ Hr- 1 

n — m n — m 

This point of asymptote intersection is the same for K > 0 and K < 0. 
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(c) Suppose that ^ 

C(s)H(s) = (7+1 )(i + 3)(i -r 5) 

(i) What are the asymptotic angles for the closed-loop poles that approach 

infinity for * > 0 and for * < 0? 
tin What is the point of intersection of the asymptotes • 

1 1» “p ^ ,ht r ~' io “ tor 

X > 0 and for * < 0. 

(d) Repeat part (c) for each of the following. 

(i) C(s)H(s) = 77+11(7+^) 

(ii) G(s)//M = 7 

_1_ 

(iii) G(s)H(s) = ^ + i)(i + 5)(s + 6) 

1 

(iv) G(s)H(s) - ( s + 2 )i(j - 1)^ 

s 4* 3 

(v) G(s)H(s) = ^ + 1)(jl + +'7j 

r + 1 _ 

(vi) G(s)H(s) = + 2) J (r I + 2i + 2) 

s 4- 1 _ 

(vii) G(s)H(s) =7fT ioO)(j - \)(s - 2) . 

M Use -he result of par. (a) to explain why the following statement is true. For 
( ) any continuous-time feedback system, with G(.r)tf« e-n by ^ P U - , 

( „ _ m) ;> 3 . we can make the closed-loop system unstable by choosing | *1 larg 

(f) Repeat'part (c) for the discrete-time feedback system specified by 


G(z)/f(z) = (1 _ z -!)(l + 4z~J 

(g ) Explain why the following statement is true: For any discrete-time feedback 

system, with , , 

, . z" 4- b —iZ"’" 4 ■ • ■ 

G(z)H(z) z n aii _,z”" 1 + . . . + 

if „ > m , we can make the closed-loop system unstable by choosing 1*1 large 
enough. 

11.22. (a) Consider a feedback system with 

= c(z) = ^r 

(i) Write the closed loop system function explicitly as a ratio of two P°>y"° nlia,S 

. ( ° S denominator polynomial will have coefficients that depend on *)• 

(ii ) Show that the sum of the closed-loop poles is -"dependent of *• 

(b) More generally, consider a feedback system with system function 

Z m + z m ~ x + ■ . • + 4o 
G(z)H(z) = K z n q h _iz"- x + • • • "T" 

Show that if m £ (« - 2). the sum of the closed-loop poles is independent of *• 
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11.23. \a, Considti a 6 mn thenx.vii.ack sjfiiLi.. of Exa.i.jl.e II.*-.* *' ’* ^ 

G(s)H(s) = + Jj(7 + 2) 

The root locus for * < 0 is plotted in Figure 11.13b. For some value of *, the 
two closed-loop poles are on they ©-axis. Solve for this value of* and the corre¬ 
sponding locations of the closed-loop poles by examining the real and imaginary 
parts of the equation 

G(y ©)//(/©) = - 

which must be satisfied if the point r = /© is on the root locus for any given 
values of*. Use this result plus the analysis in Example 11.2 to find the full range 
of values of * (positive and negative) for which the closed-loop system is stable, 
(b) Note that this feedback system is unstable for |*| sufficiently large. Explain why 
this is true in general for continuous-time feedback systems for which G(s)H(s) 
has a zero in the right-half plane and for discrete-time feedback systems for which 
G(z)//(z) has a zero outside the unit circle. 

11.24. Consider again the discrete-time feedback system of Example 11.3. 


G(z)H{z) = 


z 



The root loci for * > 0 and * < 0 are depicted in Figure 11.15. 

(a) Consider the root locus for * > 0. In this case the system becomes unstable when 
one of the closed-loop poles is less than or equal to —1. Find the value of * for 
which z = — 1 is a closed-loop pole. 

(b) Consider the root locus for * < 0. In this case the system becomes unstable 
when one of the closed-loop poles is greater than or equal to 1. Find the value of 
* for which z = 1 is a closed-loop pole. 

(c) What is the full range of values of * for which the closed-loop system is stable? 

11.25. Consider a continuous-time feedback system with 


G(s)H(s) - ~ {s + 1)(j + 2 ) 


(PI 1.25-1) 


(a) Sketch the root locus for * > 0 and for * < 0. (Hint: The result of Problem 
11.21 is useful here.) 

(b) If you have sketched the locus correctly, you will see that for * > 0, two branches 
of the root locus cross the/©-axis, passing from the left-half plane into the right- 
half plane. Consequently, we can conclude that the closed-loop system is stable 
for 0 < * < *o, where *„ is the value of the gain for which the two branches of 
the root locus intersect the /©-axis. Note that the sketch of the root locus does 
not by itself tell us what the value of *„ is or the exact point on the/©-axis where 
the branches cross. As in Problem 11.23, determine *„ by solving the pair of 
equations obtained as the real and imaginary parts of 


G(y ©)//(/©) = 


(PI 1.25-2) 


Determine the corresponding two values of © (which are the negatives of each 
other, since poles occur in complex-conjugate pairs). 

From your root-locus sketches in part (a) you will note that there is a segment 
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~ p"»’ l" U» »=>■ part of .hi. problem « »"«■»“ “« ™ "" 

St«"=^ to c,„. rf .,00PP* 

WHO)--]. f P1, - 25 - 3 > 

Uln, .he (P, ..25,), -how that an ««<— lte ****** “ 

*,)-*» +.&+2S--X (PU.25-4) 

— r “ot" 5 

root locus for K 2: u. roi n. 

and approach each other as K is increase . 25.41 to explain why the 

ssr ^- L *■ 

segment of the real axis between -1 and 0). 


\-t 



7 -2 -r 5 

' (b) 

Figure PH.25 


, r„ r V ^ n and more specifically the segment 
Similarly, consider the root locus for K C ^ ^ P ^ For K = 0 ,wo 

of the real axis between -1 and 2 P decre ased, these poles 

branches of the root locus begin at -1 and -2 and as A 

approach each other. why the func tion pW 

*" d ” ini “ 

equation 
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Use this fact to find the breakaway points j + and s -, and then use eq. 
(Pll 25-4) to find the gains at which these points are closed-loop poles. 

In addition to the method illustrated in part (c), there are other partially 
analytical, partially graphical methods for determining breakaway points. It is also 
possible to use a procedure similar to the one illustrated in part (c) to determine 
“break-in” points, where two branches of the root locus merge onto the real axis. 
These methods plus the one just illustrated are described in advanced texts such as 
those listed in the Bibliography at the end of the book. 

11.26. Consider a discrete-time feedback system with 

- 2(F~CT) 

fa! Sketch the root locus for K > 0 and for K < 0. 

(b) If you have sketched the root locus correctly for K > 0, you will see that the two 
branches of the root locus cross and exit from the unit circle. Consequently, we 
can conclude that the closed-loop system is stable for 0 < K < K„, where K„ 
is the value of the gain for which the two branches intersect the unit circle. At 
what points on the unit circle do the branches exit? What is the value of K 0 . 

11.27. Consider a feedback system, either in continuous time or discrete time, and suppose 
that the Nyquist plot for the system passes through the point -UK. Is the feedback 
system stable or unstable for this value of the gain? Explain your answer. 

11.28. Sketch the Nyquist plot for each of the following specifications of G(s)H(s ).and use 
the continuous-time Nyquist criterion to determine the range of values of K . ( V 
such range exists) for which the closed-loop system is stable. [Note: In sketching the 
Nyquist plots you may find it useful to first sketch the corresponding Bode plots. It 
also is helpful to determine the values of a) for which G(j(0)11(1 CO) is real.] 

(a) G(s)H(s) = ( b > C{s)H{s) = — 

(e) G(s)H(s) = ITTT^JWTY) (d) C(SWS) = ^ 

(e) G(s)H(s) = {s l jy (f) = (T+TF 

(g) G(s)H(s) = C(s)M(s) = (7+iyi 

(i) G(s)H(s) = G) CWW(,) = 

(k) G{s)HU) - + L + 2 0) G(S)H(S) = F -ts + 2 

(m) G(s)H(s) = (s + _ ip (n) a{s)H(s) = (7TTF 

11 29 Sketch the Nyquist plot for each of the following specifications of W), and use 
the discre.e-.ime Nyquist criterion to determine the range of values of K Of any such 
range exists) for which the closed-loop system is stable. [Note: In sketching the Nyquist 
plots you may find it useful to first sketch the magnitude and phase plots as a function 
of freouency or a. leas, to calculate \G(e<°)H(e‘")\ and ^G^)H(e^) a. seven 
points. Also, it is helpful to determine the values of fi for which G{e- a )H(e‘ ) is real.] 

(a) G(z)H(z) = (b) G(z)H(z) = —\ 
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" (c) G(z)//(z) = z-' ‘ (d) G(z)H{z) - z 1 ^ 

(c) G(z)//(z) = z- J (0 G(z)«(z) = (z + ^) (z _ |) 

(g) c ( z)//(z) = Z (*+10Y) (h) Giz)Hiz) = -^+1 

0) G(z)H{z) = -^i-) 0) G(z)//(z) = ( -^ 

11.30. As mentioned in Section 11.4, the continuous-time Nyquist criterion can be extended 
to allow for poles of G{s)H(s) on they©-axis. In this problem we illustrate the general 
technique by means of several examples. Consider a continuous-time feedback system 
with 

^W-icTTT) (P "- 30 ' 1) 

When G(s)H(s) has a pole at s = 0, we modify the contour of Figure 11.18 by avoiding 
the origin. To do this we indent the contour by adding a semicircle of infinitesimal 
radius f into the right-half plane. This is illustrated in Figure PI 1.30-1. Thus only 
a small part of the right-half plane is not enclosed by the modified contour, and this 
area goes to zero as we let £ —* 0. Consequently, as M ► «d, the contour will 
enclose the entire right-half plane. As in the text, G{s)H(s) is constant (and in this case 
zero) along the circle of infinite radius. Thus, to plot G{s)H(s) along the contour we 
need only plot it for the portion of the contour consisting of the jco- axis and the 
infinitesimal semicircle. 


Figure Pll.30-1 
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where s = j0~ is the point where the infinitesimal semicircle meets the yco-axis 
just below the origin, and s = jO* is the corresponding point just above the origin, 

(b) Use the result of part (a) together with eq. (PI 1.30-1) to verify that Figure PI 1.30-2 
is an accurate sketch of G(s)H(s) along the portions of the contour from —Jco 
to j0~ and JO* to jco. In particular, check that <$G{jCti)H{jco) and \ G(Jco)H(Jco)\ 
behave in the manner depicted in the figure. 



Figure Pll JO-2 

(c) All that remains to be done is to determine the plot of G(s)H(s) along the small 
semicircle about s = 0. Note that as £ —► 0 the magnitude of G(s)H(s) along this 
contour goes to infinity. Show that as £ —* 0, the contribution of the pole at 
s = — 1 to <$.G{s)H(s) along the semicircle is zero. Show then that as £ —* 0, 

<G(i)#(j) = -e 

where 9 is defined in Figure PI 1.30-1. Thus, since 9 varies from — n/2 at s = j O' 
to H-zc/2 at s = j 0“ in a counterclockwise direction, ^G(s)H(s) must go from 
-f i r/2 at s = j0~ to —n/2 at s = jO* in a clockwise direction. The result is the 
complete Nyquist plot depicted in Figure PI 1.30-3. 

(d) Using the Nyquist plot of Figure PI 1.30-3, find the range of values of K for which 
the closed-loop feedback system is stable. {Note: The continuous-time Nyquist 
criterion as presented in the text states that for closed-loop system stability the 


Chap. 11 Problems 


7 57 




Figure 1*11.30-3 



net number of clockwise encirclements of the point -1/X must equal minus the 
net numD .... nt - c(s)H(s). In our present example note that 

rn of'S«U" -T« IS 1 Ufcd contour. i. 

the pole of G( ) ( ) in the right-half plane [i.e., only 

“ ?CT,)WI")'””*'"* il» "Bl”- 1 '" 11 P'*“ >" “““ <l "PP 1 ™ 'f 

Nyquistcriterion).Thu,i..hi,c«..ta ‘"SfoTcteS' 

right-hair plane, we mus, h.-e « encirclement, o( ,h, pent, - - 1/X tor ctad 

following. 

si 10 -f- 1 

(i) G(s)H(s) = s ( s + 

(ii) G(s)H(s) = + j ) 2 

..... r , _ J_ [be careful in calculating <£G(r)//(s) along the 

111 CW//W “ Infinitesimal semicircle] 
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It 1 
s(l - s) 


:w«r. ijL** M .•> &&-«, 

[be careful in calculating <$[G(JCO)H(jCO) as CO is 
varied; make sure to take the minus sign in the 
denominator into account] 


(v) G(s)H(s) = ^-pr~ [same remark as for (iii)] 

In each case use the Nyquist criterion to determine the range of values of K (if 
there are any such values) for which the closed-loop system is stable. Also, use 
another method (root locus or direct calculation of the closed-loop poles as a 
function of K) to check your answer and thus to provide a partial check of the 
correctness of your Nyquist plot. [Note: In sketching the Nyquist plots you may 
find it useful to first sketch the Bode plots of G(s)H(s). It may also be helpful to 
determine the values of CO for which G(jCo)H(jCO ) is real.] 

(f) Repeat part (e) for : 

(i) G(s)H(s) = 

(ii) G(s)H[s) = 

Note: In these cases there are two poles on the imaginary axis; you will need to 
modify the contour of Figure 11.18 to avoid each of these. Use infinitesimal 
semicircles as in Figure PI 1.30-1. 

11.31. In this problem we illustrate the discrete-time counterpart of the technique described 
in Problem 11.30. Specifically, the discrete-time Nyquist criterion can be extended to 
allow for poles of G(z)H(z) on the unit circle. 

Consider a discrete-time feedback system with 


G(z)H(z) - 


i-» 1 

1 -2-> ~ z(z~ 1) 


(PI 1.31-1) 


In this case we modify the contour on which we evaluate G(z)H(z) as illustrated in 
Figure PI 1.31-1. 



Figure P11J1-1 
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(a) Show that 


<G(e'°-)tf(*'°‘) = ~2 


= e ti«- is the point below the real axis where the small semicircle inter- 
W ..nit circle and z = e>°' is the corresponding point above the real axis, 

(b) U^theresult of part (a) together with eq. (PI 1.31;1) to verify that Figure PM.31-2 
( is an accurate sketch of G(z)ff(z) along the portion of the contour z - e> as ft 
varies from 0* to 2 nr in a counterclockwise direction. In particular, verify that 
the angular variation of G(e'°)ff(e'°) is as indicated. 



Figure PI 1.31-2 


(c) Find the value of ft for which «G(e'°)//(e'“) = and verify that 

|G(e' n )/f(e' n )l = 1 

at this point. {Hint: Use the geometrical method for evaluating <G(e' n )ff(e'°) 
. , *«h*mentarv geometry to determine the value of S2.] 

toget er wit s °‘ f c(z ) W ( z ) along the small semicircle about z = 1. Note 

(d) fh°ris e r“o to infi ? i,y - 

Show «ha«7s e ^0. the contribution of the pole a. z = 0 to «G(z)ff(z) along 
the semicircle is zero. Show then that as f - 0, 

<G(z)//(z) = -9 

where 6 is defined in Figure PI 1.31-1. 
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' Thus, since (9 varies from -k/2 to +W/2 in a counter‘ctockwisV'direction; J 
•£G(z)/f(z) varies from +7t/2 to -7t/2 in a clockwise direction. The result is 
the complete Nyquist plot depicted in Figure PI 1.31-3. 

(e) Using the Nyquist plot of Figure PI 1.31-3, find the range of values of AT for which 
the closed-loop feedback system is stable. [Note: Since the pole of G(z)/f(z) at 
z = 1 is inside the modified contour, it is not included in counting the poles of 
G(z)H(z) outside the unit circle. That is, only poles strictly outside the unit circle 
are counted in applying the Nyquist criterion. Thus in this case, since G(z)H(z) 
has no poles strictly outside the unit circle, we must have no encirclements of the 
point z = —1 jK for closed-loop system stability.] 



Figure PI 1.31-3 


(f) Follow the steps outlined in parts (a), (b), and (d) to sketch the Nyquist plots for 
each of the following: 

. z + ^ + vr 
(0 —frn— 

(ii) (z - 1 )(Z + i + 7T) 

..... z + 1 
111 z(z — 1) 

(j v ) 1 ~ [be careful in calculating <£G(z)//(z) along the infinitesimal 

^ ^ semicircle] 

For each of these use the Nyquist criterion to deteimine the range of values of 
K (if there are any such values) for which the closed-loop system is stable. Also 
use another method (root locus or direct calculations of the closed-loop poles as 
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a function of K ) to check your answers and thus to provide a partial check of the 
correctness of your Nyquist plots. [Note: In sketching the Nyquist plots you may 
find it useful to first sketch the magnitude and phase plots as a function of fre¬ 
quency or at least to calculate |G(e'“)«(e'“)| and <£G(e*>)tf(e'“) at several 
points. Also, it is helpful to determine the values of ft for which G(e‘ a )H(e 1 ) is 
real.] 

(g) Repeat part (f) for 

C(z)tf(z) = p-ZTi 

In this case there are two poles on the unit circle and thus you must modify the 
contour around each of these by including an infinitesimal semicircle that extends 
outside the unit circle, thus placing the pole inside the contour. 

11.32. Consider a system with system function 

_!_ (Pll.32-1) 

~ (s + l)(s - 2) 

As this system is unstable, we would like to devise some method for its stabilization. 

(a) Consider first a series compensation scheme as illustrated in Figure Pll.32-1. 



Figure Pll.32-1 


Show that the overall system of this figure is stable if the system function C(i) is 
taken as 



In practice, this is not considered to be a particularly useful way to attempt to 

stabilize a system. Explain why this is so. 

(b) Suppose that instead we use a feedback system as depicted in Figure P11.J2-Z. 
Is it possible to stabilize this system using a constant gain for the compensating 
element, that is, 

CCs) = K 

Justify your answer using Nyquist techniques. 

(c) Show that the system of Figure PI 1.32-2 can be stabilized if C(j) is a proportional 
plus derivative system: 

C(j) = K(s + a) 

Consider both the cases 0 < a < 1 and a > 1. 

(d) Suppose that 

C(s) = K(s + 2) 



Figure PI 1.32-2 
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Choose fne value ofzf so thafYne clo&ftt&p sysiinrnis a paifor'compieji pbles 
with a damping ratio of C = ±- (Hint: In this case the denominator of the closed- 
loop system function must have the form 

j* + co„s + coj 

for some value of CO. > 0.) ... 

(e) Pure derivative compensation is impossible to obtain and undersirable in practice, 
as the required amplification of arbitrarily high frequencies can neither be obtained 
nor is advisable, as all real systems are subject to some level of high-frequency 
disturbances. Thus, suppose that we consider a compensator of the form 

CW = X (I±“) (a, b > 0) (PI 1.32-2) 

If /, < o, this is called a lag network, as it can be checked that <C(/«) < 0 for 
all 0) > 0, so the phase of the output of this system lags the phase of the input. 
If b > a> \c(jv>) > 0 for all CD > 0, and this system is called a lead network. 
(i) Show that it is possible to stabilize the system with the lead compensator 


C(z) = K S j±\ (PI 1.32-3) 

if K is chosen large enough. 

(ii) Show that it is not possible to stabilize the feedback system of Figure PI 1.32-2 
using the lag network 


C(s) = K 


s + 3 

s -r 2 


Hint: Use the results of Problem 11.21 in sketching the root locus. Then 
determine the points on theyco-axis which are on the root locus and the values 
of X for which each of these points is a closed-loop pole. Use this information 
to deduce that for no value of K are all of the clored-loop poles in the left- 
half plane. 

11 33 One issue that must always be taken into account by the system designer is the possible 
effect of unmodeled aspects of the system one is attempting to stabilize or modify 
through feedback. In this problem we provide an illustration of why this is tne case. 
Consider a continuous-time feedback system and suppose that 

«<■>- „ +4-a (PIL3W) 

ca-K (PI 1.33-2) 


(a) Use root locus techniques to show that the closed-loop system will be stable if K 
is chosen large enough. 

(b) Suppose that the system we are trying to stabilize by feedback actua.Iy has a sys¬ 
tem function given by 


H(s) = 


1 

(s + 10)(.r - 2)(10" 3 r + 1) 


(PI 1.33-3) 


The added factor can be thought of as representing a first-order system in cascade 
with the system of eq. (Pll.33-1). Note that the time constant of this system is 
extremely small and thus will appear to have a step response that is almost instan¬ 
taneous. For this reason one often neglects such factors in order to obtain simp er 
and more tractable models that capture all of the impoitant characteristics of the 
system. However, one must still keep these neglected dynamics in mind in obtain- 
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S*r,o^UM 

(c) Use root-locus techniques to show that ll 

G(s) = K(s + 100) 

then the feedback .stent willbe stab.e for a.lva lues of r gently large If 

„ 3 , co^^ — S 4 t0 

—- 

mates of the phase and feedback system so that the 

(b) Suppose that there is an un now Figure Pll 34(b). Approximately what 

Tthe' Ss aC d k elay St nhat “ n * tolerated before the feedback system becomes 
unsUble? 8 Use your results from pa, and compar e these 

that are incurred in using the approximate Bode plots. 



(b) 

Figure PI 1.34 


,,,, -■ 
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r > — - 

there are underdamped second-order terms present (see Section 4. ) 

(•>»(.>-jrr^n- «■>-' 

(.)»(.> -^nrr «■»-' 

(d) H<1) - — ])!(J + m G( ‘ ) - 100 

(e) H(s) = (7^1)3' C « = ;-+T 

(0 Hto = (TTIX^TO)' cw = 1 

1 - s/100 rlA _ iO£_±J- 
(g) Hit) = - (f + i jT’ G(s) - s/10 + 1 

,, s 

magnitude-phase diagram and g y use ful to determine 

each or the following choices of H{z) and G(z). You may m 

'hose values of (2 lor which either \G(e> n )H(e‘ n )\ = 1 or «G(e'") - *• 

(a )tf(z) = z'‘, C(z) = i 


~ , lOf + 1 

CW _ s/10 + 1 
C(s) = rr-r 


(b) Hit) = i-r-jpr c( 

i 

(c) //(z) = 


(d) H(z) = JZT 2 ’ 

(e) //(r) - jqry 

(o ««-rr v 


G(z) = 1 - K 


(g) WU) = p 


z = 1; what are the values of <C(e' )«(«' )' 0Te 1 

1 = 1 ^ . r o ns the concepts of phase and gain margin are 

11.37. As mentioned at the end of Sec • > , remains stable. Speci- 

sufficien, conditions to ensure that a stable feedback sys feedback 

ncally, in the case of the ga,n margin, whatwe^showe^v.a^t ^ a 1Jmit 

system will remain stable as te P that the feedback system cannot 

be'made 2SK — he £ or (b^Lt the system will be unstable for * 
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values of gain larger than the gain margin limit. In this problem we illustrate these 
two points. 

(a) Consider a continuous-time feedback system with 

G(s)H(s) = _ , )(j + 2)0 + jj 

Sketch the root locus for this system for K > 0. Use the properties of the root 
locus described in the text and in Problem 11.21 to help you draw the locus accu¬ 
rately. Once you do so you should see that for small values of the gain K the system 
is unstable for larger values of K the system is stable, while for still larger values 
of K the system again becomes unstable. Find the range of values of K for which 
the system is stable. (Hint: Use the same method as is used in Example 11.2 and 
Problem 11.23 to determine the values of K at which branches of the root locus 
pass through the origin and cross the;co-axis.) 

If we set our gain somewhere within the stable range that you have just 
found we can increase the gain somewhat and maintain stability, but a large 
enough increase in gain causes the system to become unstable. This maximum 
amount of gain increase at which the closed-loop system just becomes unstable 
is the gain margin. Note also that if we decrease the gain too much, we can also 

cause instability. , , . n 

(b) Consider the feedback system of part (a) with the gam K set at a value of 7. 
Show that the closed-loop system is stable. Sketch the log magnitude-phase plot 
for this system and show that there are two nonnegative values of to for which 
XG(ico)H(jO)) = n. Further show that for one of these l\G(jO))H(ja>)\ < 1 and 
for the other l\G(jCO)H(ja»\ > 1- The first of these provides us with the usual 
gain margin, that is, the factor l/|7G(jto)//(Jto)| by which we can increase the 
gain and just cause instability. The second of these provides us with the factor 
ll\1G(j(0)H(jC0)\, by which we can decrease the gain and just cause instability. 

(c) Consider a feedback system with 


G(s)H(s) 


(si 100 + l) 2 
(s + l) 1 


Sketch the root locus for K > 0. Show that two branches of the root locus begin 
in the left-half plane, and as K is increased move into the right-half plane and 
then back into the left-half plane. Do this by examining the equation 


G(jco)H(jC0) = - ^ 


Specifically, by equating the real and imaginary parts of this equation, show tha 
there are two values of K 2; 0 for which closed-loop poles lie on the yco-axis. 

Thus, if we set the gain at a small enough value so that the system is stab e, 
then we can increase the gain up until the point at which the two branches of the 
root locus intersect theyto-axis. For a range of values of gain beyond this point, 
the closed-loop system is unstable. However, if we continue to increase the gam, 
the system will again become stable for K large enough. 

(d) Sketch the Nyquist plot for the system of part (c) and confirm the cone “ sl ° 
reached in par. (c) by applying the Nyquist criterion (make sure to count the 

number of encirclements of —1/70- . 

Systems such as that considered in parts (c) and (d) of this problem ar 
referred to as being conditionally stable systems, as the stability properties of sucn 
systems may change several times as the gain is varied. 
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APPENDIX 

Partial Fraction 
Expansion 


A.O INTRODUCTION 

The purpose of this appendix is to describe the technique of partial fraction expansion. 
This tool is of great value in the study of signals and systems, a id in particular it is very 
useful in inverting Fourier, Laplace, or z-transforms and in analyzing uTI systems 
described by linear constant-coefficient differential or difference equations. The 
method of partial fraction expansion consists of taking a function that is the ratio 
of polynomials and expanding it as a linear combination of simpler terms of the 
same type The determination of the coefficients in tilts linear combination is th„ 
basic problem to be solved in obtaining a partial fraction expansion As we will see, 
this is a relatively straightforward problem in algebra which, with a bit of book¬ 
keeping, can be solved very efficiently. 

To illustrate the basic idea behind and role of partial fraction expansion, con-, 
sider the analysis performed in Section 4.12 for a second-order continuous-time LTI 
system specified by the differential equation 




• + o)l y(t) = a>lx(t) 


Using the techniques developed in Chapter 4, we know that the frequency response 
of this system is 


or if we factor the denominator 


(ja>) 2 + 2£a>„(ja>) + a>„ ! 


H(co) = 7T - 
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where 


c, = —C<y» + ' 

c 2 = — (a>, — a>„VC 2 — * 


KJ number . with «(«) < 0, the Fourter transform of 


X,(0 = e"u{t) 


(A. 5a) 


is 

while if 
then 


J,(o>) = 


1 

jco — a 


x 2 (r) = te"u(t) 


(A.5b) 
(A.6a) 


# x 1 (A.ou; 

^ = (7sr^ 

, , w ,„n ;, s a sum of terms of the form of eq. (A.5b) or 
Therefore, if we can expand H( ) 1 . f //(c0 ) by inspection. For example, 

(A.6b), we can determ,ne the inverse transform, o ' H ' y P be rewriUen 

in Section 4.12 we noted that when c, * c», ln ec >- <■ ; 

in the form , x . 


/ col \ 

. 1 , i 

< col ) 

, 1 

Ci - c 2 ; 

iycu - c, + 

^ 

’ ja> — c 2 


\H . . 

r • /a ^ allows us to write down immediate- 

In this case the Fourier transform pair of eq. (A.5) allows 
ly the inverse transform of H(co) as 




®L_ «*-!«(/) 

, - c, J 


While we have phrased the preceding ^^m ^^ofcondnu^^ 

Fourier transforms, simitar concepts a so a „ f these cases we encounter 

in the use of Laplace that are ratios of poly- 

the important class of ration / ■ ft n d reasons for expanding 

nomials in some variable. Also, m each of these contexts w section, in 

such transforms ,s sues of simpler. Sh „pLio»s. we ensile, 
A _t i ..l R n -4- / A S') 


+ . . . + CL\V + «o 


For continuous-time Fourier analysis SS 

that role s “/forms. w« can use either 

analysis, v is usually talken t > technique of partial fraction expansion, we 

or *. After we have d-eopedlhebasc q continU ous-time and discrete- 

will illustrate its application to the anaiy 
time LTI systems. 
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41 P /Cnd‘cOHT1NUOUS-TMC SIGNALS ANO SYSTEMS 

In our development it is rtaraful in the analysis of 

Srr - sy=S -r-i- short,y. The hrs, or ,h. standard 

forms is given by 

h .„»-■+ b.. t v"' 1 +^±A?L±A (A-9) 

G(») = — + a n . t v"~' +••”• + + a ° 

In this form the coefficient of the le^l— 

the order of the numerator is at least one less than = 

fiTvidlS,Mh?»—, »d ”e“denominator of «.) by This yields 

” v ,r 4- r ..r- 1 -F .-. + yitt + y o (A. 10) 

H(v) = - ”» + + • • • + a ' v + °° 


ir»<».«.)iscalled.,rupee"Uon.lfunction ortdtr. 

b'ook In'which rational functions are con tdered,„w^t «„ prtma „ „„ 

” i,e " w - s ,h; “ m of a po ■■ 

nomial in v and a proper rational function. Tha ,., 

H(V) = C*-.®""" + ClF-r.-lf”’ ’ ' + ‘ ‘ ^ ^ 

X ,,- 14 -t .I"- 2 4- ... 4- b,y + b o (A.11) 

+ + a ° 

-ndJ, b b , can be obtained by equating eqs. 

The coefficients c 0 , ..c and ,, i. • h denom i n ator. This yields 

(A. 10) and (A.ll) and then by multiplying through oy 

„ , , vv + v„=b„_ i V-'+..- + b i v + b ° 

+ + • • • + + ‘ + ‘ ‘' + fl ° (A.12) 

so that h 

HW-urtixuS-ti-c. + c + T*; 


s ,c. A , partial Ftaction E.pand"" Continuaua-Tim, Si.nat. and Systems 
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then eq. (A. 12) becomes 

yy + 7i v + 7 a = b 0 + (c,v + c„)(v + a,) 

= b 0 + c,v 2 + (c„ + a,c,) v + a,c 0 

Equating the coefficients of equal powers of v, we obtain the equations 
7i = 

7, = c o + a i c i 

7 0 “ b 0 a i c o 

The first equation yields the value of c lf which can then be used in the second to 
solve for c 0 , which in turn can be used in the third to solve for b 0 . The result is 


b 0 = y 0 - a i(7i ~ a i7i) 

The general case of eq. (A.12) can be solved in an analogous fashion. 

Our goal now is to focus on the proper rational function G(v) in eq. (A.9) and to 
expand it into a sum of simpler proper rational functions. To see how this can be 
done, consider the case of n — 3, when eq. (A.9) reduces to 
G(v) = by + bv + b 
w v } + ay + a + a 0 

As a first step we factor the denominator of G(v) so that we can write it in the form 

GM = by + b,v + bj _ (AT 3) 

(t> — />i)(« — Pi)(« “ Pi) 

Assuming for the moment that the roots p u p lt and p, of the denominator are all 
distinct, we would like to expand G(v) into a sum of the form 

G(v) = (A-14) 

v — p t V — Pi V — pi 

The problem then is to determine the constants A,, A u and A,. One approach is to 
equate eqs. (A.13) and (A.14) and to multiply through by the denominator. In this 
case we obtain the equation 

by + b,v -1- b 0 = A,(v - pt)(v - p^ 

+ A^v - Pi)(v - p^ (AT 5) 

+ A,(v - p,)(v - p^ 

By expanding the right-hand side of eq. (A. 15) and then equating coefficients of equal 
powers of v, we obtain a set of linear equations that can be solved for A„ A lt and A,. 

Although this approach always works, there is a much easier method. Consider 
eq. (A. 14) and suppose that we would like to calculate A,. Then, multiplying through 
by (v — we obtain 

(.-*xs«- a <A ' I8) 


(z(t£ — Pi) , A,(v — p^ 
v — pi _r V — pi 


Since p„ pi, and p, are distinct, the last two terms on the right-hand side of eq. 
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(A. 17) 


uiStt-." - ; ' 

(A.16) are zero for v — />,. Therefore, 

A, = [(f> — pi)G(v)] U„ 

or, using eq. (A. 13), 

A by + b t pi + V (AT 8 ) 

1 Oh - Pi)(P i — Pi) 

Similarly, 

— y ,) G C) l |-.- < M^jA < A >» 

u-&*$£**, ‘ A “> 

Suppose now that pi = pi ^ pi, that is, 

G(v)= by + bv±b (A.21) 

(v — pi)\v — p^ 

In this case we look for an expansion of the form 

G(v \ _ dll + dn- + -dn- (A.22) 

G( - V > ~v-Pi + (v - py + t ,-Pi 

Here we need the \j(v - pi) 1 term in order to obtain the correct denominator in eq. 
(A.22) when we collect terms over a least common denominator. We also need to 
include the l/(ti — />,) term in general. To see why this is so, consider equating 
eqs. (A.21) and (A.22) and multiplying through by the denominator of eq. (A.21): 

by -f- b x v + b 0 = An(v pi)(v — pi) ^ 2^ 

+ A,i(v — Pi) + Aa(v — Pi) 1 

Again if we equate coefficients of equal powers of v, we obtain three equations (for 
the coefficients of the v^v', and v 1 terms). If we omit the A tl term in eq. (A.22), 
we will then have three equations in two unknowns, which in general will not have 
a solution. By including this term, we can always find a solution. In this case also, 
however, there is a much simpler method. Consider eq. (A.22) and multiply through 
by (v-pi) 1 : 

(v — p,) 2 G(v) = A,i(v — p,) + A,i + - ll J_ f u (A.24) 


From the preceding example, we see immediately how to determine 3„: 

x„-k»-x.)-c(.) + < A - 2S > 

As for An, suppose that we differentiate eq. (A.24) with respect to v: 

> - X.l-OWl - A, + A,[^l - <**> 

It is then apparent that the final term in eq. (A.26) is zero for v = p x , and therefore 


Ibjpj + b , 

Pi - Pi 


7? + bjp | + b 0 

(pi - py 


Sec. A.1 Partial Fraction Expansion and Continuous-Time Signals and Systems 
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(A.28) 


Finally, by multiply.ng eq. (A.22) by (v - Pl ), we find that 

r/ \/~'f \1 I Ml + Ml + b ° 

A lt = [(t» - Pz)G(v)\ 

This example illustrates all of the basic ideas behind partial ^c^n^pansion 
in the general case. Specifically, suppose that the denominator of G(v) m eq. (A.9) 

has distinct roots />,. p, with multiplicities .. <A> that is, 

b. ,v"-' + ... + M + b 0 (A.29) 

G(v) ~(v- p,)°'(v - />*)*■ :..(v- p,y- 

In this case G(y) has a partial fraction expansion of the form 

G(v) = + („ - + • • • + (u - p,)”‘ 

+ • • • + v~GTp' r + " ‘ + (v - P,Y’ 

_ V f' A <" (A.30) 

~ h M (v - piY 


where the A lk are computed from the equation! 




This result can be checked much as in the example: multiply both sides of eq. (A.30) 
by ( v - p,Y' and differentiate repeatedly until A,„ is no longer multip led y P 

of (w - PiY Then set v = p,- 

EXam in Example 4.26 we examine an LT1 system described by the differential equation 

€M , 4 ‘Ml) + 3y (,) = 40 + 2x(0 {A - 32) 

dt* dl dl 

From Example 4.26 we have that the frequency response of this system is 

+ 2 _ (A.33) 

2/(®) - (y w )2 + 4 ja, + 3 

substitution of v for ja, we obtain the following function. 

v + 2 _ v + 2 (A.34) 

G( v ) — v i + 4„ + 3 (i> + IX* + 3) 


The partial fraction expansion for G(v) then is 


n x _dii_ 4- -dii- (A.35) 

GM = 7+T + « + 3 

fHere wc use the factorial notation r! for the product r(r - l)(r - 2 )... 2 1 . The q y 
0 ! is defined to be equal to 1. 
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An =K« + l)G(«)ll - ' 


A1 1 = [(« + 3)C(i 




-3 +2 _ 1 _ 

2 


H «° ) =jzrn + jai r 3 

and the impulse response of the system, obtained by inverting eq. (A.38), is 

h(t) = + K J, "W ( 

This example can also be analyzed using the techniques of Laplace transform 
analysis as developed in Chapter 9. The system function for this system 

, * + 2 (A.40) 

H(s) - JT+47+1 

ant, if «e substitute . for ,. we obtain the 

partial fraction expansion proceeds exactly as in eqs. (A.35HA.J 

1 | (A.41) 

Inverting this transform, we again obtain the impulse response as given in eq. (A.39). 

E " m We“w illustrate the — of *^^553252 

factors in the denominator. In Example 4.27 we con. .det 
described by eq. (A.32) when the input is 

*(/) = e-‘u(t) 

Front Esample 4.27 w. have tha, the Fourie, transient ofthe output of the ,».,etu is 

ja + 2 _ (A.43) 

y(w) “ (Tw+TFfTftT h 3) 

Substituting v for ja we obtain the rational function 


CM = (v + !)»(„ + 7) 

The partial fraction expansion for this function is 


An , -4n j. A 2 i 

G(v) - + („ + ip ■ v + 3 


where, from eq. (A.31), 


An = (T^1T!® 1(U + 1 )I£ 7 (v)] L-> = i 
A, 2 = l(v + l) 1 G(u)) I .--1 = i 
An — l(* + 3)G(i>)}!»--j ~ ~~i 
Therefore, ,_ j 

nc0) = ]a+l + IJa'TiT 1 ~ 

and taking inverse transforms, 

AO = lie'* + i ,e ~' ~ 
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Again this analysis could also have been performed using Laplace transforms, and the 
algebra would again be identical to that given in eqs. (A.44)-(A.46). 


PARTIAL FRACTION EXPANSION 

AND DISCRETE-TIME SIGNALS AND SYSTEMS 

As mentioned earlier, in performing partial fraction expansions for discrete-time 
Fourier transforms or for z-transforms, it is often more convenient to deal with a 
slightly different form for rational functions. Specifically, we will now assume that 
we have a rational function in the form 

(a.49) 

This form for G(v) can be obtained from G(v) in eq. (A.9) by dividing the numerator 
and denominator by a 0 . 

With G(v) given as in eq. (A.49), the corresponding factorization of the denomi¬ 
nator of G(v ) is of the form 

G(v) =_ + ■.. + d,v + d 0 

(1 - /?r‘t))»'(l - pl‘v )°'... (1 - p-' v )- (A.50) 

and the form of the partial fraction expansion that results is 

G(l,)= £ii x r-PT^f ( A - 5 » 

The B lk can be calculated in a manner that is similar to that used earlier: 

B,k = (<t/- k)\ ( ~ ~K 1 ~ p:'v)°'G(v) ] (A.52) 

As before, the validity of eq. (A.52) can be determined by multiplying both sides of 
eq. (A.51) by (1 — p;'vY\ then by differentiating repeatedly with respect to v until 
B lk is no longer multiplied by a power of (1 - p;'v), and finally by setting v = p,. 
Example A.3 

Consider the causal LTI system characterized by the difference equation 

>’[”] - i>’[" - 1] + !>’[« - 2] = 2x[«] (A.53) 

This system is examined in Example 5.18. From this example we have that the frequency 
response of the LTI system described by eq. (A.53) is 


nll> ’ I - + je- 2 /" (A.54) 

For discrete-time transforms such as this, it is most convenient to substitute v for e~‘ a . 
Making this substitution, we obtain the rational function 

c M = R ^ = r _ ] ^ r r F ) (A.55) 

Using the partial fraction expansion specified by eqs. (A.50MA.52), we obtain 
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(A.56) 


^/ n Bu . Bn 

G(l ') “ Y^Yv + 


= [(1 - i»)C(»)]|,-» = yzz r = 4 

(A.57) 

= [(1 - i«)G(v)]|v-4 = J~~2 = ~ 2 

(A.58) 

~ i _ Xe~ ia 1 - le-'° 

(A.59) 


and, taking the inverse transform of eq. (A.59), we obtain the unit impulse response 
h[n] = 4(i)"«M - 2(})"«M (A.60) 

In Section 10.6 we develop the tools of z-transform analysis for the examina¬ 
tion of discrete-time LTI systems specified by linear constant-coefficient difference 
equations. Applying those techniques to this example, we find that the system function 
can be determined by inspection from eq. (A.53): 

+F * (A - 6 ° 

Then, substituting v for z~ l , we obtain G(v) as in eq. (A.55). Thus, using the partial 
fraction expansion calculations in eqs. (A.56)-(A.58), v,e find that 

(A - 62) 

which when inverted again yields the impulse response of eq. (A.60). 

Example A.4 

Suppose that the input to the system considered in Example A.3 is 
x[n] = ($)■«[«] 

Then from Example 5.19 we have that the Fourier transform of the output is 

y(Q) = (1 - ie-' n )(l - (A ' 63) 

Substituting v for e~ ja , we obtain 

(A ' M> 

Thus, using eqs. (A.51) and (A.52), we obtain the partial fraction expansion 

= + (A - 65) 

where 

B n =* (-4)[^0 - i*)*CW] [_ t - -4 (A.66) 

B ,2 = [(1 - it>) 2 C(«)]lv-. = -2 ( A - 6? ) 

B 2l = [(1 - iv)C(«)]|„. 2 = 8 (A.68) 

Therefore, 

T(«) = S _ (1 TrpFTop + 1 - (A ’ 69) 

which can be inverted by inspection, using the Fourier transform pairs in Table 5.3: 
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lifiM-' aiadl i 


y („] = {_4(^« - 2(n + l)(jy + 8(i)}"«W (A ' 70) 

EXam Non-proper rational functions are often encountered in the analysis of dtoeUMme 
systems To illustrate this and also to show how they can be analyzed using the tech¬ 
niques developed in this appendix, consider the causal LTI system characterized by 
difference equation 

y[n] + \y[n - 1] + {Aft ~ 2] = + 3*[« - 1] + ¥*l» “ 21 + “ 31 

The frequency response of this system is given by 

I 4- : ie->° + y«' ;2 ° + V~ pa ( A.71) 

H(0) --j + y-h + JFTrn 

Substituting v for e~ jn we obtain ] + ^ + ^ 1+ ^ fA72) 

cm = - i + j« + K — 

This rational function can be written as the sum of a polynomial and a proper rational 
function: 

. b in + Op (A.73) 

G(v) = Co + civ + j + s u + ^ 

Equating eqs. (A.72) and (A.73) and multiplying by 0 + F + F 2 ) we obtaln 

i + 3v + -yu* + F 3 = 

(c 0 + b 0 ) + (|c„ + c, + b,)v + (ic 0 + |c.)<t 2 + Ft” 3 (A ' 74) 
Equating coefficients we see that 

F> = i => c, = 2 

ic 0 + |ci “ V =* c ° “ 1 (A ' ?5) 

|c 0 + Cl + *1 = 3 => = i 

Co + 6 0 = 1 => = 0 

Thus i e -yn fA 

mm = i + 2 ?- in + ' 

Also, we can use the method developed in the appendix to expand the proper 
rational function in eq. (A.73): 

l v _ B i i Bi l 

r+#+qp = (TTHinF _ o + F) (1 + W 

The coefficients B u and fi 21 are given by 


=(t+f)L-3 ~ 1 

Bit = (r+yi-* 


Therefore we find that 

mm = i + 2e-> a + j + - f+F=JS 

and by inspection we can determine the impulse response of this system: 

h[n] = 5{n] + l5[n - 1 ] + [(-*)• - (-*)*<»] 
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continuous-time, 527-31 
discrete-time, 544-45 
time domain, 542 
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pulse, 448,469-73 
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Amplitude modulation, discrete time, 

333-35,473-79 
pulse, 477-79 
sinusoidal, 474-77 
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Bilinear transformation, 665-67 
Block diagrams, 36-39 
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Chirp transform algorithm, 512 
Closed-loop frequency response, 691 


784 


Index 




r 

Closed-loop poles, equation for, 702 

Closed-loop system, 687 

Closed-loop system function, 611, 658, 

689 

Coefficient multipliers: 

continuous-time, 117 
discrete-time, 112 

Commutative property: 

convolution integral, 90 
convolution sum, 84 

Compensation for nonideal elements, 

691-92 

Complex exponentials: 

as carriers,449-51,453,464 
continuous-time, 17-21 
differences between continuous 
and discrete, 34 
discrete-time, 27-35 
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fundamental period, 32 
periodicity, 31-35 
as eigenfunctions, 167, 254,293 

harmonically related, 168-73 

as system inputs, 166-68,293-94 
Conditionally stable systems, 766 
Continuous-time Fourier series (See 
Fourier series) 

Continuous-time Fourier transform (See 
Fourier transform) 

Continuous-time signals: 

definition, 9 

representation, 8-12 
Continuous-time systems (See Systems 
and LT1 systems) 

Continuous-to-discrete-time (C/D) con¬ 
version, 532 (See also Sampling) 
Convergence: 

continuous-time Fourier senes, 
179-85 

continuous-time Fourier transform, 
189-90 

discrete-time Fourier series, 3034 
discrete-time Fourier transform, 309 
Convolution integral, 88-95 
associative property, 90 
commutative property, 90 
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distributive property, 90 
examples, 91-95 
graphical interpretation, 89-90 
Convolution, periodic, 133, 217-19, 
263-64,329-33,374 
Convolution property: 

continuous-time Fourier transform, 

212-17 

discrete-time Fourier transform, 
327-29 

Laplace transform, 600 
z-transform, 652 
Convolution sum, 75-87, 95 

associative property, 84-85 
commutative pioperty, 84 
distributive property, 86 
examples, 79-84 
graphical interpretation, 78-79 
Correlation: 

auto-,59,144,145 
cross-,59,144,145 
properties 272, 384 
Critically damped systems, 245 
Cross-correlation function , 59,14445 
Cutoff frequency, 401 

Cycles per secor d, 18 

D/A conversion, 532 
Damped sinusoids: 

continuous-time, 2i 

discret?-t : me, 31 

Damping in sys ems described by 
difference equations, 357 
differential equations, 24445 
Damping ratio, 244 
D/C conversion, 532 
Deadbeat feedback systems, 743 
Decibels, 229 
Decimation, 548-53 
Demodulation: 

amplitude, 450-59 

asynchronous, 455-59 
discrete-time, 477-79 
synchronous, 450-55 
frequency, 487 
Demultiplexing, 462-64 
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DFT (See Discrete Fourier transform) 
Difference equations (See Linear constant 
coefficient difference equations) 
Differencing property, 323-24 
Differential equations (See Linear con¬ 
stant coefficient differential equations) 
Differentiating filter, 399 
Differentiation properties: 

continuous-time Fourier trans¬ 
form, 205 

discrete-time Fourier transform, 
325-26 

Laplace transform, 601-2 
z-transform, 652-53 
Differentiator: 

bandlimited, 537-38 
block diagram representation, 117 
Digital computers for signal processing, 
292 

Digital differentiator, 537-38 
Digital-to-analog (D/A) converter, 532 
Direct form I realization: 

continuous-time, 118-19 
discrete-time, 114-15 
Direct form II realization: 

continuous-time, 118-19 
discrete-time. 115-17 
Dirichlet conditions, 181-83 
Discrete Fourier transform (DFT), 
320-21,372-75,548 

relation to periodic convolution, 
331-33 

Discrete-time Fourier series (See Fourier 
series) 

Discrete-time Fourier transform (See 
Fourier transform) 

Discrete-time processing of continuous- 
time signals, 531-40 

digital differentiator, 537-38 
half-sample delay, 538-40 
Discrete-time signals: 
definition, 9 
representation of, 8-12 
Discrcte-tlmc systems (-See LT1 systems 
and Systems) 

Discrete-time to continuous-time con¬ 


version, 521-27, 532 
Distributive property: 

convolution integral, 90 
convolution sum, 86 
Double-sideband modulation (DSB), 
466-69 

Doublet, 122,156 

Dow Jones index, lowpass filtering of, 
416-17 

Downsampling, 550 
Duality: 

continuous-time Fourier series with 
discrete-time Fourier transform, 
340-41 

continuous-time Fourier transform 
pair, 208-11 

discrete-time Fourier series pair, 
336-37 


Ecological systems, feedback model, 
693-95 

Eigenfunctions: 

LTI systems, 167, 254,293 (See 
also Complex exponentials) 
time-varying systems, 253 
Eigenvalues of LTI systems, 167, 253-54, 
293 

Elliptic filters, 425-26 
Encirclement property, 714-17 
End points of the root locus, 703-4 
Energy density spectrum, 326,430 
Energy of a signal: 

continuous-time, 180 
discrete-time, 326, 563 
Enhancement of images, 2 
Envelope detection, 456-59 
Equiripple characteristic, 425 
Euler’s relation, 19, 46 
Even signal, 14 

continuous-time Fourier transform 
of, 204 

discrete-time Fourier transform of, 
323 

Exponentials (See Complex exponentials 
and Real exponentials) 
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Fast Fourier transform (FFT), 292, 321, 
372-73 
FDM, 461-64 
Feedback, 685-766 

basic configuration, 610, 611,658, 
689 

closed loop frequency response, 691 
closed loop poles, 702-3 
closed loop system, 687 
closed loop system function, 611, 
658,689 

compensation for nonideal ele¬ 
ments, 691-92 
deadbeat, 743 

encirclement property, 714-17 
examples, 685-88 

feedback path system function, 689 
forward path system function, 689 
gain margin, 725 
inverse system design, 690-91 
Nyquist criterion, 717-24 
Nyquist plots, 719-21 
open loop system, 687 
phase margin, 725 
positive feedback, 698 
proportional control, 692 
proportional-plus-derivative control, 

693 

proportional-plus-integral control, 

742 

proportional-plus-integral-plus- 
differential control, 742 
reference input, 685 
stabilization of unstable systems, 

692- 95 

tracking system, 696-98 
type /, 742 

Feedback applications: 

inverted pendulum, 687-88 
model for ecological systems, 

693- 95 

model for population control, 693 
operational amplifiers, 691,734 
rocket trajectory control, 688 
telescope, 685-86 


Feedback connection of systems, 38, 
610-11,658 

FFT (See Fast Fourier transform) 

Filtering, definition, 397 
Filtering, examples: 

audio signals, 397-98 
automotive suspension system, 
407-8,411-13 
economic data, 400, 416-17 
Filters: 

Butterworth, 422-27, 611-14 
Chebyshev, 425-26 
difference equation based, 413-22 
differential equation based, 408-13 
differentiating, 399 
elliptic, 425-26 
finite impulse response (FIR), 
414-20 

frequency selective, ideal, 401-6 
frequency selective, nonideal, 406-8 
frequency soaping, 399 
infinite impulse response (IIR), 
421-27 

linear phase, 403,430-33 
matched, 1x 5-46, 256 
moving avei age, 414-20 
nonrecursiv;. 414-20 
recursive, 421-27 
shaping, 393 
zero phase, 431 
Final value theorem, 603 
Finite duration signal, 580 
Finite impulse response (FIR) system, 
109,414-20 
First difference, 27, 97 
First-order hold, 521-26 
First-order systems: 

continuous-time, 240-43, 592-93 
discrete-time, 352-54,421,647-48 
FM (See Frequency modulation) 

Forward path system function, 689 
Fourier, Jean Baptiste Joseph, 163 
Fourier analysis, history of, 162-66 
Fourier analysis for continuous-time, 
161-289 

Fourier analysis fc r discrete time, 291-395 
Fourier integral, 189 
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I ■ i,i < .a. ■ . : x-. < k 

Fourier series, continuous-time: 
analysis equation, 175 
coefficients, 175 
convergence, 179-85 
Dirichlet conditions, 181 
duality with discrete-time Fourier 
transform, 34041 
examples, 176-79 
Gibbs phenomenon, 184-85 
Parseval’s relation, 224 
periodic impulse train, 202 
periodic square wave, 177-79, 
186-87 

relation to Fourier transform, 197- 
99 

sinusoids, 176 
summary of equations, 342 
synthesis equation, 175 
table of coefficients, 225 
table of properties, 224 
two-dimensional, 271 
Fourier series, discrete-time: 
analysis equation, 297 
coefficients, 295 
convergence, 3034 
duality property, 336-37 
examples, 298-306 
Gibbs phenomenon, 3034 
inverse, 297 
Parseval’s relation, 336 
periodic impulse train, 316-17 
periodic square wave, 302-3 
relation to Fourier transform, 314- 
20 

sinusoids, 298-99 
summary of equations, 342 
synthesis equation, 297 
table of coefficients, 338-39 
table of properties, 336 
Fourier transform, continuous-time: 
analysis equation, 189 
convergence, 189-90 
differential equations, use with, 
232-50 

even signals, 204 
examples, 190-96 
geometric evaluation, 590-97 



imaginary part, 204 
inverse, 189 
magnitude, 226-29 
odd signals, 204 
periodic impulse train, 201-2 
periodic signals, 196-202 
periodic square wave, 200 
phase, 226-229 
polar form, 226-29 
properties, 202-25 

convolution, 212-17 
differentiation, 205-7 
duality, 195,208-11 
frequency scaling, 207 
integration, 205-7 
linearity, 203 
modulation, 219-22 
Parseval’s relation, 211-12 
symmetry, 203-5 
table, 223 
time scaling, 207 
time shifting, 205 
real part, 204 
real signals, 203-5 
rectangular pulse, 193 
relation to Fourier series, 197-99 
relation to Laplace transform, 
574-77 

sine function, 194-96 
sinusoids, 200-201 
summary of equations, 342 
synthesis equation, 189 
table of pairs, 225 
two-dimensional, 228, 270 
unit impulse, 192 
unit step, 207 

Fourier transform, discrete-time: 
analysis equation, 308 
convergence, 309 
difference equations, use with, 
345-61 

even signal, 323 
examples, 310-14 
geometric evaluation, 64649 
imaginary part, 322-23 
inverse, 308 
magnitude, 34345 
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odd signal, 323 
periodic impulse train, 320 
periodic signals, 314-21 
phase, 34345 

polar representation, 34345 
properties, 32143 

convolution, 327-29 
differencing, 323-24 
differentiation, 325-26 
duality with continuous-time 
Fourier series, 34041 
frequency scaling, 324-25 
frequency shifting, 323 
linearity, 322 
modulation, 333-35 
Parseval’s relation, 326-27 
periodicity, 322 
symmetry, 322-23 
table, 335 

time-scaling, 324-25 
time shifting, 323 
real part, 322-23 
real signal, 322-23 
rectangular pulse, 312-13 
relation to Fourier series, 314-20 
relation to z-transform, 64649 
sine function, 314-15 
sinusoids, 319-20 
synthesis equation, 308 
table of pairs, 338-39 
two-dimensional, 383 
unit sample, 314 
unit step, 339 

Frequency division multiplexing (FDM), 
461-64 

Frequency domain interpolation, 54243 

Frequency domain sampling, 54043, 
54548 

Frequency modulation: 
narrowband, 481-83 
square wave, 485-87 
wideband, 483-85 

Frequency response: 

automobile suspension system, 412 
bandpass filters, 402 
closed loop, 691 

continuous-time, 213 


difference equation, system 
described by, 345-52 
differential equation, system 
described by, 232-50 
differentiating filter, 399 
discrete-time systems, 327 
first-order systems: 

continuous-time, 593 
discrete-time, 421,64748 
highpass filters, 402 
lowpass filters, 401 
maximally flat, 424 
moving-average filters, 415-16 
rational, 233 
second-order systems: 

continuous-time, 593-96 
discrete-time, 64849 
Frequency-select/’ - filters, 399 
Butterworth, 422-27 
difference equation based, 413-22 
differential equation based. 408-13 
ideal, 401-6 
nonideal, 406-8 
Frequency-shaping filters, 399 
Frequency shift keying (F-SK), 4y7 
Fundamental components, 169 
Fundamental frequency, 19 
Fundamental period, 15,16 

Gain: 

Butterworth filter, 423,427 
feedback system, 690 
LT1 system, 229, 343 
Gain margi l, 724-32 
Geometric evaluation of Fourier trans¬ 
form {See also Root-locus analysis): 
continuous-time, 590-93 
discrete-time, 64649 
Gibb’s phenomenon, 184-85, 3034 

Harmonicady related complex exponen¬ 
tials, 19.162-65,168-73, 294-95 
Harmonic analyzer, 184 
Harmonic components, 169 
Hertz (Hz), 18 
Highpass filter, ideal: 

continuous-time, 401-2 
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Highpass filter, ideal ( cont .) 

discrete-time, 402 
Highpass filter, nonideal, 406-8 

continuous-time, 408-13, 422-27 
discrete-time, 413-22 
Homogeneous solution: 

difference equations, 108 
differential equations, 102 
Human visual system as lowpass filter. 


Ideal frequency-selective filters, 401-6 
HR fdters, 111,421-27 
Image enhancement, 2 
Impulse (See Unit impulse) 

Impulse invariance, 659-62 
Impulse response: 

causal system, 97-98 
definition: 

continuous-time, 90 
discrete-time, 78 
inverse system, 96-97 
memoryless system, 95 
stable system, 98-100 
Impulse train sampling, 515-19 
frequency domain, 541 
Incrementally linear systems, 44, 66, 104 
Infinite impulse response filters (HR), 
111,421-27 

Initial conditions, 106,107,110 
Initial rest, 105, 106, 110 
Initial value theorem: 

Laplace transform, 603 
z-transform, 653-54 
Instantaneous frequency, 480 
Interconnection of systems, 36-39, 

609-11,658 (See also Block diagrams 
and Canonic realizations) 
Interpolation: 

con tinuous-time ,521-27 
discrete-time, 542-43 
frequency domain, 542-43 
Inverse Fourier transform, 189,308 
(See also Fourier transform and Partial 
fraction expansion) 


Inverse Laplace transform, 587-90 
contour integral, 588 
definition, 588 

partial fraction method, 588-90, 
769-74 

Inverse system, 36-37 

impulse response of, 96-97 
system design, 690-91 
Inverse z-transform, 643-46 
contour integral, 643-44 
definition, 643 

partial fraction expansion method, 
644-45,774-76 
power series method, 645-46 
Inverted pendulum, 687-88,738-39 

Lag network, 763 
Laguerre polynomials, 624 
Laplace transform: 
definition, 574 

geometric evaluation of frequency 
response, 592-97 

all-pass systems, 594-97 
first order systems, 592-93 
second order systems, 593-94 
inverse, 587-90 (See also Inverse 
Laplace transform) 
for Nyquist plots, 713-21 
order of poles and zeros, 579 
poles, 578 

pole-zero plots, 578-97 
properties, 596-603 

convolution, 600 
differentiation in s, 601-2 
differentiation in time, 601 
final value theorem, 603 
initial value theorem, 603 
integration, 602 
linearity, 596-98 
shifting in s-domain, 599 
time scaling, 599-600 
time-s lifting, 598 
region of convergence, 576-87 
(See also Region of convergence) 
finite-duration signal, 580 
left-sided signal, 582 
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rational transform, 579-80 
right-sided signal, 581 
strips parallel to jto axis, 

579-80 

two-sided signal, 582-83 
Jation to Fourier transform, 574- 
77 

for root locus, 700-713,749-52 
as system function, 604-11 
causal systems, 605 

differential equations, systems 

described by, 607-9 
interconnection of systems, 

609-11 

stable systems, 605 
table of pairs, 604 
table of properties, 603 
zeros, 578 
Lead network, 763 
Left-sided signal: 

ROC of Laplace transform, 582 
ROC of z-transform, 637 

Linear constant-coefficient difference 
equations, 108-11 

auxiliary conditions, 108-11 
block diagram representation, 
111-17,347-64 
canonic realization, 347-61 
causal, 110-11 

finite impulse response (FIR), 109 
first order, 352-54, 64748 
frequency response, 345-52 
homogeneous solution, 108 
impulse response, 34547 
infinite impulse response (HR), 111 
nonrecursive, 109 
order, 108 

particular solution, 108 
recursive, 109 

second order, 354-62,64849 
critically damped, 357 
overdamped, 361 
underdamped, 357 
system function, 656-58 
linear constant-coefficient differential 
equations, 101-8 

auxiliary conditions, 103-7 


backward difference approximation, 
662-65 

block diagrams, 117-19,235-39 
canonic realizations, 235-39 
causal systems, 106-8 
first order, 24043 
frequency response, 232-39 
homogeneous solution, 102 
impulse response, 232-33 
Laplace transform, 607-9 
order, 107 

particular solution, 102 
second order, 243-50 

critically damped, 245 
overdamped, 245 
underdamped, 245 
system function, 607-9 
Linear feedback systems, 685-766 (See 
also Feedback) 

Linear interpolation, 521-26 
Linear phase, 228,343 
Linear phase filters, 403,430-33 
Linear system; (Sec also LTI systems 
and Systems): 

additivi :y property of, 43 
homogeneity property of, 43 
Linear time-invariant (LTI) systems, 
69-160 

causal, 97 
invertible, 96 
linearity, 43 
memory, 95 
stability, 98 
time-invariance, 42 
Log magnitude phase plots, 727-32 
Lowpass filter, ideal- 

continuous-time, 401 
discrete-time, 402 
Lowpass filter, nonideal, 406-8 

con tinuous-time, 408-13,422-27 
discrete-time, 413-22 
Low-time windowing, 542 

Mass-spring-dashpot system, 243,693 
Matched filter, 14546,256 
Maximally fiat frequency response, 424 
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Memory, systems, 39 

LTI systems, 95-96 
Memoryless systems, 39 
Minimum phase signal, 286 
Minimum phase system, 286,676 
Modulating signal, 449 (See also 
Amplitude modulation) 

Modulation, 448-512 
Modulation, amplitude (See Amplitude 
modulation) 

Modulation, angle, 479 
Modulation, frequency (See Frequency 
modulation) 

Modulation, phase, 479 
Modulation index, 456, 458, 482 
Modulation property : 

continuous-time Fourier transform, 

219-22 

discrete-time Fourier transform, 
333-35 

Moving-average niters, 414-18 
Multiple order poles, 590 
Multiplexing, 447 

frequency-division (FDM), 461 -64 
time-division (TDM), 469-73 
trans-multiplexing, 551-53 

Narrowband frequency modulation, 
481-83 

Natural frequency, 244 
Noncausal systems, 41 

linear time-invariant, 98 
Nonideal frequency-selective filters, 

406-8 

Nonrecursive discrete-time filter, 109, 
414-20 

Nyquist frequency, 519 
Nyquist plots, 719-21,722-24 (See also 
Nyquist stability criterion) 

Nyquist rate, 519 (See also Sampling) 
Nyquist stability criterion: 

continuous-time systems, 717-22 
discrete-time systems, 722-24 
encirclement property, 714-17 

Odd harmonic, 260 


Odd signal, 14 

continuous-time Fourier transform, 
204 

discrete-time Fourier transform, 323 
Open-loop system, 687 
Operational amplifiers, 691,734 
Operational definition of singularity - 
functions, 120-21 
Order: 

difference equation, 108 
differential equation, 107 
poles and zeros, 579 
Orthogonal signals: 

continuous-time, 254 
discrete-time, 367 
Orthonormal signals: 

continuous-time, 254 
discrete-time, 367 
Overdamped systems, 245, 361 
Oversampling, 528 
Overshoot, 246, 357 

Parallel-form structures (See Parallel 
structures) 

Parallel structures, 36-37,237-39,348-52 
Parks-McClellan algorithm, 420 
Parseval’s relation: 

continuous-time Fourier series, 

224 

continuous-time Fourier trans¬ 
form, 211,267 

discrete-time Fourier series, 336 
discrete-time Fourier transform, 
326-327 

Partial fraction expansion, 767-76 

Fourier transform, continuous¬ 
time, 232-36 

Fourier transform, discrete-time, 

34548 

Laplace transform, 587-90,769-74 
z-transform, 64445,774-76 
Particular solution, 102 
Passband edge, 406 
Passband of a filter, 401 
Passband ripple, 406 
Percent modulation, 456 


792 


Index 


Periodic convolution, 133,217-19, 
263-64,329-33,374 
example, 332 
relation to DFT, 331-33 
Periodic impulse train: 

continuous-time, 201-2 

discrete-time, 316-20 
Periodic signal: 

definition, continuous-time, 15 
definition, discrete-time, 16 
discrete-time complex exponential, 

31-35 

Fourier series of (See Fourier series) 
Fourier transform of (See Fourier 
transform) 
sinusoid: 

continuous-time, 18-21 

discrete-time, 28-35 
square wave: 

continuous-time, 177,186-87, 
200,485-87 
discrete-time, 302-3 
Phase lag, 287 
Phase lead, 287 
Phase margin, 724-32 
Phase modulation, 479 
Polar form: 

continuous-time Fourier transform, 

226-29 

discrete-time Fourier transform, 
34345 

Poles: 

closed loop, 702 
Laplace Transform, 578 
z-transform, 632 
Pole-Zero Plots: 

Butterworth filters, 610-14 
difference equations, 64749 
differential equations, 590-93 
Laplace transform, 578-97 
z-transform, 63249 
Positive feedback, 698-99 
Power series method, 64546 
Proportional feedback, 692 
Proportional plus deriva'ive feedback, 
693 


Proportional plus integral control, 742 
Proportional plus integral plus differen¬ 
tial control, 742 

Pulse amplitude modulation (See 
Amplitude modulation) 

Quadrature distortion, 502 
Quadrature multiplexing, 499 
Quality Q of RLC circuits, 248 


Radians, 18 
Radians per second, 18 

Rational transforms, 768 

frequency response, 233 
Laplace transform, 577 (See also 
Laplace transform) 
z-transform, 579-87 (See also z- 
tmnsform) 

RC circuits, 409-11 

Bode plots, 410-11 
hi ghpass, 409-10 
lowpass, 409-10 
step response, 410-11 
Real exponential, 17 
Realizations, canonic (See Canonic 
realizations) 

Reai-linea:, 61 
Real-part sufficiency, 275 
Reconstruction from samples. 521-2 
Rectangular pulse: 

continuous-time, 193 
discrete-time, 312 13 
Rectangular window, 398 
Recursive difference equation, 109 
Recursive filters, 421-27 
Reference input, 685 (See also Tracking 
systems) 

Reflection of signals, 12-13 
Region of convergence (ROC), Laplace 
transform, 576-87 
definition, 576 
examples, 584-87 
properties, 579-83 (See also 
Laplace transform) 
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Region of convergence (ROC), z-trans- 
form, 631-43 
definition, 631 
examples, 638-43 
properties, 635-43 (See also z- 
transform) 

Representations, canonic ( See Canonic 
realizations) 

Restoration of signals, 2 
Right-sided signal: 

ROC of Laplace transform, 581 
ROC of z-transform, 636 
Rise time, 278 
RLC circuits, 21,243, 248 
Quality Q, 248 

ROC ( See Region of convergence) 
Root-locus analysis, 700-713, 749-52 
(See also Geometric evaluation of 
Fourier transform) 
angle criterion, 704-8 
end points, 703-4 
equation for closed loop poles, 
702-3 

properties, 708-13, 749-52 
Running integral, 22 
Running sum, 27 


Sampled-data feedback system, 695, 
745-46 

Sampling, 512-72 

continuous-tune signals, 514-43 
discrete-time signals, 543-53 
frequency domain, 540-43, 545-48 
Nyquist rate, 519 
Sampling frequency, 515-16, 519 
Sampling function, 515 
Sampling period, 515 
Sampling theorem, 514-21 
Nyquist frequency, 519 
statement, 519 

s-domain, 599 (See also Laplace trans¬ 
form) 

Second order systems: 

continuous-time, 243-50, 593-94 
discrete-time, 354-62,648-49 


Sequence, 11 

Series combination, 36-37,347-52, 

609-10 

Shaping filter, 398 
Sifting property: 

continuous-time, 72 
discrete-time, 72 
Signals, basic, 7-36 

continuous-time, 17-25 
discrete-time, 25-36 
graphical representation, 7-12 
Signal-to-noise ratio, 443 
Sine function: 

continuous-time, 195 
discrete-time, 314-15 
for interpolation, 522-23 
Singularity functions, 25,57,120-24,156 
Sinusoidal amplitude modulation, 447-77 
Sinusoidal carrier, 451-54, 464, 475-79 
Sinusoidal signal: 

continuous-time, 18-21 
damped, 21 
discrete-time, 28-35 
damped, 31 
Fourier transform: 

continuous-time, 201 
discrete-time, 319-20 
Spectral analysis, 387 
Spectral coefficients (See Fourier series) 
Spectrum (See Fourier transform) 

Speech example, 8 
Stability: 

bounded-input-bounded-output 
(BIBO), 98-100 
general, 41-42 

Laplace transform condition for, 
605-7 

z-transform condition for, 656 
Stabilization of unstable systems, 692-95 
Steady-state response, 385 
Step function (See Unit step) 

Step response: 

automobile suspension system, 413 
Butterworth Filter, 424-25 
definition, 100-101 
RC circuit, 410-11 
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relation to impulse response, 100 
Stopband, 401 
Stopband edge, 406 
Stopband ripple, 406 
Strobe effect, 529-31 
Superposition integral (See Convolution 
integral) 

Superposition property, 69 
Superposition sum (See Convolution sum) 
Synchronous demodulation, 450-55, 

467 

Synthesis equation: 

continuous-time Fourier series, 175 
continuous-time Fourier transform, 
189 

discrete-time Fourier series, 297 
discrete-time Fourier transform, 308 
Systems (See also LTI systems): 
block diagrams for, 36-39 
causality, 40 
invertibility, 39-40 
linearity, 43 
memory, 39 
stability, 41 
time invariance, 42 
System function: 

closed loop, 689 

continuous-time, 604-11 (See also 
Laplace transform) 
discrete-time, 655-58 (See also 
z-transform) 

interconnected systems, 609-11, 
658 

feedback path, 689 
forward path, 689 

Table: 

Fourier series coefficients: 
continuous-time, 225 
discrete-time, 338-39 
Fourier series properties: 
continuous-time, 224 
discrete-time, 336 
Fourier transform pairs: 
continuous-time, 225 
discrete-time, 338-39 
Fourier transform properties: 


continuous-time, 223 
discrete-time, 335 
Laplace transform: 
pairs, 604 
properties, 603 

summary of Fourier equations, 342 
z-transform: 

pairs, 655 
properties, 654 
Tapped delay lines, 136-37 
Taylor series, 258, 646 
Time constant, 241,284 
Time-division multiplexing (TDM): 
continuous-time, 470-73 
discrete-time, 477-79 
Time domain aliasing, 542 
Time-invariant systems, definition, 4243 
Time-domain aliasing, 542 
Time reversal, 651-52 
Time scaling, 13 
Time-shift, 14 
Tolerances, filters, 406-7 
Tracking systems, 696-98, 741 
Transfer function, 604-7,613, 655-58 
(See aho System function) 

Transforms (See Fourier, Laplace, z, Fast 
Fourier, Discrete Fourier transform) 
Transformations, continuous to discrete¬ 
time, 658-67 

backward-difference approxi¬ 
mation, 662-65 

bill rear transformation, 665-67 
impulse invariance, 659-62 
Transformations of the independent 
variable, 12-16 
Transient response, 385 
Transition band, 406 
Transmodulation, 551-53 
Transmultiplexing, 551-53 
Trapezoidal approximation, 680 
Triangular window, 389 
Two-dimensional signal, 50 
Fourier series, 271 
Fourier transform, 228,270,383 
Two-sided signal: 

ROC of Laplace transform, 583 
ROC of z-transform, 638 
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Type / feedback system, 742 


Underdamped systems, 245,357 
Undersampling, 527 
Unilateral Laplace transform, 614-16 
Unilateral z-transform, 667-69 
Unit circle, 631 

role in discrete-time stability, 656 
Unit delay, 112 
Unit doublet, 122, 156 
Unit impulse: 

continuous-time, 22-25 
discrete-time, 26-27 
signal representation with: 
continuous-time, 72-75 
discrete-time, 70-72 
Unit impulse response (See Impulse 
response) 

Unit ramp, 123 

Unit sample, 26-27 (See also Unit impulse) 
Unit sample response, 78, 87 
Unit step: 

continuous-time, 22, 123 
discrete-time, 26-27 
Fourier transform of (See Fourier 
transform) 

Unit step response (See Step response) 
Unstable system, 99-100 
Upsampling, 550 

Vibrating string example, 162-63 
Visual system as lowpass filter, 523-25 

Walsh functions, 145, 257 
Wavelength, 165 

Wideband frequency modulation, 483-85 
Windowing, low-time, 542 
Windowing in spectral analysis, 387 
Window signal, 388 

Zero-order hold, 519-23 

reconstruction filter, 519-21 
sampled data control systems 
use in, 746 

sampling with, 5 19-21 


Zero-phase filter, 431 
Zeros: 

Laplace transform, 578 
z-transform, 632 
z-transform: 

definition, 830 

geometric evaluation of frequency 
responses, 646-49 
inverse, 643-46 (See also Inverse 
z-transform) 

for Nyquist plots, 722-24 
poles, 632 
pole-zero plot, 632 
properties of, 649-54 
convolution, 652 
differentiation, 652-53 
frequency shift, 650-51 
initial value theorem, 653-54 
linearity, 649-50 
time reversal, 651-52 
time shift, 650 

region of convergence (ROC): 
631-43 (See also Region of 
convergence) 

bounded by poles or infinity, 
642 

centered about origin, 635 
finite-duration sequence, 636 
left-sided sequence, 637 
right-sided sequence, 636 
two-sided sequence, 638 
relation to Fourier transform, 
646-49 

for root locus, 749-52, 700-701, 
712-13 

summary of properties, 654 
as system function, 655-58 
causal systems, 636 
difference equations, use with, 
656-58 

interconnection of systems, 
658 

stable systems, 656 
table of pairs, 655 
table of properties, 654 
zeros, 632 
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